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PREFACE 


Although this book is intended for students who have 
already acquired some knowledge of the elements of the cal¬ 
culus, it must be regarded merely as an introduction to the 
more advanced parts of the subject. The scope of modern 
analysis is so wide and its ramifications are so numerous that 
it is not possible within the limits of one volume to give even 
a short account of the more important developments that lie 
beyond the elementary stage. I have therefore confined my¬ 
self to that part of the calculus that does not involve the 
theory of differential equations or of the functions that arise 
directly from these equations. My aim has been not only to 
cover a fairly wide field, keeping in view the possible apphca- 
tions of mathematical ideas, but it has also been to give a 
reasonably rigorous account of the principal limiting processes 
that are characteristic of modern analytical methods. But in 
view of the different requirements of students of varied interests, 
it is not easy either to make an appropriate choice of subject 
matter or to decide how deeply to probe the foundations of 
analysis. The introduction that the normal student receives 
to the calculus is usually one in which many results ma.v legb 
timatelv be regarded as intuitively obvious, an anneal being 
made to geometry or physics; and such an introduction is 
good, up to a point, if the subject stimulates interest not only 
for its intrinsic merits but also for its practical value. It is 
essential, however, at some stage which should not be too long 
deferred, to re-examine the concepts that have been introduced 
and to place them on a more satisfactory basis ; for otherwise 
it is not possible to appreciate the more advanced parts of 
the subject, especially in those problems where intuition fails 
to give correct results. Any attempt, however, to give an 
exhaustive treatment of the foundations of analysis is beyond 
the scope of a work, whose object is to cover the field that 
is chosen here ; and I have therefore confined myself in general 
to those fundamental theorems that prove useful in subsequent 
developments or are likely to arise in apphcations. Never¬ 
theless, I have taken the opportunity, when it occurred, of 
introducing such important topics as Theory of Sets, Lebesgue 









VI 


ADVANCED CALCULUS 


Integration, Algebraic Functions, Finite Differences, Tensors, 
One-one Correspondence, Analytic Continuation, &c., even 
although it has been possible to deal only with the simplest 
theorems that relate to these topics or in some cases to give 
only such a descriptive account as to indicate their importance 
in analysis. 

The subject has been developed from the beginning in 
order that the reader may revise his previous knowledge from 
a more mature standpoint and at the same time have a surer 
foundation on which to base the subsequent development. 
With few exceptions, the examples may be solved directly 
from the text; and in any case sufficient indications have 
been given to enable the reader to make satisfactory progress 
without supervision. 

Some importance has been attached to approximations, 
not only to the approximate forms of functions but also to 
approximate integration and summation of series, although 
lack of space has prevented the inclusion of other than the 
more outstanding results. It is suggested by this that the 
theory of finite differences, interpolation formulae and approxi¬ 
mate integration might well replace much of the elaborate 
detail that is often associated with indefinite integration. 

It is hoped that the book will prove helpful not only to 
those whose interests are purely mathematical but also to 
those whose main interests lie in some related field. All the 
topics introduced are appropriate to the curriculum of an 
Honours Mathematics course ; at the same time, much of the 
book is suitable for a student taking a General Honours course 
that includes Mathematics and also to a student in any other 
Honours course, hke Physics, in which Mathematics is indis¬ 
pensable. Whilst it may be too much to expect that a physicist 
should be conversant with the rigorous formal proofs of genei-a.l 
theorems in Pure Mathematics, it is important that he should 
know sufficient conditions for the validity of those limiting 
processes he may encounter in his investigations. 

Where there is so much variety in the nature of the subjects 
discussed and where most of the work must now be regarded 
as well-known, if not available in a single text-book, I have 
not attempted to give detailed references, except in those 
special cases that appeared to warrant them. Of the many 
works I have consulted in the preparation of the book, I must, 
however, acknowledge the help I have obtained from tlu; 
following: 
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CHAPTER I 


REAL VARIABLES. SEQUENCES. LIMITS. 

RATIONAL FUNCTIONS. 

1. Functions of One Variable. When two variables x, y are so 
related that y is determined when x is given, y (the dependent variable) 
is called a function of x (the independent variable). The set of values 
that X may take is called the domain of x ; and the functional relation¬ 
ship then determines a domain for y. Functions may be expressed in 
various ways, some of which are illustrated in the following examples: 

(i) y = x/(x^ + 1), (ii) y y/(x-\\ (iii) y = ^Jx^ 

(iv) y = (0 < x < 2); y — 16(3a; — 4), (2 < a; < 3); 


y == 2a;3 - {2x^ + - 9), (x > 3) 


Here Jcy/3 is the volume of overflow when a sphere of radius x is lowered into 
a cylindrical vessel full of liquid, the height of the cylinder being 4 and its radius 3. 

(v) y is the sum of x terms of the series 8 + 4-f-2 + l-f-i+« • • 

(vi) y — — (0-16)a;2(l — x)^. Here y is the deflection from the horizontal of 
a certain beam of unit length, x being the distance from one end. 

(vii) y = 0, {x rational); y = 1, (a; irrational). 

(viii) y = f(x) -|-/(90 — x), where f(x) = sina;°, (0 < a; < 180), and f{x) = 0 
for other values. 

(ix) y is given approximately by the following table: 

a;0123456789 10 

y 0 ibb 380 400 5lb 350 210 240 410 200 O' 

and 5y is the height in feet of an aeroplane x minutes after the commencement of a 
ten-minute flight. 

(x) y is the barometric height at a certain place x hours after noon on a certain 
date, the function being given approximately by a chart which is automatically 
registered by an instrument. 

The usual graphical representation of such functions as shown in 
Fig, 1 is, of course, approximate and may, as in Example {vii), be decep¬ 
tive. The domain of x, if not stated nor implied, consists of those values 
for which the function has a meaning. This domain may, however, be 
explicitly restricted, or its limitations may be determined by the context 
in which the function occurs. Thus in Examples {i), (iii), x may be any 
real number, but in Example (ii), x cannot be less than 1^ In applica- LA 



tions, y may be given only for a certain domain of x, whilst the formula 
for y, if it exists, may have significance outside that domain. For 
example, the deflection of the unit beam in Example (vi) applies only to 
the range 0 < x < 1. A function may be known only approximately 
as in Examples (ix), (x), but it may bfe subject to an appropriate analysis 
from which approximate or probable properties may be established. 
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l.OL Implicit Functions. In the examples chosen above, y is ex¬ 
plicitly given, but there are many ways in which a function e.a,n be im¬ 
plicitly expressed. It will often be found that implicit relations det(^rmine 
classes of functions rather than particular functions and that the domains 
of both X and y are restricted. 

Examples. 1. If ?/ is real and is given by the relation 
xy^ — 2(2x + 1)7/ H- a; + 8 = 0 

we have, on solving, 

xy = 2x I :h V {(x — l)(3a; — 1)}, (x ^0); y =4, (a; - 0). 

Thus y does not exist if J< x< 1, and, otherwise, except for a; = 0, 1, L bas two 
values. When the quadratic occurs in a problem, it is often possible to reject one 
of the solutions when the problem is set in such a way as to admit of one solution only. 

2. If y is given by the relation y" = 0, for all values of x, we obtain for y the 
class of linear functions ax + where a, h are arbitrary constants. A particndar 
function may be specified by supplying additional data that determine a, and b. 

1.1. The Real Variable. An essential basis for the development 
of analysis is a correct definition of real number. It will be assumed 
here that rational numbers have already been defined and their })roperties 
established, although for completeness these numbers also recpiire 
definitions in terms of more elementary ideas. In modern analysis we 
continually meet with limiting processes and a correct interpretation 
of these processes demands, as a foundation, a knowledge of the char¬ 
acteristic properties of a properly defined real number system. 
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The inadequacy of rational numbers for analytic processes is most 
simply illustrated by the equation = 2, for this equation is easily 
shown to have no rational solution. Although it has no rational solu¬ 
tion, we can, however, find rational approximations (e.g. decimal approxi¬ 
mations) to a solution. Thus, by a definite process, we can form the 
sequence of numbers : 

1, 1.4, 1.41, 1.414, . . . 

whose squares differ from 2 by smaller and smaller numbers as the 
sequence proceeds. 

This suggests that the definition and the properties of irrational 
numbers can be based upon the consideration of such sequences. 

1.11. Simple Sequences. A set of numbers (of any kind) written in 
order: 


aj, (izi • • •) • • • 

is called a simple sequence. _lt may be denoted by {a„ } or simply by a„ . 

1.12. Gonverqenee of a Sequence. If by taking n large enough, the 
difference between every two of the terms «n+ 2 > • • -j made 

as small as we please, the sequence is said to be convergent. 

More precisely : The sequence is said to be convergent if, given e, 
any positive number, however small, we can find n^ such that 

Is — si < ^ 

for all integers p, q'^ 'Uq. 

For simplicity we shall say that for convergence the difference between 
every two of the terms is ‘ ultimately small \ this phrase being used in 
the strict sense of the above definition. 


Example. The sequence 5/2,7/3,9/4,. . .,(2n -f ^)/(n +1),. . ., is convergent 
because 


do — d/» — 


p + 1 <7+1 


and 


1 


1 


p q I 


can both be made as small iis we please when p^q > andw-g is taken large enough. 

1.13. Limit of a Sequence. A sequence a^ is said to tend to a limit I 
when n tends to infinity, if \l — a^\ is ultimately small. 

By ‘ ultimately smallwe mean here that given e, any positive 
number, however small, we can find n^ such that \l — < e for all 

Uq. 

We then write liin = / or simply lim a^ = 1. 

n —>-.o 


Note. The symbol e, unless otherwise specified, will be used to denote an 
arbitrary positive number. 


Example. 


Since 


2n + 3 



1 

n+r 


the limit of 


2?i -|- 3 
w 4- 1 


is equal to 2. 


1.14. Null Sequence. If lim a^ = 0, is called a null sequence. 

It follows from the definition of limit that if a^ is not null, a positive 
number K (independent of n) can be found such that | > K for all 

n^. 
















r 


4 ADVANCED CALCULUS 

1.15. The Fundamental Theorems on Convergence. If converge, 
then the sequences a^ + 6^, a^ — ajb^, a^n/K converge (except 
the last when lim = 0). 

It follows from the definition of convergence that, given £ (> 0), we 
can find Uq such that both inequalities 

Is — si < “ ^^1 < ^ 

are satisfied for all tIq. 

Therefore (i) | (a^ + bp) — {a^ + 6^)| < ls — si +\bp — W < 
the sequence a^ + b^ converges. 

(ii) The convergence of implies that of — b^ and therefore by 

(i) — b^ converges. 

(iii) I apbp — apq\ = | (A — X)b^^ + (/^ — + A// - A>'|, 

(where A - - a^^. A' = f^^bp- b^^, //' = 6^ — bj 

< {I b^j + I S„l + } 

i.e. aj)n converges. 

(iv) If bn is not a null sequence, a positive constant K can be found 
such that I SI > K for all n^ n^, iio being sufficiently large. Thus no 
can be determined so that all the inequalities 

|6„| > K, \ap — aq\ < e, \bp -b^\ <e 
can be simultaneously satisfied for all n> no 


ap 

a, 


(A - A')6„. + (m' — /J)a„, + A/t' - A> 

V 



KK 


<^{IM + IsJ + s} 

i.e. ajbn converges. 

1.16. Definition of Real Number {Cantor). A real number a may bo dolinod 
as a convergent sequence {an) of rational numbers. 

(i) Two numbers {a^ }, {bn } are said to be equal if {a,i — bn } is a null sequoiujo. 
This criterion is necessary since a given number may be defined in an infinite 

number of way^ as a sequence. 

(ii) The number {an} is said to be greater (less) than the number {6n} if 
(an — bn) is ultimately positive (negative). 

(iii) The sum^ product, and quotient of the numbers {««}, {bn} are defined to 
be the convergent sequences {an + bn}, {arfin}^ {an/bn} (where, in the quotient, 
bn is not null). 

The number — {an} is defined to bo {—an} and the difference {&;»} — {rz/t} to 
be {6n} + [- {an}] i.e. {bn - «»}• 

Note .—It is necessary, for completeness, to show that the sum, product, and 
quotient is independent of the sequences that define {an} and {6^}. 

Thus if {af} == {an}, {fin} = {6^}, we must show that {an +&/}== {«n + bn}, 
{anbn} = {arfin}, {anfbn} = {an/bn}• 

Now since {af} = {an}, {fin} — {fin}, a suffix n^ exists such that both of 
the inequalities 

\af — an\ < e, \bf — 6^1 < ^ are true for n> n^ 

Therefore ja,/ + W — an — bn\ < \an' — an| + \bn' — bn\ < 2e 
i.e. {af bn} — {an + bn }• 

The proofs of the other equalities {a^bf} — {anbn ); {an /bf} = {On/bn) are left 
to the reader. 
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(iv) If {an} has a rational limit I, then {an} = (/} by the criterion of equality. 
The number {an } is in this case called rational. Strictly, it should be called rational- 
real, but without ambiguity it may be denoted by the symbol I (of the purely rational 
domain) and called rational, although it is not logically identical with it. The 
properties of the rational-real numbers are inclusive of those of the real numbers, 
since the definitions of the operations on real numbers are obviously consistent with 
those on the purely rational numbers. For example, if the sequence of purely 
rational numbers {an } is convergent, it is obvious that the sequence of rational- 
real numbers {an} is also convergent. 

If (an), a sequence of rational numbers does not possess a rational limit, the 
real number that it defines is called irrational. 

(v) A rational number (and consequently an infinite number of rational numbers) 
can be determined lying between two unequal real numbers a, p. 

Let a = {an }> = {bn }, where a^, bn are rational and (for definiteness) a > 

Since is >0 ultimately and does not tend to zero, and since |a — a^l, 

\P — ^n\ are ultimately small, a positive constant K exists and a corresponding 
index such that all the inequalities an — bn > K, la - o„| < IK, IP - bn\ < \K 
are simultaneously satisfied for all n> n^. 

Thus a - J(a„ + 6„) = J(a„ - 6„) + (a - a„) > l(a„ - 6„) - |a - a„| > 
and i(a!„ + bn) - P = i(a„ - b„) + (b„ - p) > i(a„ - 6 „) - | 6 „ - P\ > IK 

i-e- p < i{«n H- hn) < a. 

(vi) Every Convergent Sequence of Real Numbers tends to a Limit, which is a 
Real Number. Let {a„} be a convergent sequence of real numbers. Then, given s, 
we can find such that 

\oLq — oip\< e for all n > Wq. 

(a) Suppose that no term of (an) is equal to the preceding term. Then by 
(v) above, a rational number can always be determined lying between and an+i. 

|a»n ttnl afn — aj/jj -j- \(lni — \^n — ®wl 

ocm+l ^m\ + + \a.n — a^+ij 

3e if m,n'> n^. 

Therefore {an} tends to a limit I, viz. the real number defined by the convergent 
sequence {an }. But an index can be found such that both of the inequalities 
\l — an\ < e, Ja^+i — a^l < e are simultaneously satisfied for n> 
h®* 1^ — Onl < 1^ — «n| + l^n ~ < |^ — a^l + — Oin\ < 2e 

or {an} tends also to the limit 1. 

(b) Suppose that from and after some fixed term a^, all the terms are ecjual 
to dip. 

Then {ocn }—> oLp, since |a»i — a^l = 0, for m> p. 

(c) If (a) or (b) is not true, we can form an infinite sequence {fin } by omitting 
every term from {an} that is equal to the preceding term. 

This sequence {fin } is convergent, since fin = ctm for some value o{m> n 
i.e. \fiq — fip\ = \oLr — ois\< e for all p, q> since r> q, s> p. 

By (a), the sequence {fin} tends to a limit I ; and if e is given, an index n^ can 
be found such that \l — fin\< e for all n> n^. 

But if Til is given, there exists an index Wg (> n{) such that fin^ = an, and therefore 
\l — (x.n\< e for all n'> n^\ i.e. {an} tends to the limit 1. 

1.17. The Principle of Convergence. It follows from the previous 
paragraphs that the necessary and sufficient condition that the sequence 
{a„} of real numbers should possess a limit is that, given £(>0), it 
should be possible to jSnd an index n^, such that 

Is — ^q\ < £ for all n > n^. 

This is known as the ‘ Principle of Convergence \ That the condition 
is necessary follows from the definition of a limit; for if the numbers 
\l — ccpl, \l — (x.q\ are ultimately small, so also is la^ — a^|. The proof 


< 

< 

< 
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of its sufficiency, established in the previous paragraph, depends on a 
correct definition of real number. 

Note. Other definitions of real number have been given that are theoretically 
equivalent to that of Cantor. The best known of these is that given by Dodekiiid, 
who defines an irrational number as a section of the rational numbers. 

{See Hobson, Functions of a Real Variable, I, 1.) 

1.18. The Fundamental Theorems on Limits of Sequences {Real). If 

lim = a, lim we may prove by a method very similar to that 

used for the corresponding theorems on convergence that 

lim (a„ + = a + /? ; lim = aj8 ; lim ^ 0). 

Pn P 

For example, if a — a„ = p, jff — = a, we can find Uq such that |p|, 

\a\ are ultimately small and therefore 

- aAl = |a„,(T + + pa\ < |aj |rT| + l/?„l |pl + Ipl kl 

i.e. |a/S — is ultimately small and ol^. The reader sliould 

have no difficulty in establishing the other two limit theorems in a 
similar way. 

_ ’3^_o I /? 2 c X _ 

r 0 A p X 

FIG. 2 

1.19. Geometrical Rejoresentation of Real Number. J’oirits (), A arc 
chosen on a straight line X'X to represent the numbers 0, I respectively 
{Fig. 2). It is then assumed that to every real number x tliere corre¬ 
sponds a single point P and conversely; the order of the points corre¬ 
sponds to the order of the numbers so that if Xi > Xg, Pi is to the right 
of Pg- For practical purposes we usually take \Xi — Xgl as the magni¬ 
tude of the displacement P 1 P 2 , although in special cases it may be more 
convenient to take some other function of Xi, x^. 

Sequences of numbers Xi, Xg, . . ., x„, . . . converging to a corre¬ 
spond to sequences of points Pj, Pg, . . ., P„, . . . converging to Q, 
the point that corresponds to a {Fig. 3). When x is a variable taking 



R 

Pa 

p. , 


1 R R 
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X4 

Xn i 
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FIG. 3 


all real numbers as its values and any x is regarded as the common limit 
of the infinite number of equivalent convergent sequences that tend to 
X, we call X the real continuous variable. 

The set of all real numbers that satisfy the relation a < x< 6 is called a con- 
tinuum, and the set of all real numbers is called the Arithmetical continuum. 
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In the continuum a < a; < 6, the limit of every convergent sequence belongs 
to the domain, which is therefore said to be closed. The intervals specified by 
a < x< b, a< a;<6, a< x< b are not closed. 

1.2. Simple Sequences in General. We frequently meet with 
sequences that are not convergent, and it is convenient at this stage to 
specify the various possibilities that arise. 

1.21. Bounded Sequences. A simple sequence is said to be bounded 
if a positive number K exists, independent of n, such that \a^\ < if for 
all values of n. Otherwise it is unbounded. 

For example : sin \nn ; 2 — 100/n ; (sin \nn)ln + \/2 cos \nn ; are bounded 
sequences, suitable values of K being 1, 98, 2 respectively. But n(n — \); 
(— l)w-l — n; (— are unbounded. 

Note. It is the behaviour of when n is large that is important. Thus if an 
were given by such a formula as {(r^ — 5)(7?/ — lO)}”i, an is bounded since we 
should omit n = 5, n = 10 or commence the sequence at w = 11. 

1.22. A Convergent Sequence is Bomided. For if I is the limit, ulti¬ 
mately Un lies between I — e and I + e where e is any positive nmnber. 

1.23. Finite Oscillation. If a bounded sequence is not convergent, 
it is said to oscillate finitely. 

Example. \/2(sin \n7i + cos ^nn) assumes each of the values 0, v^2, — \/2, 
2, — 2 an infinite number of times. It oscillates finitely. 

1.21. Sequences tending to Positive or Negative Infinity. If in an 
unbounded sequence an, the terms are ultimately large and positive, the 
sequence is said to tend to positive infinity and we write lim a,, = + oo. 
More precisely : if, given (?, a positive number, however large, we can 
find no such that an> G for all n'^ n^ then, lim = -f oo ; and it is 
in this sense that the phrase ‘ ultimately large and positive ' is used. 
If — an —> + 00 , then Un is said to tend to negative infinity and we write 
lim an — — CO. 

Examples. 7i{n^ -j 1)—>► + oo ; 1 — —> — oo. 

1.25. Infinite Oscillation. An unbounded sequence that does not tend 
to + 00 nor to — oo is said to oscillate infinitely. 

Examples, cos nji, ?i + (— l)»»7i® oscillate infinitely. 

1.26. Summary of Types of Simple Sequences. There are therefore 
five types of simple sequences : 

(i) Convergent: Ex. lim (3 + ( — \Y/n) = 3 

(ii) Oscillating Finitely: Ex. (—1)^ 

(iii) Diverging to + co : Ex. n^ » 

(iv) Diverging to — oo : Ex. — n^ 

(v) Oscillating Infinitely: Ex. n{l + (— 1)'*^}. 

1.3. Methods of establishing Convergence of Sequences. For 
establishing convergence at this stage it will be found sufficient to use— 

(i) the characteristic property of a certain type of sequence called a 
monotone ; 

(ii) the fundamental theorems on limits. 
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1.31, Monotones, If (all n), is called an increasing 

monotone ; and if (^'U ^), «n is called a decreasing monotone. 

Examples, (i) 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, . . . is an increasing monotone. 

(ii) 3, 2J, 2L . . 2 + l/w, ... is a decreasing monotone. 

Notes, (i) The terms * increasing * and ‘ decreasing ’ are used here in the broad 
sense. If < otn-f-i, (all n), an increases in the narrow sense. 

(ii) It is usually sufficient for the application of the properties of monotones 
that the sequence should be nltimotieLy monotonic. 

1.32, A Bounded Monotone is Convergent, This is the characteristic 

property. If a monotone were not convergent it would be possible to 
find an unending set of increasing sufiixes Wj, nj, . . . . . such 

that, given e (> 0), 

l«n, - I l»n. “ I > £» • • • 
and so, if the monotone were increasing, >a„^ + ms and if the 
monotone were decreasing — me. But me —> + oo when 

m 00 and therefore an unbounded increasing monotone tends to |- oo 
whilst an unbounded decreasing monotone tends to — oo : and if the 
monotone is bounded it must converge. 

Note. The monotone is important not only because of its frequent occurrence 
but also because it can be shown that every convergent sequence is equivalent to 
two monotones, one increasing up to the limit and the other decreasing down to the 
limit. (Read: Bromwich, Infinite Series, I.) 

1.33. Application of the Fundamental Limit-Theorems. This applica¬ 
tion may be summarized in the following form: 

If lim a^ = a, lim b^, = h, lim Cn^ c, , there being a finite 
number of sequences a^, b^, Cn, , . then 

lim R(an} bnj Cn^ • . •) ^ R{a, b, c, . , .) 

where R denotes a finite number of the fundamental operations (pro¬ 
vided there is no division by zero). 

This result follows by repeated applications of the fundamental 
limit-theorems. 

1.34. The Sequence x^. When 0<a;<I, and is monotonic 

decreasing. Therefore x" tends to a limit I ; but limx”+i = xlirnx", 
i.e. I = xl and therefore I = 0 since x 1. When x = 1, x"* = 1, 
lim x” = 1; when x = 0, x”^ = 0, lim x” = 0. By writing x = 1 /y 
when X > 1, and x = — y when x < 0 we may immediately deduce the 
nature of the sequence x” for values of x outside the interval 0 < x < 1. 
Thus : x” —0 when | x | <1 ; x” —> 1 when x = 1 ; x^ —> + oo when 
X > I; x” oscillates finitely between + 1 and — 1 when x = — 1; x” 
oscillates infinitely when x < — 1. 

Note. The reader may easily prove that if is an increasing (decrejismg) 
monotone which is such that < K(> K) for all n, then tends to a limit 
1<K (> K). 

Examples, (i) The sequence x^^/nl —>- 0 for all finite x. 

Let a; > 0 ; then x^/n\ is ultimately monotonic decreasing, i.e. after n > x — 1. 
Therefore x^/nl tends to a limit l{> 0). 

\ But I — lim {xl^+'^/(n + 1 )!} = x lim (x^/nl). lim (l/(w -f 1) = 0 

a A 
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Also since = (— 1)”(— a;)«/w!, it follows that lim is zero for all 

finite X, positive or negative. 

(ii) Find lim (2 - 3n^){l + 4n^)xn/{{n - 1)2(1 - 2n)^} 

Here = x^ T )(^ + which —(3/2) lim x^ if lim exists. 

” 2 (1 - \/nf(l - l/2nf ^ 

Thus the limit is 0 when a: = 0 and 3/2 when a; = 1. For other values of x, the 
sequence has the character of a;^. 

(iii) Prove that if Un+i = (3 + 2a„)/(2 + Un) where % = 1, then limun == V3. 

In this sequence (an+i^ — 3)(On + 2)^ = — 3; but < 3 and therefore 

3j all 7h, 

Also (Un+i — a^)(a„ + 2) = (3 — a^^), i.e. is an increasing monotone; and 
it is bounded since < 3. Therefore tends to a positive limit I, where 
Z = (3 + 2/)/(2 + l)y i.e. I = V3 (the positive root). 

1,35, The 0- and o- Notation for Simple Sequences, If a^, are such 
that is ultimately bounded, we say that are of the same 

order when n is large and write a^ = 0(bf), 

* For example : (n^ -f- l)/(2 + cos nn) = 0{n^), 

In particular 

(i) if lim (a„/6„) exists, a„ = 0(6„) 

(ii) if lim {a„/b„) — 0, we write a„ = o(6„) although it is still correct 
to say a„ = 0(6„) 

(iii) if a„ is bounded, we can write a„ = 0(1) 

Example. 4/(1 + w^) = o(l/n) and is also 0(1). 

1.4. Limits of a Function of the Real Variable. Suppose for 
simplicity that a function/(x) is defined for all real values of x. Then 
it is found convenient to use the terms ‘ neighbourhood \ ^ near \ ‘ large ’ 
and ‘ small ’ in a precise sense like that in which the term ‘ ultimately ’ 
has been used. 

1.41. The Terms ' Near \ ‘ Large \ ‘ Small \ A property is said to 
be true near x = a oi in the neighbourhood q/* x = a, if an interval can be 
found with a an internal point, throughout which the property is true. The 
property may or may not be true at the point x = a. If a is an end¬ 
point of the interval, the property applies only to the neighbourhood on 
the left (or right) of a. 

Again, if G can be found such that the property is true for all values 
of X > 6r, it is said to be true for x large and positive ; and if it is true 
for all X < G it is true for x large and negative. 

Finally the phrase ‘ near 0 ’ may be replaced by ‘ for small x 

1.42. Limits of a Function, LetXi, Xg, . . ., x^, . . . be sequence 
whose limit is a. Then if the sequence /(xi), /(xg), . . ., f{xf), . . . 
tends to a limit I which is independent of the particular sequence x^ 
tending to a, I is called the limit of /(x) when x tends to a and we 
write lim/(x) = I {Fig. 4 (a)), 

X—> a 

Now the number a may be regarded as the common limit of two 
monotones a^, b^, the former increasing up to a and the latter decreasing 
down to a {Fig. 4 {b)). 
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If lim/(aj = h for all such monotones a„ (where 76 a), li is called 
the limit of f{x) on the left of a and we write l^ =f(a — 0). 

Similarly if lim/(6„) exists (6„ 7 ^ a), and is equal to 1^, then we 
write I 2 = f{a + 0) 



If li — I 2 , then f(a -h 0) = f{a — 0) = lim f(x). 

X ->■« 

It follows from the above that if/(a;) —>■ I then 1 1 —/(a?)| is stmll near 
X = a, and a similar interpretation may be given to Zj, L in terms of the 
appropriate neighbourhood. This last result may, in fact, l)e used as a 
new definition of lim/(x). 

1A3, The Fundamental Theorems on Limits of Functions, It is an 
immediate consequence of the limit-theorems for sequences that if 
lim/(^) = Z, lim <f){x) = V when x —a then lim (/ ± <t>) ^ d: Z'; 
lim(/<^) = ZZ'; lim(//^) = Z/Z'(Z' 9 ^ 0 ), but these results can be proved 
directly from the above alternative definition of lim/(a:). Again, if R 
denotes a finite number of applications of the fundamental operations, 
then 

Him.Uxl . . .,fn{x))-^R(l,, I,, , . ., 

when/i(a;)->Zi,/ 2 (a;)->Z„ . . .,fnXx)->L> and there is no division 
by zero. 

^ l.M, The 0- and o-Notation for Functions. M\f{x)/<f)[x)\ < A, where 
K is independent of x and x is near a ; i.e. if \f/<l>\ is bounded near a, 
we write f{x) = 0 {(^(x) }. A similar notation may be used for x large 
or small. 

In particular (i) if lim (//</») exists, / = 0(<^). 

(ii) if lim (//^) = 0, we may write / = o(^), but it is consistent to 
write / = O(^). 

Example, {x^ x^)/(l - x) = 0(x^), x small; = 0(a;3), a: large; and 

= 0{\/(x — 1)} near a; = 1 

1.45. Continuity. A function/(x) is said to be continuous at a; = a 
is small near x = a {Cauchy), i.e. if given £{ > 0), however 
small, a number d{ > 0) can be found such that \f{x) —f{a)\ < e for all 
points in the interval \x — a\ <.d. This implies that iim/(a?) = /(«). 
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Notes, (i) Heine's definition of continuity (*onsists in saying that/(a;) is con¬ 
tinuous at X = a, if lim/(a;) = f(a) when x —> a where a is the limit of any one of 
the infinite sequences that tend to a. To deduce Cauchy’s definition from this 
requires the assumption of a certain selective principle known as the “ Multiplicative 
Axiom ” (Hobson, ‘ Rexil Variable^ I, 266). 

(ii) If/(a — 0) ^f(a), the function is said to be continuous on the left of a ; 
and if/(« + 0) =f(a), it is continuous on the right of a. 

1.46. Gemnetrical Illustration of Continuity. Let f{x) be continuous 
vA X = a. Draw the lines (^), y =f(a) + e : (q), y =f(a) — s. 



Continuity implies that we can find a neighbourhood of a; == a, within 
which the curve y =f(x) lies entirely between the lines p, q {Fig. 5). 

1.47. The Polynomial and the Rational Function. A function P^(x) 
of the form given by 

Pffx) — a^'^ + a^x^~^ + . . . + {n, positive integer) 

is called a Polynomial (of degree n). 

A function R{x) reducible to the form Pn{^)/Q„tfx), where 
are polynomials is called a Rational Function. It follows from the funda¬ 
mental limit-theorems that the polynomial is continuous for all values 
of X and that the rational function is continuous for all values of x, 
except those that make the denominator vanish. 

1.5. Limits at Infinity and Infinite Limits. If x^^ is a sequence 
of positive munbers tending to zero, then lim {\/xf) is + oo ; and there¬ 
fore if/(l/f) tends to I when f tends to zero from the right, we say that 
f(x)—>l when x — > |- oo and WTite 

lim f{x) = I or/( I- oo) = 1 . 

X ->• -}-0O 

Similarly, if /(l/f)—>Z' when ^0 from the left, we write 
lim f{x) = I' or /(— oo) = V. 

X —► —00 

In some cases I = V and then we may write lim f(x) = 1. 

\x \—>-co 

1.51. Infinite Limits. Let a,^ be any monotone increasing to the 
limit a. If/(a„)-^ + oo for every such monotone we say that 

f{x) ^ + 00 

on the left of cc = a and write /(a — 0) = -f oo. Similarly meanings 
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may be given to the relations /(a — 0) = — oo ; /(a + 0) = + oo ; 
/(a + 0) = — 00 . 

In these cases, f{x) is discontinuous at x — a. 

Examples, (i) Find lim — -—— 

Sx* - 8a:’ + 6a:’ - 1 


4 _L 

Let X = 1 h and the function is -——(A ^ 0); thus the limit is 1, when 

4 + oA 

h —0, i.e. when x —>* 1. 

(ii) Find the discontinuities of E{x), the greatest integer < x. Here 
E{n — 0) = n — 1 ; E(n) = n = E(n + 0). 

(iii) Find lim (x — a)-^ when x-^a, (r > 0). 

Here/(a + 0) = + oo, /(a - 0) = - oo (r odd); f{a + 0) =f(a - 0) = + oo 
(r even). 


(iv) Discuss lim 
a:— 


a^x^ + + 

IqX^ + + 


{m, n positive integers). 

+ On 


If m = 71, limit is a^/b^; if m < n, limit is zero. 

Ifm > n, limit is i oo, the result depending on the sign of Ug/^o whether 

(m — n) is even or odd. 


Thus lim ^^ 
|a;|_>.ool + X^ 

— 00 . 


= — 00 ; 


lim 


x^ - x^l 
a;2 + 1 ■ 


= + 00 ; lim 


I 1 

) x^ \- \ 


1.52. Asymptotic Approximations. If f{x) = <j>{x) + o {(f>(x )}, when 
X is large, (j>{x) is called an asymptotic approximation (not the only one) 
to f{x). It may sometimes be necessary to specify the sign of x. 

In some cases, as for example in the case of the rational function, 
it may be possible to express/(a;) in the form 

f{x) = agS/^ + aiX^~^ + • • • + + ^(l)j 

where is a positive integer. Then a,£^ . . . + «„(=== ^n(^)) 
called the polynomial asymptotic to/(c^nd gives a close approximation 
to f(x), where x is large, since lim (f(x) — P^(x)*^ 0. 

When 71 = 1, the polynomial is linear and the corresponding line 
y = a^p) + ai is called a rectilinear asymptote or simply an asymptote. It 
is usually possible in this case to obtain a closer approximation that 
takes the form 


f{x) = agX + + k/x‘‘^ o(x 1, k independent of a), 

so that if m is eoen^ the curve y —f(x) is above (below) the asymptote at 
both ends when k'> 0 (k <0); but if m is odd, the curve is above at 
one end and below at the other. 

If ao = 0, the asymptote is parallel to the x-axis and if, in addition, 
ai = 0, the asymptote is y = 0. 

Again, near x == a, a, function f(x) may be expressible in the form 
f{x) = k(x — a)-'^ + o{(x — a)~'^}, (m > 0), and since in this case 
f{x) —> ± 00 as aj —> a, we call a? = a an asymptote of the curve. 

Example. Let f(x) = . 

^ ' x^(l - X) 
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Using the result (1 — x)-^ \ x . . .4-a;» + 0(a;»+l), when x 

is small, we find 

f(x) = a;-3(l -f a;2)(l + a: + 0(x^)) = x-^ + 0(x-^), x small; 
f(x) = - 2(x - l)-l + 0(1) near a; = 1 ; 
and f(x) = - a;-2(l + a;-2)(l + a;-i + 0(a:-2)) = _ a;-2 -f 0(a;-3) 

when |x| is large. 

1.6. Derivatives. If f{x) is defined for all x in the interval 
a <,x <,b and if x^ is a value in the interval, the function F{x) given 

by 

= {/(a;) -J{Xi) }/{x - Xi) 

is defined for all points of the interval except x = Xi, 

If F(x) tends to a limit when x Xi, that limit is called the derivative 
(or differential coefficient) of/(x) at x = Xi. When the derivative exists 
for a certain domain, it is a function of x, and is usually denoted hyf'{x) 
or dy/dx, where y =/(x). 

The limit F{xi + 0), if it exists, is called the derivative on the right 
of Xi (or progressive derivative) ; and F[xi — 0) is the derivative on the 
left (or regressive derivative). 

It is more convenient in practice to take the definition of f\x) in the 
form: 


f'{x) = lim 


h —>-0 


f{x + h) -/(x) j 


to which the above is obviously equivalent. 


Notes, (i) Continuity of f(x) is necessary for the existence of f'(x), for obviously 
the limit cannot exist unless f(x-{-h) tends to f(x) as h tends to zero. Continuity 
is not, however, sufficient as may be shown by the following examples. 

(a) Let f(x) — |a;|. This is continuous for all x; but /'(+ 0) = 1, whilst 
/'(-0)==-l. 

(b) Let/(a;) = x sin (l/x) (where in this and in other cases we assume for illus¬ 
trative purposes the f)rop(Ttie8 of elementary functions). Since |/(a;)| < |a;|, the 
function is continuous at x = 0, if /(()) is given to be 0. 

But lim {/isin(l//i) — ()}/h does not exist because sin(l//i) oscillates between 

— 1 and -f 1 as /i —>- 0. 

(ii) A more general definition of the derivative is given by 
lim {f(x -h hi) —f(x + K)}/(hi — h^) 
where —>■ 0 independently. 

This may exist when the ordinary derivative does not. 

For example (hi = — ho = h) lim {f(x + h) — f(x — h) }/2h, (called the central 

h — 

derivative) exists when f(x) — \x\, its value at a; = 0 being lim {|A| — | — A| }2h, 
i.e. zero. 

1.61. Higher Derivatives, li f'(x) has a derivative, this is denoted 
by/"(«) or d^y/dx^ (if y =f(x)) and is called the second derivative. Simi¬ 
larly/(x) may have third and higher order derivatives, the derivative of 
the nth order being denoted by 

ff‘^\x) or d^y/dx^. 


3 
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1,62, Rules for calculating Derivatives, If f\x), (l>\x) are known, it 
is easy to establish the formulae: 

It will be assumed that these results are famihar to the reader. 


1.63, The Derivative of u^, u^ , • . u^ {Uj, being a function of x). If 

Pr = i/i, W 2 . . . Ur, then Pf = + ufPn^ 

i.e. Pn/Pn = + Pn-l/Pn-l 

and by repeated applications of this result we find 

Pn = (Ml. M2 . . . M„)(Mi7Mi + U^/Ui . . . + 

Note, This formula is, of course, obtained immediately by differentiating 
log^n =-2;iogw,.. 

1.64, The Derivative of (n being a positive or negative integer). 

In § 1.G3, take u^=z u^^ , . . = = x, then 


dx 


(pif) = x\n/x) — nx^^~^ (n positive) 
d 


If n = — m {m positive), ^ (piotient 

ax 


formula, so that -^(x^) = nx^~^ also when n is negative. 
dx 


1,65, Leibniz's Theorem for the nth Derivative of a Product, 
are functions of x, then 


dx^^ 


{uv) 


d^u . d'^~ 


'^u dv 
~^'dx 




d^-^ d^v 


dx^^ ^ dx^ 


+ 


If U, V 


d^^v 


This may be proved easily by induction, with the use of the identity 
[e,g. Hardy, Pure Mathematics, ]), 101), 

1,66, Derivative of a Function of a Function, If f{x) is continuous, 
and if for the values of z{—f{x)) F{z) is a continuous function of z, then 
F(z) is a continuous function of x; for f(x) —>f{xi) when x—>x, and 
p {fix )} -»■ P ifixi )} when f{x) -^f(x,). 

Also suppose that x^ is a point where/(x) is not equal to /(xj in a 
sufficiently small neighbourhood of Xi; i.e. suppose that r'i(> 0) can be 
found such that /(x) — /(Xj) vanishes only at x = Xi in tlui interval 
\x — Xi\< d, then 


F(z) — F(zi) F(z) — F{zi) z — Zi 


X — Xt 


2 — 2:1 


X — Xi 


(except at X = Xj), since z ^ Zi 0, 


i.e. exists at Xi and is equal to F\z^,f(x^, if the derivatives 

F\ /' exist. 
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1,67, Derivatives of the Rational Function. The above results are 
obviously adequate for the determination of the derivatives of any 
order of 

R{x) = {a^^ + + . . . + + . . . + 

Examples, (i) Find the derivative of . . . Wn)/(«^i> . . . v^, where 

n m 

Uj,, Vs are functions of x. Let P = 77%, Q = TZv^, then 

1 1 


d /P\ _ P'Q - PQ' 


<P' 

^ \ '^2 • 


m,, '\ 

— y ^ 1 

dx\Q/ 

o ' 

<P 

Q J Vi, % . . 


iVr / 


(the result being also obtained by the use of the logarithmic function). 

(ii) The derivative of {x^(x — 2)}/{6x + 2)^ is by (i) 

x^{x - 2)/3 1 

(5a: 4- 2)2\i a; - 2 5a: + 2/ (5a: + 2)^ 

(iii) Prove that — {(a:^ _ l)w} = 2^n\ when a: = 1. 

da:" 

d" 

By Leibniz’s Theorem "" 1)”(^ +1)”} 

= (x -h l)".w! + n{x + l)"-i.7i!(a: — 1) + . . . n\{x — 1)" 
= 2"n! when a: = 1. 

1.7. Graphs of Functions of the Real Variable. It is assumed 
at this stage that we are dealing with explicit (one-valued) functions of 
X, although later we shall consider graphs that correspond to implicit 
relationship between two variables. In order that the graph should 
bring into evidence the salient features of the functional relation, it 
should at least indicate 

(i) where the function y is increasing (or decreasing) ; 

(ii) the stationary values, if any, including the relative maxima and 
minima ; 

(iii) the neighbourhoods, if any, where y is large (or small) or has a 
value associated with a particular problem; 

(iv) the behaviour of y when x is large; 

(v) the behaviour of y at any exceptional points peculiar to the 
function. 

1.71. The Stationary Values. If f{x) possesses a derivative f'(a) at 
X = a, we may write 

f{a -h h) -f{a) = hf(a) + o(h) 

and therefore if f'(a) is positive (negative), f(x) is increasing (decreasing) 
near a. 

The line y —f(a) = (x — a)f'(a) is the tangent at P(a, f(a)) to the 
curve y = f(x), since this line is easily shown to be the limiting position 
of PQ when Q —^ P along the curve. 

If/'(a) = 0, the tangent is parallel to the a;-axis, and the function is 
therefore said to have there a stationary value f (a). 

Now when /'(a) = 0, it is usually possible to write f'(x) in the form 
(x — a)^(l>(x) where ^(a) ^ 0, m is an integer > 1 and ^(x) is bounded 
and of constant sign near x = a. 
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If m is ef\)en, the curve crosses the tangent, since/'(x) does not change 
sign as x increases through the value a. Such a tangent is called in¬ 
flexional, and it is usual to refer to the point {a, f(a)) as an inflexion. 

If m is odd, f'{x) changes sign as x increases through the value a, so 
that/(a) is a minimum when ^(a) > 0 and a maximum when </>(a) < 0. 


Example. 

Here 


Discuss the stationary values of x^{x — 2)/(6x + 2)*. 
dy _ 2x\x + l)(5a; - 6) 
dx (5x + 2)3 


Near a; = 0, f'(x) = x^ + )(—)/( + ); Inflexion. 
Near x = — \, f'(x) ={x + l)( + ); minimum. 
Near x = 6/5, f\x) = (5a; — 6)( + ); minimum. 


1.72. Graph of the Polynomial. Let 

y =z P(x) = afflc^ + aiX^~^ + . . . + a^. 

If 6 = P(a), then y — 6 is of the form (x — ayQ(x) where Q{a) ^ 0 
and I < s < n (so that Q{x) is a polynomial of degree n — s). 

If s = 1, the tangent is (y — b) = (x — a)Q{a). 

If s > I, the tangent is y = b, and the shape of the curve at (a, b) 
is approximately that of (y — b) = (x — ayQ(a). 

This is the same as that oiy = Ax'^ at (0, 0).(^ = sliape 

oiy = x^ is readily seen by plotting a few points on it in the first (piadrant 
and completing it by symmetry. The shape oiy = Ax"^ can be deduced 
from that oi y = x\ 

Thus (i) y = a;* is symmetrical about 0 if 5 is odd and it is symmetrical about 
the y-axis if s is even. 

(ii) When A > 0, the curve y = Ax^ is obtained from y = x^ by increasing the 
ordinates in the ratio A : 1. 

(iii) When A < 0, y = Aa;* is obtained from y = — Aa;« by taking the reflexion 
of the latter in the a;-axis. 


Notes, (i) For a curve to be of practical value, it may be necessary to liave 
different scales on the axes. 

(ii) It should be noted that if m >n, (A, J5 ^ 0) 

\Ax^\ >\Bx'i^\, X large; |Aa;w| < \Bx^\, x small. 

Examples, (i) y = a;V10; (ii) y = lOa;^; (iii) y = — a;V900 (Fig. G). 

The graph of the polynomial is sufficiently indicated by a knowledge 
of the stationary values, of the points where ^ = 0 (or any other suitable 



FIG. 6 
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value c) and of the shapes there ; and finally of the shape when x (and 
in this case y) is large. 

The stationary values oiy — P{x) are given by the equation P'{x) = 0 
and if the real roots of this equation are known it is a simple matter to 
complete the graph and to deduce, if required, the real roots of the 
equation P{x) = c. If, however, the roots of P'{x) = 0 are not obvious, 
it may be possible to draw the graph oi y = P\x) by the methods sug¬ 
gested for y = P{x) ; and we should naturally avail ourselves of the 
results that occur in the theory of equations if these are more readily 
applicable than purely geometrical methods. 

Notes. Whcn/(a;) is given by f{z) = ^(a;) + o{<l>{x)) near (a, 6 ), the shape of the 
curve is approximately that of y = <t>(x ); if y —>- oo when x —>- a it is convenient 
to refer to this neighbourhood by the symbol (a, oo). Similarly the symbol (oo, oo) 
refers to the neighbourhood in which x, y are both large. 

Example.^, (i) y = + 3). (Legendre’s Polynomial P 4 ). 

Symmetry about a;-axis. y = 0 when a; = ± 0 * 86 , i 0*34. At (oo, oo), 
8 y = 35a;^ At ( 1 , 1), y' = 10 . 

y' = 0 at (0, I) (maximum); and at (i 0*65, — ^), (minima) (Fig. 7 (a)). 



FIG. 7 


(ii) y = a;(a; — ^)(x — l)(a ;2 — a; — J)* (Bernoullian Polynomial <^ 5 .) 

S 3 mimetry about (i, 0); y = 0 when a; = 0 , 0-5, 1 , 1-264, — 0-264. At ( 0 , 0 ), 

y ^ at (L 0), y = (0-15) (x - i); at (1-264, 0), y = (0-39)(a; - 1-264), 

y' = 5x^(x — 1)2 — J, giving (1-16, •— 0-02), (minimum); (0-23, — 0-02), (mini¬ 
mum) ; (0-77, 0-02), (maximum); (— 0-16, 0-02), (maximum). At ( 00 , co), y — x^ 
(Fig. 7 (b)). 

(iii) y = a;2(a; — l)3(a;2 + 1 ). At (0, 0), y = — x^ ; (1, 0), y = 2(x — 1 )^ ; 
(cx), 00 ), y = x\ 

Stationary values (other than above), given by Ta;^ — 4 a ;2 -f 5a; — 2 = 0. 

Since 21 a ;2 — 8 a; -h 5 == 0 has no real roots, the above cubic has only one real 
root (x = 0-44), giving y = — 0-04 (minimum) (Fig. 7 (c)). 

1.73. The Graph of the Rational Function. Let the function be 
y = P(x)/Q(x) where P(x), Q(x) are polynomials. The approximations 
in the following neighbourhoods should be determined: 

(i) At (a, 0) where a is a real root of P(x) = 0. The shape there is 
given by an equation of the form y = A(x — of (r integral and positive). 

(ii) At (6, 00 ) where 6 is a real root of Q(x) = 0. Here the approxima¬ 
tion is of the form y >= B/(x — aY, (where s is a positive integer >1). 

(iii) When x is large where the approximation may take the form 
y = Ax% AjX -f R -f C/x'^^ (where Ai, B may be zero). 


A 
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(iv) At the stationary values determined by P'Q = PQ\ A know¬ 
ledge of (i), (ii), (iii) often enables us to state the number and approximate 
position of the stationary values. 

The approximations are therefore of two kinds {a) y = Ax’" which 
has already occurred in the polynomial and (6) y = A/x'" which is new 
{s> 1 ). 

The graph of y = \/x^ is readily drawn in the first quadrant; y 
decreases as x increases and the axes are asymptotes. The curve may 
be completed by symmetry. 

The curve y ~ — \/x^ is the reflexion oi y — \/x^ in the aj-axis. 

The curve y — A/x^ is like y — \/x^ when A >0 and like y ~ when 

A< 0. 

Also it is important to note that {A^ B ^ 0). 

\A/x^^\ >\B/x^\, X small; \A/x^^\< |j^/a;”|, x large; (m >n >0) 

Examples, (i) y = — 2/a;®; (ii) y = \lx^ {Fig. 8). 




1.74. The Binomial Expansion for a Negative Integer. In finding 
approximations to the rational function it will be found necessary to use 
the expansion for (1 — x)~^ when ^ is a positive integer and x is small. 
This may be obtained as follows: 

1 _ ^n+r 

The identity —-= l+ a;-fa;2 4-. . . + is true if 

L — X 


a? ^ 1, n, r being positive integers. 

The {n — l)th derivative of — x) can be discontinuous only 

when a; = 1 and is obviously of the form 0{x^^^) when x is small. Thus 
by differentiating the identity (n — 1) times we find 


(n—1)! , i\i , 


^(n+r-1)! 


2! 


r! 




i.e. 


1 


(1—a:;)^ 




1.2 


m(m+ 1) . . . (w+r—1) 


a:’-+0(a;’'+*) 
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Examples, (i) y = {x\x — \)}/ {{x + l)^x — 2)2}. 

At (0, 0), 2/ = - a:V4; (1, 0), y = {x - l)/4; (- 1, oo), y = |(a; + l)-2; 
(2, co),y = |(a; — 2)-2 ; (oo, oo), y = 1 + 1/a; + o(l/a;). Stationary values when 
a;2 4- 7a; — 6 = 0, giving (0-77, — 0-02), (minimum); (— 7-77, 0*94), (minimum). 
{Fig. 9 (a).) 



(ii) y = (x — \)^/ {x\x'^ 4 - 9)}. 

At (0, oo), 2/ = — ( 1 , 0 ), tj = _ya; — l)^ ; (oo, 0), y = 1/a;. Only 

other stationary value ( 6 , 0-08), (maximum). {Fig. 9 ( 6 ).) 

(iii) y = 3a;2(a; 4- 2)/(a; — 1)2. 

At ( 0 , 0 ), y == 6 a; 2 ; (- 2 , 0), y = ^(a; 4 - 2 ); ( 1 , oo), y = 9(a; - l)- 2 ; (oo, oo), 
2 / = 3a; 4 - 12 + 21/a;. Stationary values (4, 32), (minimum); (—1, 0-75), (maxi¬ 
mum). {Fig. 9 (c).) 

(iv) y = a;2(a; - 5)2/(a; 4- 1). 

At (0, 0), y = 25a;2 ; (5, 0), y = 25(a; - 5)2/6 ; (- 1 , oo), y = 36/{a; 4- 1). 

At (oo, go ), y — (x — 2){x — 3)(a; — 6 ) 4 - 0 (l/a;). Stationary values ( 2 , 12), 
(maximum); (— 1*67, — 185), (maximum). The various approximations at 
(oo, 00): a; 2 , a;® — lla; 2 , x^ — lla;2 4 - 36a;, (a; — 2)(a; — 3)(a; — 6 ) are shown in 
the figure. {Fig. 9 (d).) 


Examples I 

Determine the character of the sequences whose nih. terms are given in Examples 


1-33. 

1 . 


4^2 4- 4- 4 


(1 - n){2 4- 3n) 


2 . 


+ 7^2 4 - 1 

{n 4- 1)^ 


3. 


(^2 4 - 1)2 


{n - l){n - 2){n - 3) 


4. ^2 ^ 


5. 1 — 


6 . 


sin ^nji 3n ^ sin ^nn 4- 2^2 


8 . sin2 {^nn) 4- 2 cos {\n7i) 

































r 


20 


10 


9. wsinJwTr 

7? ^ -I— 1 
12. _ cos2 (in:rr) 

71^ + 1 

15. sin \nn cos 

18. H- cos{Jn:7i) 19. 
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- 1 


n \ 


cos^ (^nn) 


13. 


+ 1 


16. 

100 


2w» - 1 
2 + cos (^nn) 

3 + 47i2 

20 . 21 . 


n\ 3" 

24. — /(iw). where /(a;) is the greatest integer < x. 


.. 27i 2 -f 1 

11. -cos^ {\n7T) 

1 + 2/1 ^ 

cos (^nn) 14. — /i^ sin (Jwji) 

17. cos (^nn) 

2 n Qn X 03 

22. _ 23. (- 1)«— 

2»» ^ n\ 


26. 


31 


a:n 


(/I + l)(/i + 2) 
nx^ + a;^~l + 1 


2w 

27. —=- 28. -- 

(?i +1)! n\ 

2 n* 

32. — 33. 

n\ 


29. 


.50 


n\ 
(0»5K 
n\ 


25 

30. 


/i® + rt^ + 1 

n\ 

x*^ -|- n 

xn-]-l 71 + 1 


7^n-l ^ I 

34. Prove that in the sequence 1, 6 , . . ., . . . where rtn+i(l + ctn) == 12, 

® 2 n+i is an increasing monotone, a 2 n is a decreasing monotone and that an—> 3. 

35. Show that the sequence 1,1.4, ., in which (2a„ + 3)an+i = 4 +3a„, 

is monotonic and tends to \/ 2 . 

36. If Gtn+i = a /(6 + ®n) = 2, show that increases steadily and has 

the limit 3. 

37. Prove that if an+i(®n + 2) = 4 and — I, then an —>■ — L 

38. If an+i{an^ + 4) = 5, show that an—>■ 1. 

39. If — 2 < «! < 1 and 3an+i = 2 + a„®, prove that an —> 1. 

40. If «! = I and 2an+i(«n® + 4) = an(an^ + 16), prove that a„ is inonotonic 
and tends to 2 . 

41. If «! = 2 and On+i(4 + 3a„®) = a „(6 + 2a„®) show that tends to the 
fifth root of 2 . 

42. If = ^, ttg = f and an+i = f^n + J«n-i> > 1)» prove that a,* —>• J. 

43. If a > 0, 6 > 0, show that the sequence a, \/ab, any . . . where 
an+i — V(®n «n-i) tends to ai 6 f. 

44. In the sequence 2, 8 , . . ., . . ., the law of formation is given by 

2a2w+l = ® 2 n + a 2 n-i> 02 w+i « 2 n +2 = « 2 n 02 / 1 - 1 * Prove that a„—>- 4. 

45. If an is a monotone, show that («! + ag + • • • + On)/^ is a monotone of 
the same kind. 

Find the first derivatives of the functions given in Examples 46-52. 


46. 

49. 

51. 


a;2 + 1 


(x - l)2(a; - 2)3 

x^(x - 1)3 

(X + 1)^(0; + 2)3 
a;3 + 1 


47. 


(a;3 - 1) 


(x - 2Y(x + 3)3 

4a;3 + 2a; + 5 


48. 


a;3 + 4a;3 3a; + 1 

(a; + 3)(a; +1) 


50. 


52. 


2a;* + 3 

(x - l)3(a; - 3)* 


a;- - 1 (x- ly 

Find the third derivatives of the functions given in Examples 53-5. 

a ;2 + I 


53. (x - iy(x - 2)2(a; - 3)^ 


56. Find the nth derivative of 


54. (a;2 - 1)3 

(^+1) 

(X - iy(x - 2) 


55. 


(a;2 - l)(a; - 2) 


Lx + M 


57. Show that if a^h, the nth derivative of 

(x — a){x — h) 

(- l)^/i! j La + M _ Lb + M \ 

{a — b) l(a; —a)w+i 
and find its value when a —b. 
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58. If u = (a;2 + + g)^ show that (x^ + pa; + q)u' = n(2x + p)u and 

deduce that the equation + 1)2/ = ^ is satisfied by 

2/ = + pa; + 


Sketch the graphs of the polynomials given in Examples 59-74. 

59 . a ;2 + 1 60. a;® — a; + 1 61. (a; — l)(a; + 2)(a; — 3) 

62. (X - l)2(a; + 1) 63. a;* + 4a; - 1 64. {x^ + l)(a;2 + 2) 

65. a;3 - 2a;2 + a; - 2 66 . (2a; + l)(a;2 + 4) 67. a;^ + 5a; - 2 

68 . (a;3 + l)(a; - 1) 69. (x^ - l)(a;2 - 4) - 4 

70. (2a; - l)(a;2 + a; + 1) 71. (x^ - l)2(a;2 - 4)2 72. a;5(a; - l)2(a; + 1)* 

73. (1 - a;)3(l 4 - xY 74. x^(x - l)3(a;2 + 1) 

Sketch the graphs of the following sets of polynomials, drawing each set in the 
same figure (Examples 75-8). 

75. 1; 1 + a;; 1 + a; + 4a;2; l -j- a; + la;2 + ’a;® 

76. 1; 1 - la;2; 1 - Ja;2 + ^\a;* 

77. 1 ; 1 + 3a;; 1 + 3a; + 3a;2; 1 + 3a; + 3a;2 + a;^ 

78. a;; x — Ja;®; x — Ja;® + Ti^ya;^ 

Determine the pol 3 niomials satisfying the conditions in Examples 79-88. 

79 . 2 /" = 2 ; y —0 when a; = 0 , 1 . 

80. y" == 4 ; y = 0 when a; = 1 ; y' = 0 when a; = 0 . 

81. t/" = 2 ; 2 / = 2 when a; = 0 , 2 . 

82. y" — Gx; y —0 when a; = 0 ; y' = 0 when a; = 1 . 

83. y'" = 6 ; y —0 when a; = 0 ; y' = 0 when a; = 1 ; y'' — 0 when a; = 2 . 

84. y'" = 12; y —0 when a; = 1, 2, 3. 

85. y^^ = 1; y = 0, y' — 0 when a; = 0 , 1 . 

86 . yiv = 1; y = 0 , y" = 0 when a; = 0 , 1 . 

87. yiv = l; 2 /, 2 /' = 0 when a; = 0; y, y" = 0 when a; = 1. 

88 . 2 /*® = 1 ; y, y' — 0 when a; == 0 ; y”, y'^' = 0 when a; = 1 . 

89. If the polynomial PnUx) (Legendre^s) is defined by the relation 


1 

P^(x) = ^ ® (a;2 - l)n 
^ 2^.n\ dx^ 


prove that 

(i) Pi=a;; P^ = ^x^-i; P^^^^x^-^x; P 4 = + i 

an P M = r”-2 + ~ ~ ~ % n-i 

(») ^n( ) 2».n! 1 2.(2n - 1) ^ 2.4.(2 ji - l)(2n - 3) J 


(iii) (1 - x^)P„" - 2xP„' + n(n + 1)P„ = 0. , 

Sketch in the same figure the sets of polynomials given in Examples 90-4. 

90. x; a;2 — J ; a;® — fa;; a;* — a;2 + i (Tschebyscheff's Polynomials), (If 

X = cosO, these are the values of cos nS, n — 1 — 4.) 

91.1; x; ^a;2 — ^; 2a;2 — a;; — ^^x^ + (If x = cosO, these are the 

values of sin nB/(n sin 0), n = 1 — 5.) 

92. 1 ; 2a;; 4a;2 — 2 ; 8a;® — 12a;; Ifia;^ — 48a;2 + 12 (Hermite's Polynomials). 
(The Hermite Polynomial Hn(x) may he defined hy the relations: 

Hn{^) = (— l)^e^*dn(e-^')/dx^ or Hn+i = 2xHn — Pn'» Hq = !•) 

93. 1; 1—a;; 2 — 4a;4-a;2; 6 — 18a; + 9a;2 — a;® (Laguerre^s Polynomials). 
(The Laguerre Polynomial Ln(x) may he defined hy the relations : 

Ln(x) = eH^(x?^e-^)ldxi^ or Pn+i = xLn + (w + 1 — a;)P„, Lq = 1.) 

94. a;; a;® — a;; a;® — ija;® + Ja;; a;* — 2a;® 4- a;2 ; a;® — fa;^ 4- — i^; 

(Bernoulli's Polynomials). (The Bernoulli Polynomials <l>n(x) are the coefficients of 
P^/n\ in the expansion of (te^ — t)/(e^ — !)• Note that ^4 = <l>^y ^5 = ^3 (^2 ” J)-) 

95. Draw the graph of y where y = 3a;2, (a; < 1); 2/ = ic® 4- 3a; — 1, (a; > 1); 
and show that y, y', y" are continuous. 










r 
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//> 


96. If y = X*, (x< 1); y = 4a:3 - 6x^ -{- 4x - 1 (x > 1), show that y, 
y'\ y'” are continuous functions. 

Sketch the graphs of the functions given in Examples 97-106, and point out 
any discontinuities of the functions or their derivatives: 

97. |1 + x\ _f \l - x\ 98. \{x - l){x - 2)1 99. |a; + 1| + \x\ + |a; - 1| 


100 . 

103. 


— 1| + \x^ — 4| 101. x\x — 1| + (a; — l)|a;| 102. x^lx — 1| 

{X - l)(a: - 2)1 - \{x - 2){x - 3)| 

104. /(a; — 1) —f(x + 1), where/(a;) = a;^ when a; > Oand/(a;) = 2a; when a; < 0. 

105. f{x + 1) — 2/(a;) +f(x — 1), where f{x) =0, (a; < 0); f(x) = x\ 

(0 < x< 1); f{x) = 2a; — 1, (a; > 1) 

106. (a; — l)/(a; — 1) — 2xf{x) + (a; + l)/(a; + 1), where f{x) = a;, (a; > 0); 

f{x) =0, {x< 0) 

107. Show that a;* + a; + 1 does not vanish for any real value of x. 

108. If y = 2a;® — 15a;* -f 40a;® + lOa;® + 10a; — 10, prove that y" vanishes 
once only and that y increases steadily with a;. 

109. Show that the equation a;® + 3a; + 1 = 0 has only one real root and that 
this root lies between — 0-3 and — 0-4. Find its value correct to two decimal 
places. 

110 . Provo that a;® + 5a; + 1 increases steadily with x and find the real root 
of the equation a;® + 5a; + 1 = 0 correct to two significant figures. 

111. Sketch the graph of y = 2a;® + 20a;2 + 10a; -f 1 and show that 

(i) y' is a minimum when a; = — 1, y' = — 20. 

(ii) y has a maximum at (— 1-49, 15*8) and a minimum at (— 0-25, — 0-25). 

/ -(iii) y vanishes when x — — 1-96, 0 14, — 0-36. 

112. If the equation a;^ — npx^~^ -f- 3^ = 0 has a repeated root prove that 
either g' = 0 ov q = (n — l)w-i pn^ 

113. Show that the function .4(a; — aiy^i(x — ... (a; — where 

tti, ar are real and different and m^, . . ., are positive integers, has 

(r — 1) non-zero stationary values. 

114. Prove that if the quintic a;® + aa;® -1- 6a; + c has a triple linear fa(;tor it 
never decreases. 

115. Prove that the derivative of a;®(a; — l)2(a; +1)* vanishes at (—1, 

(- 0-5 ., - 0-02 .), (0, 0), (0-7 ., 0-26 .), (1, 0). 

Find the real solutions, correct to two significant figures, of the equations 
given in Examples 116-21. 


0 ), 


116. 

119. 


a;® + a;2 = 2 117. 


(a; - l)2(a; + 1) = 4 118. (a;® + l)(a;® - 4) + a; = 0 

- 2a;® = 4 120. 7a;» - 8a;’ = 100 121. a;« - 3a;® = 00 

Find, for Examples 122-31, the leading term of the approximations to the 
functions given, in the neighbourhoods mentioned. Also give the asymptotes, 
where these exist. 


122 . a;®(2 - a;)®(l - 3a;)® at oo 


123. 


124. 


(X -f l)(a;® -f 2) 

126. at 


at 00 , — 1 


125. 


a;®(a; — 1) 
2 a; -f 2 
a;®(a; - 


at 00 , — 1 

- ly 


128. 


(3a; - l)(a; - 2) 
a;(a;® -f a; + 1) 


00 , i, 2 127. 


(2a; + mx -f 
{X - l)(x + 1)® 


at 00 , — L — 2 


2) 

at 00 , J, 2, 


a;® + 2a; + 3 


at 00 , — 3, —1 


131 


(2a; - l)®(a;® - 4) 

129. + at 

{X - 1)2 

3x^{x + 1 ) 


- 2 


OO, 1 


130. at 00 , 0, 1 _ 

a;®(a; — 1) (a; -f 2)®(a; — 1) 

Establish the approximations for x large in Examples 132-5. 

,32.(£i±2)(2^^2 Ml 

(x - l)*(a: + 2) x^ \x^l 


at 00 , — 2, 1 
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133. 


x*(2x +1)2 


45 

: 4a; - 12 + — + 

X 




+ 2 )> X \xl 

13., I- - ■><»» + - ■> - + 11+ g + .(i) 

(2a; + l)(a; — 4) 2a; \xJ 

m{x - 2)^(x^ + 4) ^ 3 _ 3 _ ^23 

(2x + l)(x - 3) V®/ 

Sketch the graphs of the functions given in Examples 136-56, 


136. 


140. 


143. 


146. 


149. 


153. 


a; — 3 


137. 


a; — 3 


138. 


3a; + 2 


(X + l)(a; + 2) 


139. 


(a; - l)2(a; + 1) 

1 

(a; + l)(a; + 4)2 
1 

(a;2 + l)(a;2 + 4) 
3a; - 5 

(a; — 2)(a; — 3) 

i-A-± 

4a; 4a;2 


141. 


a;2 + 2 


a;(a;2 


144. 


+ 1 ) 

X 


142. 


(X - l)2(a; + 2) 
1 


147. 


(a; + l)2(a; + 4) 
a;2 - 1 

(a;2 + l)(a;2 + 4) 


(a; + l)(a; + 4) 

nr. 

145. 


148. 


(a; + l)(x2 + 4) 
(X - l){x - 5) 


(a; - 2)(a; - 3) 


150. 


154. 


2a;2 - 7a; + 2 
(a; - 2)(a; - 3) 
a;* + 4 


a;2(a;2 + 1) 


155. 


,51. 

(X - 1 )‘ 


152. JL-I 


a;* + 4 


156. 


{x‘ 


X'* 

+1)2 


a;(a; + 1)2 


(x 7)^a; - 1) 

157. Prove that ^- - - - always lies between 9 and — 1. 

a;2 + 1 

158. Prove that there are three real values of x that satisfy the equation 
a(a;2 + 1) = (a; + l)(a; + 3)2 if either 7 + 3v'6 < a< 16 or 7 - 3V6< a< 0. 

159. Sketch in the same diagram the graphs of the functions a;2; a;2 + a;; 
a;2 + a; — 2; a;2 + a; — 2 — 2/a;. 

160. Find the range of values of a for which the equation 

(a - l)x* + 5aa;2 + (4a - 13) = 0 
has (i) 4 real roots, (ii) 2 real roots only. 

161. Sketch the graph of the function y = (a;2 — a; + l)2/{a;2(a; — 1)2}, and 
show that for a given value of y > 27/4, there are 6 real values of a;, such that if 
x^ is any one of these values, the other five are l/a;i, 1 — x^, 1/(1 — x^), 1 — l/a;i, 

- !)• 

162. Find the stationary values of ^ 6 ).( 3^2 _ _ ig) ' 

163. Prove that (a; — 20)(a; — 13)/(a; — 4) takes all values except those in a 
certain interval of length 48. 

164. The following formula occurs in Laplace’s exposition of the theory of 
Saturn’s rings. 

/<r _ A(A - 1) 
p (A + 1)(3A2 + 1) 


where p is the density of the ring, A the ellipticity of the cross-section of the ring, 
and AC is a constant ( > 0). Show that the density has a maximum value when A 
is approximately equal to 2-594. 

Sketch the systems of curves given in Examples 165-74, where a is a variable 


parameter. 


165. y = a;2 + aa; 

166. 

168. y(x + a) = a;2 — 1 

169. 

170. y{x + a) =a;2(a; - 1) 

171. 

172. y(a — 1) = x{x — a) 

173. 


y = a;2(a; + a) 167. y = a;(a;2 + a) 
y(x + 1) = a;2(a; + a) 
y(x + 1) = a;2 + a 

ya;2 == — a 174. ya; = a;2 + a 
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Sketch in the same figure the five functions obtained by taking n = 1, 2, 3, 4, 10, 
in Examples 175-82, 

1 a; + '” • 


175. 


180. 


X + n 
nx ^ I 


176. 


2a; + Sn 

181. 


177. 


x^ + ^ 


178. 


xn 


182. 


1 + n^x^ 
nx^ 


179. 


(nx + 1)2 

(n^x^ -f 1) 


nx + I 1 + a;2w i -f nx^-i 

SoltUions 

Notation: c, oo, — co, OF, 01 mean respectively for Examples 1-33, Uends to c’ 
‘ tends <0 + 00 ‘ tends to — co ‘ oscillates finitely ‘ oscillates infinitely *. 


1. -4/3 
7. 00 
13. 01 
19. 0 
22. 00 
26. 00 , {x 
29. 0 

31. a;, (\x\> 1); 1, {\x\ < 1). 
7 — a; + a;2 — 3a;2 


46. 


2. 0 3. 00 4. 00 5. — 00 6. 3 

8. OF 9. 01 10. OF 11. 00 12. 0 

14. 01 15. 0 16. OF 17. 00 18. 01 

20. 0, (1*1 < 1); 00 , (*> 1); 01, (*< - 1) 21. 0 
23. 0 24. OF 25. 0 

> 1); 0, (1*1 < 1); 01, (*< - 1) 27. 0 28. 0 

30. 1/*, ((*(> 1); 1, (1*1 < 1) 

32. 00 33. 0 

2 - 3* - 7** 


48. 1 - 


(a; — l)®(a; ■ 
1 


2)* 

+ ; 


47. 


50. 


2(a; + 1)2 ■ 2(a; + 3) 

2(3 + 18a;2 - 20a;2 - 6a;^ - 4a;«) 


49. 


{x - 2f{x + 3)« 

x\x - l)2(2a;3 + 15a;2 -f 1 la; - 10) 


Z 


(2** + 3)2 
- 17*)(* - lY(x - 3)» 
(* - 7)» 

54. 24*(5*2 - 3) 55. 

3 


51. 


(* + 1)»(* + 2)2 

— 6a;2 


56. 




(* - 1 )‘ 
3 


(* — 2)»+i (* — l)»+i (* — l)«+2j 


(*2 - 1)2 

53. 12(10*2 - 60*2 + 116* - 72) 

2 10 
(* + 1)* (* - 27 
2 (» + 1 ) 1 


57. (- !)«.»!{£(* + rui) + (n+ l)ilf}— * 

(* — o )«+2 

79. *(* - 1) J 80. (* - 1)(2* + 3) 7 81. *2 - 2* + 2 

82. x(x^ - 3) * 83. *(* - 3)2 84. 2(* - 1)(* - 2)(* - 3) 

85. ^\x\x - 1)2 86. ^\x(x - 1)(*2 -x-1) 

87. ^^x’^ix - 1)(2* - 3) 88. ^\x^x^ - 4* + 6) 

97-106. The functions are continuous." Also: 

97. y' is discontinuous at ±1. 98. y' at 1, 2. 

99. y' at 0, ± 1. 100. y' at ± 1, d= 2. 101. y' at 0, 1. 

102. y' at 1. 103. y' at 1, 2, 3. 104. y' at ± 1. 

105. y' continuous, y" discontinuous at 0, ± 1, 2. 

106. y' continuous, y" discontinuous at 0, i 1. 109. — 0*32 

110. -0-20 116. 1 117. 2*1 118. 1-9, —21 

119. 2-3, - 11 120. 1-6, - 1-3 121. ± 2 0 122. - 27x'^ 

123. Ja;2,-, asymptote a; = — 1. 


>34.1. 


125. Ix^, 

126. §, 


a; 4- 1 
1 

3(a; + 1)’ 
27 


asymptotes y = 0, a; = — 1. 
36 


32(2a; + 1)^’ {x + 2/ 
- 56 24 


, asymptotes a; = — J, a; = — 2. 


16(3a; - 1)’ 5(a; - 2) 


, asymptotes y = f, a; = J, ^ = 2. 
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*• 20(J =-l)^ 

a; = - 2. 


128. a:, 

129. 2a;, 


21 


^——- , ^asymptotes y=a;-l, a;=-3, a; = l. 

4(a; -h 3) 4(a; — 1) 

45 32 

-asymptotes y = 2a; — 9, a; = 1. 130. a;*, — —, 

(a; — 1)^ ^ 


as 3 niiptotes a; = 0, a; = 1. 

9(^)’ y = %,x=-2,x = \. 

160. 4 real roots if 2 < a < 3J ; 2 only if 3J < a< 7. 

162. Maxima at a; = — 3, 2, 6; minima at a; = — 2, 0. 


, a; = 2, 
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CHAPTER II 


MEAN VALUE THEOREM. FUNCTIONS OF SEVERAL 
VARIABLES. TAYLOR’S THEOREM WITH REMAINDER. 


2. Sets of Points. Suppose that we have a set of points, infinite in 
number on a straight line (the ir-axis for example). If they are all on 
the right of a fixed point i, the set is said to be bounded on the left (or 
below). If they are all on the left of a fixed point G, the set is bounded 
on the right (or above). If G, L both exist, the set is said to be bounded. 

Example. The set: 0, . . ., 00001, 0001, 001, 01, 1, 1-9, 1-90, 1-999, . . .; 
is bounded. Take G = 2, and L any negative number. 

No loss of generality in the description of these sets usually arises 
if we confine our attention to bounded sets, since, for example, by such 
a relation as 


y = 


2v'(a; 


3 ? 1 

—— + - (the positive radical being chosen), 
+ 1 ) 2 


we establish a one-one correspondence between the cc-axis and the interval 
(0, 1) of the y-axis. Also the order of the points is unaltered by such a 
transformation. 

2.01. The Process of Bisection. This is a process that is frequently 
used to establish properties of sets. Let f(x) be a function of the j)oints 


A , . . 

P 

1 1 

B 

A, 

A-2 yVj 




A4 








FIG. 1 


a: of a closed interval AB, and suppose that f{x) possesses a property in 
the interval AB, which is of such a kind that it must be true for at least 
one of the closed sub-intervals AC, CB where C is any point of AB. 
Call an interval EF for which the property is true a suitable interval. 
Bisect AB at K ; then one at least of the intervals AK, KB is suitable. 
Denote such a one by A^B^^ {Fig. 1), bisect it and obtain similarly a 
suitable interval AJB 2 - If this process is continued, we obtain two 
monotones A, A^, A^, . , B, Bi, B^, . . ., the former increasing, the 
latter decreasing (in the broad sense), and both bounded. They must 
therefore both tend to limits, and since lim^^R^ = lim {AB/2^) = 0, 
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they have a common limit P. By this process, therefore, we have 
obtained a point P near which f{x) has the given property; i.e. given 
£ ( > 0), however small, at least one point P exists such that/(a?) possesses 
the property throughout the interval \x — Xp\ < £. It is naturally 
assumed that the property specified for is one that is not necessarily 
satisfied for every sub-interval of AB. For example, it may be given 
that f{x) possesses both positive and negative values in AB, Whilst 
this property is obviously not necessarily satisfied in every sub-interval, 
the process shows that there must exist at least one point, near which 
the property is satisfied. 

2.02, Limiting Points. If a point P exists (not necessarily belonging 
to the set) near which there is an infinite number of points of the set, 

P is called a limiting point (or point of accumulation). This means that 
given £ ( > 0), however small, an infinity of points of the set lie in the 
interval | x — x^j\ < e. There need not be an infinity of points on both 
sides of P in this interval and they may all lie on one side. Thus the 
end points of an open interval are limiting points. In the above example 
(§ 2), 0, 2 are limiting points, the latter not belonging to the set. 

A bounded set of points (infinite in number) must contain at least 
one limiting point. For by the process of bisection, there must exist at 
least one point P near which an infinity of points of the set exists. 

2.021. Upper Limits and Bounds. In general, a set contains more 
than one limiting point; the greatest of these is called the upper limit, 
and the least the lower limit. 

Note. When the set is unbounded above, we say for completeness that the 
upper limit is -f- co ; similarly the lower limit is — oo when the set is unbounded 
below. 

Example. -- 2, - 1, - _ J, _ i,. . -i, -11, -111, . . ., 2, 2|, 2%, . . ., ; 

3, 4. The limiting points are 0, 3. 0 is the lower limit and 3 is the upper limit. , 

The least number which is not less than every number of the set is 
called the upper bound ; and the greatest number which is not greater 
than every number of the set is called the lower bound. In the above 
example, — 2 is tlie lower bound and 4 the upper bound. 

If the upper (lower) bound belongs to the set, it may be called the 
maximum {minimum). The maximum (minimum) is greater (less) than 
or equal to the upper (lower) limit. If the upper (lower) bound does 
not belong to the set, it is the same as the upper (lower) limit. 

The simplest way in which sets of points arise is through functional 
relationship. Thus if a < x < 6 and y =f{x), the numbers f{x) form a 
set of points; and if, for an infinite interval, x has only the values 
I, 2, 3, . . ., n, . . ., f{x) is a simple sequence, which thus constitutes 
the most elementary set of points. 

2.022. The Simple Sequence, (i) If the sequence a^ is convergent, the 
set a^ has only one limiting point, viz. the limit of the sequence. 

(ii) If the sequence is bounded but not convergent, the set a^ 
must have at least two limiting points. The upper hmit is in this 
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case denoted by Em and the lower limit by lim a„. The difference 
(lim — lim a„) is called the Oscillation. 

(iii) ifS7-v + 00 , we may call + oo the (only) limiting point of 
the set; and if —> — oo, then — oo is the only limiting ])oint. 

(iv) If one of the extreme limits is infinite (±), and there is at least 
one other limiting point (finite or infinite), the sequence oscillates infinitely. 

Note, In such a sequence as 1 , — 1 , 1 , —1,. . the numbers 1,-1 are limiting 
points, since they occur an infinite number of times. 

Examples, (i) 2, 3, 4, 5, ...; lower bound, 2 (minimum); upper bound 
(and limit), + oo. 

(ii) 0 , IQi-'*, 3 — 101 “” = 1 , 2 , 3 , . . .); lower bound, 0 (minimum); lower 

limit, 0; upper bound, 3; no maximum; upper limit, 3. 

(iii) coa^nn + - coann; lower bound, — 4/3 (minimum); upper bound, 7/6 

(maximum); four limiting points, i 1 » db J; upper limit, 1 ; lower limit, — I ; 
only limit belonging to set, — J; oscillation, 2 . 

(iv) n — 20 cos (\nji ); lower bound, — 14 (minimum); no finite limit; upper 
bound (and limit), + oo. 

2,03, Derived Sets, The set E\ which consists of the limiting j)oints of E, is 
called the derived set or first derivative of E, If E' possessiw an infinite number of 
points, it also possesses a derivative E'\ Similarly there may be any number of 
higher derivatives. If any derivative jK(”) contains a finite number of points, the 
next derivative j57(”+i) is void. In this case E is said to bo of the first species (of the 
nth. order). If there is an infinite number of derivatives, the sot is of the second 
species. 

Examples, (i) The set f i. + 1 + 1) where m, n, p take all positive integers 
\m n pJ 

for their values. Denoting the set by E, we have E' — [0, —, — + -) ; 

\ m 7ti 71/ 

E" = fo, — ) ; E'" = 0; Ei^^) void. E is of the first species and third order. 

\ m / 

(ii) If E is the set of rational numbers in (0, I), then E' is the set of real numbers 
in (0, 1), so that E' = E'' = E'" = . . . and E is of the second species. 

2,04, Sum, The set consisting of every point that belongs to at legist one of n 
given sets E^^ E^, , , , Eni^ called the sum (or greatest common measure) of the 
sets and is written E-^^ -\- E,^ -{- • . . + En> v 

2,041, Prodiict, The set consisting of every point that belongs to all the sets 

^ 2 » • • . En is called the product (or greatest common divisor) of the sets and is 
written . ^^ 

2,042, Ccmplement, If is a set of points in a given interval, the set of j)oints 
of that interval not belonging to E is called the comple7nent of E for that interval 
and written C{E), 

Example, The set of points belonging to none of the sets E^, E^, ...» E^^ in 
an interval is C(E^ E^ + • • . + E^) and is the same as G(E^),C(E^), , , , C(En)- 

2,043, Closed Sets, A set containing all its limiting points is said to be closed. 

Example, The set 0, i-, t + ^ t + — is closed, its limiting points 

2” 4 2” 2 2” 4 2” 

4* 3 ’ 4 - 

2,044, Isolated Set, If a set contains none of its limiting points it is said to be 
isolated. 
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Examples, (i) The set —, i — —, - + -i- is isolated. 

4:71 2 4w 4 4n 

(ii) E.E' is void if E is isolated. 

(iii) E — E.E' is isolated. 

2.045. Set Dense in Itself. If every point of a set is a limiting point, the set is 
said to be dense in itself. 

Example. The rational numbers in (0, 1) form a set dense in itself. 

2.046. Set Every\vh^,re Dense. A set E is said to be every where dense in an interval 
if every sub-interval (however small) contains points of E. There are therefore 
limiting-points (not necessarily belonging to the set) in every sub-interval; and the 
derivative of E consists of the given interval. 

A set that is everywhere dense must be dense in itself, but the converse is not 
necessarily true. Thus the set of rational points is everywhere dense and is also 
dense in itself; but the set of real points given by0< x<. J, f< x<, 1, whilst 
dense in itself is not everywhere dense in (0, 1). 

2.047. Set Non-dense. A set is said to be non-dense in an interval if no sub- 
interval is everywhere dense. 

2.048. Perfect Set. A set that is dense in itself and closed is said to be perfect. 

Thus the set of real points specified by0< x<, J, f< x<, 1, is perfect but 
the set of rational points in (0, 1) is not perfect. 

All the derivatives of a perfect set E are identical with E. 

2.049. Enumerable Sets. If the points of a set can be placed in 1—-1 correspond¬ 
ence with the integers 1, 2, 3, . . .,n, . . ., it is said to be enumerable. 

The sum of a finite number of enumerable sets is enumerable ; for if x^, x^, • . • ; 
Vv 92 * •• •y ^wo enumerable sets (as indicated by the notation), the sum may 
be arranged as 

Vl* ^2* 92* •• • 

and is therefore enumerable. Similarly the sum of a finite number of enumerable 
sets is enumerable. Moreover, the sum of an enumerable infinity of enumerable 
sets is enumerable. For the wth member of the mth set may be denoted by x^n 
and the sum may be arranged as 

^ll> ^ 12 * ^ 21 * ^ 31 * ^ 22 * ^ 13 * • • * 

grouping together those terms for which m n ia the same number k and taking 
A; = 2, 3, 4, . . . 

Examples, (i) The set of all rational numbers in (0, 1) is enumerable, since 
they can be arranged in groups of the same denominator, thus 

0, 1, h h h i* i* h h i* i* i* f, . . . 

It follows that the set of all rational numbers is enumerable since the number 
of intervals m < a: < m -f- 1 ('ni being a positive or negative integer or zero) is 
enumerable and the set of rational points in each interval is enumerable. 

(ii) The set of real numbei*s in (0, 1) is not enumerable. If it were enumerable, 
the numbers could be arranged as a sequence x^, . . ., a;„, . . . Suppose that 
each number x^, is expressed as an infinite decimal (a terminating decimal being 
completed with an infinity of zeros and a recurring nine being excluded). Let 
be the figure in the wth place of the decimal for x^. If = 0, let c„' = I, and if 
Cn ^ 0, let Cn = 0 (ri = I, 2, 3, . . .). 

Then the decimal -cf cf cf . . . c„'. . ., which lies between 0 and 1 is not identi¬ 
cal with any a:„. The set is therefore not enumerable. 

2.05. Open Sets. The complement of a closed set is called an open set. 

Example. The set of real points given by 

0< X<\,%< x< f < a:< 1 

is open, since the set 0, ^ < a; < f, f < a; < J is closed. 

4 
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2.051. Characteristic Property of an Open Set — 

An open set consists of an enumerable (or finite) set of non-overlapping intervals. 

Let P be a point of an open set E in the interval (a, b). There must be points f 

of E in the neighbourhood of P, for otherwise P would be a limiting point of C(E) I 

which would therefore not be closed. Thus there must exist positive numbers 
Cl, ^2 such that the interval x — €i < x €2 consists entirely of points of E. 

Let dg be the upper bounds of Cj, Cg respectively. Then the open interval 
X — di< x< jr + dg consists entirely of points of E. The end points a: — d,, x -f dg 
must belong to C(E) since dj, dg are upper bounds. Similarly every i)()int of E 
falls into an open interval and the intervals do not overlap since the end points do 
not belong to E. There can only be a finite number of intervals whose lengths lie (' 

between —(d — a) and — ^ — (b — a) where m is a positive integer. The intervals 
m m + 1 

can therefore be arranged in the finite groups specified by 

—(6 — a) < d < — - —(6 — a), m = 1, 2, 3, . . . 
m m + 1 

where d is the length of an interval. The number of intervals is therefore enumerable. 

Since the sum of two open intervals is an open interval (or two open intervals), 1 

we deduce that the sum of any finite number (or of an enumerable infinity) of open 
sets is an open set; and since the common points of two open intervals (if they 

overlap) lie in an open interval, we conclude that the product E 1 .E 2 . E^ 

of a finite number of open sets is open. 

2.06. The Measure of an Open Set. The measure of an open interval x^K x< Xg 
is defined to be a^g — x^ the length of the interval; and the measure of an open set 
(within an interval a < x< d) is defined to be the sum of the lengths of its intervals. 

Since the number of intervals is infinite (enumerable) in general, it is the sum S of » 

an infinite series (convergent since S (b — a)). 

2.061. Exterior and Interior Measure of a Set. The exterior measure of a set E 
is defined to be the lower bound of the measures of all open sets that contain E. 

Denoting it by mf^(E)j we have obviously 

0 < me{E) < b — a, ' 

if the set lies in the interval (a, b). j 

The interior measure mi(E) of the set E is defined by the relation j 

mi(E) + mg(CE) = b — a. It follows from this definition that j 

mi(CE) + mg(E) —b — a. 

\imi(E) = mg(E)y the set E is said to be measurable and the common value of mi(E) 
and mg(E) is called its measure. We then denote the measure of the set E by the 
symbol m(E). If E is measurable, I 

mg(CE) — (b — a) — m(E) 

= mi(CE). 

Thus CE is measurable and its measure is (b — a) — m(E). 

The interior measure cannot be greater than the exterior measure. For let 
F, G be open sets that contain E and CE respectively. Every point of (a, 6) is 
interior to an interval of F or of O' (or of both), and we may show by the process of 1 

bisection that a finite set of intervals can be selected from those of F and G that 1 

together contain all the points of (a, b). For if such a finite set did not exist, we 
could show that there existed at least one point P that was not interior to an interval | 

of F or of ; and this would contradict the statement that every point of (a, b) ( 

is interior to an interval of F or of G. [ 

Let the sum of the lengths of the intervals of F, G be denoted by respect- j 

ively and let p denote the sum of the lengths of the intervals of the selected finite ^ 

set. Then p\ + P 2 ^ P and p> b — a, i.e. /^i + ^Wg> b — a. Therefore the i 

lower bound of + //g is > 6 — a 
i.e. rng{E) + mg(CE) > b — a 

or mg(E) > mi(E) > 0. 
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It follows from this result that if me(E) = 0, then mi(E) = 0, so that such a set is 
measurable and its measure is zero. 

Notes. The next development in the theory of measure consists in the establish¬ 
ment of two fundamental theorems. 

00 

(i) If E^ is measurable (r = 1, 2, 3, . . .), then EEj. = E is measurable and 

1 

m(E) < I!m(Er). 

1 

00 

(ii) If E^ is measurable, (r = 1, 2, 3, . . .), then n(Ej.) is measurable. 

It should be remarked that in the above, the measure of an open set has been 
given a special definition on which the definition of the measure of any set has 
been based. It may be shown that these definitions of an open set are consistent 
by means of the first fundamental theorem, which may be established on the basis 
of the special definition of the open set. 

(The summarized description given above of the meaning of measure is based on 
the account given in Titchmarsh, ‘ Theory of Functions \ X, where proofs of the funda¬ 
mental theorems may be found.) 

Examples, (i) An enumerable set is measurable and its measure is zero. 

Let the set be arranged as the sequence of points x^, x^y . . ., x^j . . . 

Take intervals x^- en< x< Xn + where £„ = €f2n-i. If is given, 

these intervals in general overlap and the sum of the lengths of the first n is 

4fi(l — 2-w). The n points xi^x^y . . ., may therefore be enclosed in a set of 

w(< n) non-overlapping intervals of total length < 4ei(l — 2-«). If w—>- oo 
and Cj —>■ 0, we see that mg(E) = 0 ; i.e. the measure of the set is zero. 

(ii) An isolated set of points is enumerable. Let a; be a point of an isolated set 
in (a, b). Then an interval x — e< x <. x e exists (where e > 0) containing 
no points of the set except x. Otherwise x would be a limiting point of the set. 
Thus each point of the given set can be associated with one of a set of open non¬ 
overlapping intervals. Since this open set of intervals is enumerable, the original 
set of points is also enumerable. 

(iii) If E\ the derivative of a set E is enumerable, so also is E. For E — EE' 
is enumerable, since it is isolated. But EE' is a component of E' and is therefore 
enumerable. Thus E also is enumerable. The converse is not necessarily true. 
For example, the set of rational points is enumerable but its derivative is not. 

(iv) A set of the first species is enumerable. For if E is of the first species and 

the nth. order, has a finite number of points. Thus is enumerable and 

so also by (iii) are 3)^ ^ ^ jg true, however, that every 

set of the second species is not enumerable. 

(v) The segment (0, I) is divided into m equal parts, (m >2), and the open 
interval l/m< x<. 2/m is removed. Each of the remaining (m — 1) intervals is 
similarly divided into m equal parts and the second (open) interval removed. The 
process is continued indefinitely, and the points that remain form a closed set E. 
The sum of the lengths of the open intervals removed is obviously 

1 — lim i.e. 1. 

„—^00 \ m/ 

The measure of the set is therefore zero. The set E is non-dense since its comple¬ 
ment is everywhere dense. It is, however, dense in itself and is therefore perfect. 
Also it is not enumerable. For if, for definiteness, we take m = 10, the set E con¬ 
sists of all decimals (0 < a: < 1) that do not contain the digit unity together with 
those that contain a digit unity followed by an infinity of zeros. (It is assumed that 
terminating decimals are completed by an infinity of zeros and that a recurring 9 is 
excluded.) If these decimals could be arranged in a sequence x^, x^, . . ., . . ., 

denote by c„ the nth digit in the expression for x^- Let c„' = 0 when c„ yd 0 and 
let Cfi' = 2 when c^' — 0. Then the decimal Oxf cf . . . c^' . . . does not belong 
to the sequence but belongs to E. Thus the set cannot be arranged in a sequence 
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and is not enumerable. A similar proof may be obtained for other values of m, 
by expressing the numbers of E in the scale of m. The particular set obtained by 
taking m = 3 is sometimes called Cantor's Termiry Set, 

2.1. Continuous Functions. We have already seen that a function 
f{x) is continuous at a point Xq of the interval a < a? < 6 if, given e ( > 0), 
we can find d ( > 0) such that \f{x) —f{Xo)\ < e for all x of the 
interval that lie in \x — Xq\ < d. 

It is obviously necessary and sufficient for continuity at a; = Xq, that 
\f{xi) —f(x 2 )\ < e for all Xi, x^ of the interval that lie 

The functional relation forms a set of points, which, we^shall see, is 
perfect like the points of the interval. 

Notes, (i) If the above inequality is altered to f(x) —f{xQ)< e, the point Xq 
is called a point of upper semi-continuity and if it is altered to/(a;o) —f(x)< then 
Xq is a point of lower semi-continuity ; and the function is in each cjise called a semi- 
continuous function. Both inequalities must be satisfied for continuity. 

(ii) If M,m are the upper and lower bounds of a function/(a;) in an interval, 
ilf— mis called the (or fluctuation) of f(x) in that interval. Thus ii'/(x) is 
continuous at Xq, the oscillation oi f(x) near Xq is small. 

If, given e ( > 0), a number 6 ( > 6) can be found such that for every enumerable 
(or finite) set of non-overlapping intervals in (a, b) of total length < d, the sum of 
the oscillations otf{x) is less than e, the function is said to be absolutely rontmuous 
in the interval. Thus absolute continuity refers to the interval as a whole, and 
whilst absolute continuity obviously implies ordinary continuity, the convt^rse is 
not necessarily true. 

(iii) If the domain of continuity of f{x) consists of an unenumerable set of j)oints, 
which is everywhere dense but is not closed,/(ic) is said to be point-wise discontinuous. 

2.11. Properties of a Continuous Function. 

Let f(x) be continuous in the interval a <a; <6. 

I. Given e ( > 0), it is possible to divide {a, b) into a finite number 
of sub-intervals, such that \f{xi) —/(Xz)] < e where Xi, x^ are any two 
points in any sub-interval. 

For if this were not true, it would be possible by the process of bisec¬ 
tion, to find a point P near which \f{Xj) —f(x.i)\ could not be made less 
than e. This contradicts the hypothesis of continuity at P. 

Since the inequality is satisfied throughout all the sub-intervals, we 
say that the continuity of f{x) is uniform. Thus continuity implies 
uniform continuity. 

II. f{x) is bounded in the interval. For by I, we can divide (a, b) 
into n intervals within each of which \f{Xi) —■ f{x^\ < e ; so that, if x 
is in the rth interval, \f(x) —f(a)\ < re, i.e. f(x) is bounded. 

III. f(x) has an upper limit M which is a maximum and a lower 
limit m which is a minimum. 

For if M is the upper bound, [f{x) — M\~^ is unbounded since 
\f(x) — M\, if not vanishing, can be made as small as we please. Thus 
[f(x) — M]~^ is not continuous; but since/(x) — M is continuous, 
lf(x) — M]~^ can be discontinuous only when/(x) = M. There must 
be therefore at least one such point. Similarly there is at least one point 
for which/(a;) = m. The upper and lower bounds are therefore limiting 
points belonging to the set of points f(x). 
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IV. li f{a), f(b) are of opposite signs,/(as) vanishes at least once 
within the interval. 

For, by the process of bisection, there is at least one point | near 
which f{x) has opposite signs. If /(|) were not zero, the sign of f{x) 
would by the h)^othe8is of continuity be invariable near |. Therefore 

M) = 0. . 

V. f{x) takes, at least once, every value inclusive between M, m its 
upper and lower bounds. For f{x) — Jc where M "> m has both 
signs in (a, b). Therefore f{x) = k a,t least once in the interval. 

VI. If f{x) increases (or decreases) steadily between /(a) and f{b) 
and is defined for all points in (a, b), it is continuous in (a, b). 

A function is said to increase steadily between /(a) and/(6), if, whilst 
increasing in the broad sense, it takes eoery value between/(a) and/(6). 

There must be a neighbourhood of any point x^, within which f(x) 
increa.ses from f{x„) — s to /(a;„) + e, i.e. the function is continuous at 
aJo. Similarly a function that decreases steadily is continuous. 

2.12. Rolle’s Theorem. If f{x) is continuous in a < a: < 6, possesses 
a derivative in a < a; < 6 and vanishes at a: = a and a; = 6, then f'{x) 
vanishes at least once in a<x<b. For (i) if f(x) = 0 throughout 
(a, b), the theorem is true ; (ii) if f(x) > 0 at any point of the interval, 
f{x) attains a maximum /(|) at some point ^ in a < a: < 6. 

Hence /(| + h) —/(I) is always negative (a < | + A < 6). There¬ 
fore the progressive derivative /'(| 0) cannot be positive and the 

regressive derivative /'(| — 0) caimot be negative. But these deriva¬ 



tives are equal to/'(|), if this exists and each must therefore be zero, i.e. 
/'(I) = 0. Similarly/'(x) vanishes at least once if f{x) < 0 at any point. 
We have here the geometrical result that if the curve given by y =f{x) 
meets the x-axis at x = a, x = 6, and if there is a unique tangent at 
each point, the tangent is parallel to the x-axis at some point interior to 
the interval {Fig. 2). 

2.13. The Mean Value Theorem. If /(x) is continuous in a < x < 6 
and if/'(x) exists in a < x < 6, then, for at least one point x = c of the 
interval a <x <b 

fib) -f{o) = (6 - a)/'(c). 

Let F{x) = (a - b)f{x) -f (6 - x)f{a) + {x - a)f{b). Then F{x) satis¬ 
fies the conditions of Rolle’s Theorem ; F{a) = 0 = F(b). 
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F\x) exists and is equal to (a — b)f(x) —f(a) + f(b). This vanishes 
ioT X = c where a <c <b, i.e. f(b) —f(a) = (6 — a)/'(c). 

Geometrically, this means that the chord joining the two points 
P, Q of co-ordinates {«,/(«)}, {b,f(b)} respectively, is parallel to the 
tangent at some point R of the curve between P and Q, (Fig. 3.) 



Corollary. If 6 = a -f a number between a and b may be denoted by a -f Oh^ 
(0 < 0 < 1); and the theorem becomes f(a + h) =f(a) + hf'(a + dh) for some 
number d in the interval 0 < 0 < 1. 

2.2. Functions of Two Variables. If x, y are two independent 
variables, real and continuous, belonging respectively to the intervals 



FIG. 4 

a<x<6; A 

and if a third variable z is known when x and y are given, then 2 is a 
function of the two variables specified in a rectangle of the x-y plane. 
{Fig. 4.) 

2.21. Continuity. A function zU^f(x, y) is said to be continuous at 
(^o> 2/o) if> given e, we can find d Wch that for all points (x, y) of the 
square specified by \x — Xq\ < d, |?/ — 2/ol < d, the inequality 

l/(*. y) —/(*o, «/o)i < s 
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is true. This might be described briefly by saying that near (a:„, y^), 
l/(*. y) -A^<» yo)l is smdl. 

Notes, (i) The neighbourhood need not necessarily be taken as a square, but 
there is no loss in generality if we do so. 

(ii) Not only is \f{x, y) -/{xq, yo)| small near {Xq^ y^) but also \f{x^, y^) - f(x^, ya)! 
where (x^y y^)j (x^, y^ are near {x^y y^). 

2,22, Double Sequences, In the same way that simple sequences are 
associated with functions of one variable, so we may expect double 
sequences to be associated with functions of two variables. An aggregate 
of numbers {a^y,) in which m, n may take all positive integers for their 
values is called a double sequence. The terms may be arranged in the 
following array: 


®11J 

U21, 

®3l> 

^12) 

U22, 

(^13, . . 

^235 • • 

•j ®ln» • 

•> • 




. . . . 




The suffix rn denotes the row and n the column ; and a finite number 
of terms may be omitted without altering the essential character of the 
sequence (i.e. its behaviour when m, n tend to infinity). 

2.23, Limit of a Double Sequence The sequence is said to 
tend to a limit Z as m, n tend independently to infinity if, given e, we can 
find N such that — Z| < e for all m, n> N, and we write 

lim = I, 

m n 

It is, however, sufficient (and necessary) that — Ujva I < e for all 
m, n> N, 

This is necessary, for, if I exists, | — l\ and | — l\ are small. 

It is sufficient, for the condition shows that the simple sequence 
converges to the limit I, Thus — l\ is small ultimately and there¬ 
fore also \ayy,n, — ^1- 

2.24, Repeated Limits of a Double Sequence ayn^. The convergence of 
a^y^n implios the convergence of a^^^^ when m, n tend to infinity in any 
particular way, although the converse is not true. 

Example, If Omn = a^yyn is obviously not convergent, whilst the sequence 

obtained by putting n = 2m, converges to zero as m (and therefore n) tends to 
infinity. 

If <^(n) —> 00 when n—^oo and if —> I, then I when 

m = <^(n) and n —> oo. 

There is a particular way in which m, n tend to oo that is important 
in the theory of double sequences. This consists in letting m (or n) tend 
to infinity before n (or m) tends to infinity. The sequences ai^, a^n^ 
• • -j ®mn) • • • where m is fixed are simple sequences, that may or may 
not possess limits (even when the double sequence converges). Suppose, 
however, that lima^^^ exists. It is a function of m, say/(w). Then 
V\ 

i 


A 
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For — l\ is small and also | lim 


m n 

is small, when m, ti are large, i.e. \f(in) — l\ is small, or, /(m) —> 1. 

The limit lim/(m) may be denoted by lim lim and is called a 

m m n 

repeated limit. Similarly if lim exists we may have the repeated 

m 

limit lim lim which is equal to I if —> L 

n m 

Note. When lim does not exist, must have an upper limit lim and 
n n 

a lower limit lim ; so that if the double sequence converges to a limit we 
must have 


lim lim amn = lim lim a^n = I- 


For completeness therefore we may include this case in the above by regarding 
the symbol lim lim as inclusive of lim lim 
m n m "n 


Examples, (i) Umn = (— + i). 

\m n! 


Here lim — — ; lim = — — and lim a^y^ = 0 ; 
n n ^ wn 

lim = - ; lim = — 1 and lim lim = lim lim U jnn = 
in ^ rn ^ m n n m 

(ii) <»m_n = (»i - nf/{m + n)K 

Here lira lira Umn = 1 = lira lira a^n- But a^n is not convergent since a,„„ is 
m n n m 

always zero. Thus the repeated limits may exist and be equal whilst the double 
limit does not exist. 


2.25. Double Monotones. If Ctrnn for 

all values of m, n, the sequence is called an increasing double monotone. 
As for simple sequences, a bounded monotone is convergent. For the 
simple sequence is monotonic and therefore converges to a limit 1. 
But lies between and and must therefore tend to 1. It is 
obvious that in a bounded double monotone, the repeated hmits exist 
and are equal to the double limit. 

2.26. Limits of a Function f(x, y). If is a sequence tending to 
Xq and rjn a sequence tending to and if the double sequence/(^„„ iy„) 

' tends to a limit I which is the same for all sequences that tend to 

Xq, yo respectively, then I is called the limit of/(x, y) as x —> x^, y — y^ 
and we write 

lim/(a:, y) = 1. 

If I =f(xQ, yo), the fimction is said to be continuous at {Xq^ yo), for then, 
near {Xo, yo), \f(x, y) —f{xo, yo)\ is small. 

Although X, y may tend to Xo, y^ in any manner, there is no loss in 
generahty in taking two monotones for x, one increasing and one decreas¬ 
ing and having a common limit Xq- Similarly two monotones may be 
taken for y with a common limit yo- One of the a;-sequences may then 
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FIG. 5 


be associated with one of the ^/-sequences thus distinguishing the four 
quadrants bounded by the hnes x = Xq, y = yo- 

Let (^^), {r]n) be the two monotones that decrease respectively to Xq, 
2 /o {Fig, 5 ), Then if /(|^, rj^) tends to a limit independent of the par¬ 
ticular monotones selected, this limit 
is written /(Xq + 0 , 2/0 + 0 ) and if 
this is equal to/(xo, 2 /o)> the function 
is said to be continuous for the quad¬ 
rant under consideration. There are 
obviously similar definitions for 
f{x^ + 0, 2/0 - 0), /(Xo — 0, 2/0 + 0), 

/(Xo — 0 , 2/0 — 0 ) for the other quad¬ 
rants, and for continuity all the four 
limits must be equal to/(X q, 2 /o)- 

The continuity of /(x, y) at (xq, 2/0) 
implies that /(x, y) tends to /(Xq, 2/0) 
when X, y tend to Xq, 2/0 in any par¬ 
ticular way. For example, if <j>{t) is 
a continuous function of t tending to 
Xo when t tends to and \p{t) a continuous function of t tending to 2/0 
when t tends to ^oj then f{<^{t), rpit)) is a continuous function of t at 
t == ^ 0 * 

Again, as for double sequences, the repeated limits lim lim/(x, y), 

X — 

lim lim/(x, y) exist, when f(x,y)is continuous and are equal to/(xo, 2/0) 

y — >yo ^—>^^0 

although a modification of this statement is necessary when either 
lim/(x, y) or lim/(x, y) does not exist. Thus if/(x, y) is a continuous 
y ^?/o ^ ^^0 

function of both variables at (x©, yo),f{x, 2/0) is a continuous function of 
X at Xo and/(xo, y) a continuous function of y at y^. Conversely, how¬ 
ever, the continuity of /(x, 2/0) at Xo and the continuity of /(xq, y) at 2/0 
does not imply the continuity of /(x, y) at (Xq, 2 /o)- 

Examples, (i) Let f(x, ?/) = (a; + 2/) sin (^ + i), (a; 5 ^ 0, y 0); 

\x yt 

fix, 0) =/(0, y) = 0. 

When x^O, y 0, \fix + ?/)| < \x y\ and therefore f{x, y) is a continuous 
function of both variables at ( 0 , 0 ); actually in this case the limits lim f{x, y), 

X — 

iy ^ 0 ) and lim f(x, y), (x ^ 0 ) do not exist. 

\( (ii) Let/(a;, y) = {x - 2y)(2x - y)}/{x^ + y^),f(0, 0) = 2. 

^ Here/(a;, 0) = /(O, y) = /(O, 0) = 2 so that/(a:, 0),/(0, y) are both continuous. 

However f(x, mx) = (1 — 2m)(2 — m)/{l + m^) when a;^0 and tends to this 
value when x —0. This function of m can have any value between — J and 9/2 
by a suitable choice of m. The function is therefore not continuous at (0, 0). 
(iii) Let f(x, y) = x^y/(x^ + y^), /(O, 0) = 0. 

Then/(a;, 0) = 0 = /(O, y) are continuous functions of x, y respectively. Also 
fix, mx) = mx/im^ + x^), when a; 92 ^ 0 , and when x —>■ 0 with m fixed, fix, mx) —> 0 . 
The function is therefore continu(ms in every direction from (0, 0); nevertheless, it 
is not a continuous function of (a;, y) for if x, y vary along the curve x = kt, y = 
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f(x, y) = A:V(1 + (when t^O) and tends to this value when t —0. This 
function of k can have any value between 0 and ^ by a proper choice of k. 

2.27. Properties of a Continuous Function of Two Variables. —Tliese 
are analogous to those of functions of one variable and may be estab¬ 
lished by similar methods. Corresponding to linear sets of points we 
have plane sets, which possess at least one limiting point. A continuous 
function may be shown to be uniformly continuous and bounded. It 
may be shown that it has a maximum M and a minimum m and that 
if ^ is a number between m, M inclusive, the equation f(x, y) =1 k 
satisfied for at least one pair of values (x, y). 

2.28. The Polynomial and the Rational Function. A function that 

consists of a finite number of terms of the type may be called 

a Polynomial in x, y, where are independent of x, y, and m, n are 
positive integers. The degree of the polynomial is the greatest value of 
m + n that occurs. The polynomial is obviously continuous for all 
values of x, y since x"^ —> Xq^ when x —> Xo and y” —> y^^ when 

A function reducible to the form P(x, y)/Q(x, y) where P, Q are 
polynomials is called a Rational Function of x, y, and is obviously con¬ 
tinuous for all values of x, y except those that satisfy the etjuation 
Q{x, y) = 0. 

j I w I 

Example. - ; —;--———■ -^ is continuous excei)t alon^ the 

(x — 2)(x^ + ?/2 — 4?/ + 4 )(y 2 _ 2a:) 

line X = 2, the parabola = 2x and at the jyoint (0, 2). 

2.3. Differentials. Functions of One Variable. Let y = /(x) be a 
continuous function of x and let y + by correspond to x + 6x, so that 
% =/(a: + —f(x). 

If by can be expressed in the form Abx + o{bx), where A is inde¬ 
pendent of bx, f{x) is said to be differentiable. 

Example. Since (x -f dx)^ — x” = nx^-'^dx + o(dx), the function is differ¬ 
entiable. 

Abx is called the differential of y and written dy. 

In Fig. 6, P is the point (x, y), Q 
the point (x + 5x, y + by). 

Now by/bx = A {o{bx)}/bx and 
therefore dy/dx exists and is equal to A. 
We may therefore write dy =f'(x)bx. 

In the figure, dy is SR, by is QR. 
Thus when a fimction /(x) is differen¬ 
tiable, it possesses a derivative /'(x). 
Conversely, if it possesses a derivative, 
it is differentiable, for if lim by/bx 
exists, by is of the form Abx + o{bx). 

If y = X, d{x) = bx and we can 
therefore write dy = /'(x)dx, this re¬ 
lation being actually more general than 
dy =^f\x)bxy for bx is an arbitrary in- 


PR-Sx 
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crement, whilst dx is a differential, which, for example, is equal to 
dx 

when X is expressed as a function of a new variable L 


2.31, Functions of Two Variables. Let z =f(x, y) be continuous 
throughout a certain domain and let z dz correspond to (x + dx, 

y + ^y)- 

Then dz =f{x dx, y + dy) —f(x, y), which —> 0 when dx, dy 0. 
If dz can be expressed in the form Adx + Bdy + o{dp) when dx = dp cos 6, 
dy = dp sin 6 and A, B are functions of x, y independent of dx, dy, the 
the function f(x, y) is said to be differentiable. 

Example. Since {x + dx)^{y -f dy)^ — x^y^ = 2xy^dx + ^x^y^dy + f< where k 
is equal to the sum of a finite number of terms of the form Cdx^dy^, (C independent 
of dx, dy, and rs >1), and since {dxY{dyY = {dpY+^ cos^ 6 sin^ 6 (so that 
K = o{dp)), it follows that the function x^y^ is differentiable. 

The expression Adx + Bdy is called the differential of z and written 
dz. Also since d{x) = dx and d{y) = dy, we may use the more general 
relation dz = Adx + Bdy. 


2.32. Partial Derivatives. Let z (=f(x, y)) be differentiable and let 
dy = 0, then dz = Adx + o{dx) ; i.e. lim dz/dx, when dx —> 0, exists and 
is equal to A. Thus A is the derivative of z with regard to x when y 
is constant, and has a meaning even when z is not a differentiable function 
of the two variables. This derivative is called the first partial derivative 

dz 

with regard to x and is written — or z^. Similarly B is the first par- 

dx 

tial derivative with regard to y, x being constant, and is denoted by 
dz 


^y 


or Zy. 

We therefore obtain the fundamental relation 

dz = zfix + z/y (or fjx +fydy). 


Notes, (i) Continuity is necessary but not sufficient for differentiability. 

(ii) If f(x, y) is differentiable, it possesses the derivatives fx^fy but the converse 
is not necessarily true. 

Example. Let f(x, y) = (a; + y) sin (“ + “), (a; 0, y 0), with 

f(x, 0) =/(0, y) =/(0, 0) = 0. 

Then/(«5a;, &y) -/(O, 0) = (6x + 5y) sin (^ + ^) : since sin ~ ) 

does not tend to a limit when ^a;, dy —> 0, the function (which is continuous) is not 
differentiable. 

Also /a;(0, 0) = lim {fidx, 0) —/(O, 0)}/^a; = 0 and similarly /y(0, 0) exists. 

(iii) It can be shown, however, that if fx exists at (x, y) and at all pointe near 
(x, y) and is a continuous function, and if fy exists at (a;, y), then f(x, y) is differ¬ 
entiable. (Ref.: Young, ‘ Cambridge Tract ’, No. 11.) 


2.33. The Derivative along a Curve. Let x = x{t), y = y{t) where 
x(t), y{t) are differentiable. 

A-ji — _L nlfif\ 




_L 
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But bz = zj)x + z^ + Q{bp) if z is differentiable 

i.e. = + 

since {bpY = + <>{(^0’“} i-e- = 0{bl). 

Thus 2 : is a differentiable function of t possessing the derivative 

dz _ dx dy 

Note. This is the rate of change of z with respect to t along the curve. In 
particular, if / = 5 = arc of the curve measured from some fixed point on it, 

^ + Zj,— = Zx cos 0 -\-Zy sin 0, (where 0 is the angle that the tangent to 

ds ds ds 

the curve makes with OX) ; and this may be called the derivative of z in the direction 0. 

2.34. Change of Variable. Let x, y be expressed as differentiable 
functions of two new variables u, v. 

Then dx = xjtu + x^dv, dy = y^du + y^dv, 

i.e. dz = {z^u + Zyyf^du + (z^v + ^yyv)dv 

which shows that 2 ; is a differentiable function of u, v with derivatives 
2 Jm, 21 ^ given by 

2Jjj = Z^Xy^ -j- J ^3iP^v “b ^yVv 


2.4. Functions of Several Variables. If 2 ;, x^, x^, . . ., x^ are 

(n + 1) variables such that when sCi, x^^ . . ., x^ are given, z is deter¬ 

mined, 2 J is a function of the n variables x^, x^, . . ., which may be 
written z(xi, Xg, . . xj. 

Definitions of derivatives and differentials are obvious extensions of 
those associated with functions of two variables. The function is con¬ 
tinuous at (Ci, C 2 , . . Cfj) in the domain specified by a^. ^ x^, ^ Ay 

(r = 1 to ri) if, given e, we can find 6 ( > 0), such that 

I z(Xi, X 2 , . . ., X^) 2j(Ci, C 2 , . . ., <C 6 

for all Xy that satisfy | Xy — Cy\ < 6. 

The differential dz is given by 

dz = 1^*1 + 1 ^X 2 + . . . + p-dXn- 

BXi 0X2 

2.41. Functions of Functions. When Xr(r = l to n) is itself a differ¬ 
entiable function of m other variables (s = 1 to m), then, as in the 
simpler case, z is a differentiable function of the w-variables, possessing 

derivatives ^ where 

3m, 

== ^ ^ . 4- (s = 1, 2, . . ., m). 

dUg dx\ bUg bx^ bUg 3x„ bUg 


2.5. Higher Partial Derivatives. lff„ is differentiable, it possesses 

B B df 

derivatives ’i^Wch may be denoted by /tj,, f^y or —, 


dy 
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^ 't . respectively. Similarly, if fy is difiCerentiable, it possesses 
dxdy 

derivatives which may be denoted by fyx, fyy 

respectively. For the functions that usually occur, it will be 
dy^ 

found that =fy^ (except possibly for particular values of x, y). 

Examples, (i) Let f(x, y) = ax*y + hx^y^ + cxyK 
Then fx = 4aa:3y + ihx^^ + C!/»; fy = ax* + %x^y^ + 5cxy* ; 
fxx = I2ax^y + Qhxy^ ; fxy = 4aa5’ + %x^^ + Scy* =fyx-, Syy = 66a:®i/ + 20ca:j/®. 

(ii) Let/(a:, y) = x^ arc tan (^) - y’‘ are tan (y), with 

/(=r, 0) =/(0, =/{0, 0) = 0. 

The function arc tan fc is the angle between — in and + in and is therefore finite. 
Since arc tan y/x, arc tan x/y (x, y^O) are finite, f(x, y) is easily seen to be con- 
tinuous at (0,0). ^ rw xi, i. 

/a; = 2x arc tan (y/x) — y ; /a:(0, y) — — 2/; /a;(^> ^ ^ 

y) is continuous and possesses at (0, y) the derivative with regard to i/, 

/xi/(0, 2/) = {“ (y + ^^2/) + 2/}/% = - 1* 

By —^0 _ 

Similarly, fy = x — 2y arc tan (x/y); /„(0, y) = fy(0, 0) = 0 ; fy(x, 0) = x, and 
therefore /^(x, y) is a continuous function possessing the derivative 

fvx(^* 0) = lim {(x + dx) - x}/dx = 1. 

Bx —>-0 

In this example, fxy(^i equal to fyx(^9 ^) > m general 

fxy(^> y) = (*'“ ~ + y^) 

which is not continuous at (0, 0) and may tend to any value between - 1 and -b 1. 

2.51. The Equivalence of f^y and fyx- Sufficient conditions for the 
truth of the relation fxy =- fyx can be given in various ways, but the 
simplest set of conditions is used in the following theorem. 

If f{x, y), fx(x, y), fy{x, y), fxy(x, y), fyx(x, y) are continuous at (x, y), 

thcU fxy '— fyx* 

The continuity of fxy, fyx implies that of fx, fy. 

Let E =f(x + bx, y f by) —f(x -f bx, y) —f{x, y + by) -\-f{x, y). 
Fix, y, by) = fix, y + by) — fix, y), 

Gix, y, bx) =/(» + bx, y) — fix, y); 
then E = Fix + bx, y, by) — Fix, y, by) 

= ^—ix + 0M y, by)bx, (0<0i<l) iby the Mean Value 
dx Theorem) 

= {fx{x -h OM y + by) -fxix + OM v) W 

=fxfx + QM y + 0f)y)bxby, (0 < < 1) iMean Value 

Theorem). 

Similarly E = Gix, y + by, bx) — Gix, y, bx) 

= Gyix, y -h e^y, bx)by, (0 < 0, < 1) 

=fyJ<x + Ux, y + e,by)bxby, (0 < 04 < 1) 
i-e- fxy{x + bibx, y + d^) = fyxix + Otbx, y + 03 %). 

Hence/^j,(a;, y) =fyxix, y) since both are continuous. 
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Note, It is, however, sufficient to assume— 

(i)/«> fy differentiable (Young), or (ii) fy,, fy, f^y to exist and be continuous 
(Schwarz). (Ref.: De la Vallee-Poussin, ‘ Cours d'Analyse \ /, 153.) 

Similar results hold for higher derivatives and also for the higher 

derivatives of functions of several variables. In particular, when the 

derivatives that occur are continuous, the differentiation may be effected 

in any order of the variables. The third order derivatives of/(x, y) are 

r ^ dH dH dH dH 

wntten /^, or ; and there is 

a corresponding notation for the fourth and higher derivatives of 
f(x, y) and also for the higher derivatives of functions of several 
variables. 

2.52. Change of Variables in Higher Derivatives. The rules already 
established may be applied to determine expressions for the higher 
derivatives when a change of the variables is made. Whilst the method 
is simple, the formulae are usually long, and it will therefore be sufficient 
to consider a particular case as an illustration. 

Let V{x, y, z) be a function of x, y, z and let x, y, z be expressed as 
functions of any number of variables u, v, etc. Let us find V^v in 
terms of the derivatives of V with regard to x, y, z. 

^^yVu + ^\ ^^yVv + ^\ 

^ d d 

+ V^yy^ + F„2„) + 

with similar results for —(Fj,y„) and ^(Fj 2 „). 

v/U ou 

Thus Vuu = + Vyyy„^ + F^„2 + 2Fy,«/„z„ + 2F,^„x„ 

+ 2V^yX^„ -l~ FjX„„ + Fj,y„„ -|- 

Similarly F„„ = F^„x, + Vyyy^y, + Vm + F,,(i/„2, + y^J 

“h Fjj.(2„x„ 4" ^t^u) “h ^xy^vi)v "H ^»y«) + F^up + Fj,y„p + F^„p. 

Exanijiles. (i) lix — a-\-u-\-v, y=b-\rcu — cv and V is a function of x, y, 
find Fjc, Vy, Fjc®, Vxy, Vyy in terms of the derivatives of F with regard to m, v. 
Here 2u = x — a -j- (y — h)/c ; 2v = x — a — (y — h)/c. 

^ X ^v^x ~ u ^v) f I'^y = ^u^^y “h 1 ~ ““ 1 v) J 

2c 

^xx ~ hi^uu^x 4“ ^uv^x 4~ ^uv^x 4“ yvv^x) — iyuu 4" iFji-y -f- iF<y„. 
Similarly V^y = L(F„„ - F**); Vyy = ^(F„„ - 2F„p + Fpp). 

(ii) Ifx = uv,y= uvw, and 2 is a function of x, y, find Here Zy^ = nvzy ; 

'^^xy 4- u^vwZyy + uzy and 

^UVVJ — (^xxy'^^'^^ 4- ZxyyUVw + 2ZxyUV) + (ZxyyUVw + ZyyyUH^W^ -f 2ZyyUVW) 

+ -f- ZyyUVW 4- Zy) 

^ ^xxy 4“ ^^Zxyy 4“ y^^yyy 4~ 3xZxy 4* 3yZyy -f" Zy. 

(iii) If F = 3x^ + 2y^ + — y^)^ prove that yVx + xyy = lOxy. 

Fa; = 6 a; 4- 2x<t>'(u), Fy — 4y — 2y<f>\u), (where u = x^ — y^), from which the result 
follows. 
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(iv) If V — + <l>(xy) + tf>{y/x), prove that 

- y^Vyy + xV„ - yVy = 4(x* - 2 /»). 

Fj. = 2a: + y<l>'{u) - (y/x^'up’ifi), F* = 2y + x<l>'{v.) + (\/x)>i>’(v), where u = xy, 

V = y/x. 

Thus F^* = 2 + yH"(u) + (yyx*)y>"(v) + (iylx^)^,'(v), 

Vyy = 2 + x^<t>''{u) + (l/a:*)v>"(»), giving the required result. 

(v) Homogeneous Functions. F(Xi, x^, . . x„) is called a homogeneous function 

of degree m if <f„) = t”'F(^i, Ij, . . |„). Thus a:» + + 3xV; 

(x* + !/'’ + 2®)/(* + F + *)*! + 2z‘u^ are homogeneous functions of degrees 

3, 0, 9 respectively. 

Euler's Theorem states that for such a function F 


. dF 


dF 


8F 


+ X. -h . . . + x„— = mF. 


‘dx. 

dx 


dXfi 


dx 

Let Xf = t^f{r = 1 to w) so that —^ (t being regarded as the only variable). 

dt 


Thus 

But 

i.e. 


d^_im dxr_i-^^dF. 

dt 1 dXj’ dt t 1 ^Xip 

F = fa.|„) and therefore ~ = ~F. 

7 at t 

Za?;.— = mF, 

1 


2.6. Taylor’s Expansion with Remainder. The object in this 
expansion is to express a function near x — a approximately as a poly¬ 
nomial. It is more convenient here to obtain the result by the mean 
value theorem, although there is some advantage in using another method 
involving integration in which the remainder is expressed as an integral. 
{See : Darboux's ‘ Formula \ § 11.31, Ex.) 

2.61, Taylor's Expansion. Functions of One Variable, Let f{x) be 
a function which with its first n derivatives is continuous in 

a < < a + A (or a > a? > a + A) 

and which possesses an {n + l)th derivative in a < x < a h. 

Let F{x) =/(a + h) -f(x) - ^LtAzi^/'(x) 


_ _ (ojM-f) _ (a x)mK 

where m > 0 and K is independent of x. Then F{a h) = 0. Also 
F{a) = 0 if JBT satisfies the equation 

h^K =/(a + F) -/(a) - }tj\a) - ... - 


F(x) is continuous ina<a;<a + A and its derivative exists in 

a < X < a + h. 

Therefore, by Rollers Theorem, F'(x) — 0 when x = a + Oh where 0 is 
some number satisfying 0 < 6 < 1. 
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But F'{x) = - (^LL|p^/(«+i)(a;) + m(a + A - a:)”‘-’A 


and since {a h — x) when x = a dh, we have 

/(a + h) ==f{a) + ^j/'(a) + |V"(«) + • • • + '^‘/«(«) -|- /i, 

where R,^ (called the Remainder after {n + 1) terms) is equal to 

n - fin+i^a + Oh) iSchlomilch). 

m. n\ 


In particular 

^n+l 

(i) (taking m = + 1), R^ = —^^/(w+i)(a + Oh) [TMijramje), 

(n + 1)! 

h7l+l 

(ii) (taking m = 1), R^ = —^-(1 — + Oh) (Caucluf), 

n\ 

If we write x for h and 0 for a we obtain Maclaurin^s ExjHinsion 
m =/(0) + xm + |/"(0) + . . . + g/(«)(0) -I R", where 

7*W+1 

(i) K = ^ {Lagrange) or 

(ii) [Oamhy). 


An important case that arises in practice is one in which the {n -|- 1 )th 
derivative is bounded at a? = a in Taylor’s expansion and at x O in 
Maclaurin’s expansion, for then, in the latter, for example, if n is fixed 
and X is small 

m = /(O) + xf{0) + p"(0) + . . . + ^/(«)(0) 0{x” I'). . 

2.62. Taylor's Expansion for n = 1. {The Second Mean Value 
Theorem.) The expansion for w = 1 is 

f{a + h) =f(a) + hf(a) + —f"{a + 6h). 

In this case, let us assume for simplicity that/"(a;) is continuous at x = a 
and in the neighbourhood. 

In Fig. 7, P is the point {a, f{a )}, Q the point {a -f- h, f{a -J- h )} ; 




FIG. 7 
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the tangent at P meets the ordinate at Q in /S and the parallel through 


P to OX meets that ordinate in i?. 

The height of Q above the tangent is/(a + h) —/(a) — A/'(a) 
i.e. iA2/"(a + Oh). 

If/"(a) > 0, so also is/"(a + 6A) > 0 if A is small. In this case the 
curve is above the tangent {Fig. 7 (a)). If/"(a) < 0, the curve is below 
the tangent (Fig. 7 (b)). If/"(a) = 0 and /"(a?) changes sign as x passes 
through a, the curve crosses the tangent (Fig. 7 (c)). A point where the 
curve crosses the tangent is called an inflexion ; and the problem of 
determining the inflexions is therefore the same as that of determining 
the maxima and minima oif'{x) ; for at such a point a,f"{a) is zero and 
f"{x) changes sign as x passes through a. 

Example. If y(l + a:^) = (1 — x), then y'(\ x)^ = x^ — 2x — I and 

?/"(! + = — 2(x + — 4a: + 1). There are, therefore, inflexions at 

a: = — 1, 2 dz \/3 (these being simple roots of y'^ = 0). 

Note. The mean value theorem gives also a method {Newton's) of approximating 
to a root of the equation f{x) = 0. Taking a typical case, let us suppose that 
/(a) >0,/(6)< 0 and that f\x) does not vanish in the interval 6< x< a. The 
derivative f\x) is therefore of constant sign in (6, a) (in this case positive). There 
is one root x and one only of f(x) =0 in the interval and 


0 =/(a) + (x - a)f'(a) + ^ (* < c < a). 


The error in taking x — a — f{(i)/f'{a) is of the order {/(a)}y"(c)/(/'(a))^, and is 
therefore small in comparison to f(o)/f\o>)i if f(a) is small. Suppose for example 
that F\x) >0 in (6, a), then since a >a — f{o)lf\a) > x the sequencea^, Ug, . . . 
where an+i = — f(a>n)/f'{<^n) is monotonic and decreases steadily to x. Similarly 

if/"(a:) < 0, the sequence increases steadily to x. In the former >x and in 
the latter < x. If f"(x) = 0 (when f(x) = 0), the terms are alternately greater 
than and less than x, and tend to x provided a; — a is sufficiently small. 

2.63. Taylor's Expansion. Functions of Two Variables. Let /(x, y) 
and all its partial derivatives up to and including those of order n be 


differentiable near (a, b) ; and let F{t) =f{a + ht, 6 + kt). 

Expand F{t) in powers of t by Maclaurin’s formula. To obtain this 
expansion, we have i^(0) =f(a, 6); F'{t) = fji + fyk and therefore 
j^'(O) = hf^ + kfi, where fi, denote the values of fy respectively at 
(a, b). Similarly F"(Q) = hf^a + which is conveniently 


written 

Thus, continuing the differentiation, we find 



/(a ■\-U,b + kt) =f{a, b) + 





where 


where 
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Putting ^ = 1, we have 

f(a h, b + k) =f(a, b) + hf^ + kff, + ^ + • • • 

+ 5 (‘s + 4 )>+"” 

= [(irTT)i(4 + 4)’”-''*“’’ ’’](»- "b t m)' 

Writing a = 0 = b, h — x, k = y, we obtain the Maclaurin Expansion 
f(x, y) =/(0, 0) + {:r/,(0, 0) + y/,{0, 0)} + . . . 

+y(4+’’ic - o)' 

+ (¥TTTi{(4 + %) ’’>}(!, I X} 

2.64. Taylor's Expansion. Functions of Several Variables. The for¬ 
mula for two variables may be extended in an obvious way to functions 
of any number of variables. In particular, 

f{a + h, b + kj c -f Z) =/(«, b, c) + “!"••• 

+.44+4+4)>+(iTijT{(4+4+4 

where in the last term a + Oh, b + Ok, c + 01 are substituted respec¬ 
tively for a?, y, z after differentiation. 


Examples II 

In the sets of points given in Examples 1-14, where, unless otherwise stated, 
m, n take all positive integers for their values obtain (i) the upper and lower bounds, 
(ii) the upper and lower limits, if any (iii) the finite limiting points, if any (iv) the 
maximum and minimum if they exist. 

1. 3" 2’* 2. (l-5)« + (0-5)” 3. (1-01)»» + (0-9)" 4. 3« + ( - 2)” 

5. 2" + (- 3)" 6. (0-9)^ 4- (- 0-8)^ 7. (- 3)»» + (- 2)^* 

8 . 1 , - ra, 2 - 2-» 9. 2", 2-« 

n n \ 

10.2 sin \n7i + 3 sin \n7i + sin \n7i 11. a;”, (x ^ 0) 

12. 4- 13. -I- 1 

n m 7^4-3?^ 4-4 

14. 2^" 4- 2^, all integer values of m, n, positive and negative, including zero. 

State the limiting-points, infinite and finite, of the sets of points given in Examples 
15-21, where m, n, p take all positive integers for their values. 


15. 


m 

n 


16. 


m — n 
m n 


17. 


mn 

{m 4- n)2 


18. x^, 


19 ^ + 2 2m 4- 3 3p 4- 5 
‘n4-3 m4-4 p4-l 

20 . The limiting points of Example 19. 

21 . The limiting points of Example 20. 

22 . If is set given by 3“’" -f 6“” 4- {rn, n, p all positive integers), find 
the derived sets of O, showing that G is of the first species and third order. 
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23. If G is a set of points, and = GO', 0^ = 0 — G^, show that G^G^' is void. 

24. If/(a;) = sin [i] where Xi — sin [i-] and = sin (—). show that the 

zeros of /(x) form a set of points of the third order. 

25. Prove that the set of all numbers that are the roots of all equations of the 

type + • • . + = 0 where p^, p^, p^, ^ Pn are integers 

positive or negative, or zero is enumerable. 

26. From the interior of the interval (0, 1), an open interval of length/i { < 1) 
is removed. From the remaining intervals of length x^, open intervals of length 
/2^i» f ^2 respectively are removed from the interior. The process is continued 
inde^itely with the intervals that remain. Show that the measure of the set of 
points that remain is lim (1 —/i)(l —/a) . . . (1 — A). Find the measures in the 

n — 

following cases: (i)/„ = c, all n, (ii)/„ = (iii)/„ = (iv)/„ = 2-» 

27. Is it possible for a function to be continuous in the rational domain and to 
be unbounded ? 

Show that when the mean value theorem /(a + ^) — /(a) = hf\a + Oh) is 
applied to the functions given in Examples 28-31, the values of 6 are as stated 
(h >0). 

28. f(x) =x^; 0 = i. 

29'/(a?) 6 = positive sign must be taken 

when 3a + A >0 and the negative sign when 3a + 2h < 0. 


30, f(x)=x^; 

31. /(a:) = i; 

X 



/I a ^ 

U A 2^2 

(a2 + ah)^ 


a3\i 

hy * 


{a -\-h< 0); 


a ^ (a2 + ah)^ 
h'^ h ’ 


(a > 0). Explain why the interval a + > 0 > a is omitted. 

32. Show that the radius of the circle whose centre is on the normal to the 

curve y —f(x) at a; = a and which passes through the point whose abscissa is a -f A 
is (1 + ^2)3/2/^ -1- hX(\ H- A2)l + where A ==f'(a), p =f"(a + Oh), 

(()< 0 < 1). 

33. The breaking weight If of a cantilever beam is given by the formula 
Wl — kbd^, where b is the breadth, I the length, d the depth and k a constant depend¬ 
ing on the material of the beam. If the breadth is increased by 2 per cent, and 
the depth by 5 per cent, by how much per cent should the length be altered so 
as to keep the breaking weight unchanged ? 

34. A physical constant c is given by the formula c = — JUL Find the 

a;2 — 

relative errors in c in the two cases (i) a; = 10, y == 1, (ii) a; = 10, y = 5 when 
the relative errors of x, y are in both cases. 

35. Prove that if in a triangle ABC, the area is calculated from the elements 
a, B,C, the measurements of which have errors da, dB, dC respectively, the approxi¬ 
mate error dS in the area is given by 

dS/S = 2da/a + cdB/{a sin B) + bdC/{a sin C). 

36. Find the derivative of (x^/a^) + (y^/b^) at (Xq, y^) in the direction making 
an angle 0 with the a:-axis. Prove that its greatest value is along the normal to 
the ellipse {x^/a^) -f (y^/b^) = {Xo^/a^) -f (yo^/b^), and is equal to 

2{{x,^/a^){y,yb*))i. 

Find the points of inflexion of the curves given in Examples 37-43, 

37. 7/(a;2 -f 1) = 1 38. y = (x^ - 1)2 39. y = 3x» - 48a:^ -f 196«« 

40. y(a;2 + 1) = 41. y(x - l)(a: + 2) = 3a; - 2 

42. xy(x -f 3) — 1 — 6a; — 3a;2 43. y(x^ + 2x 2) — x^ ^ W 
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44. Prove that the curve Ay{x — a)(a; — /?) = ax^ hx c has one point of 
inflexion at a; = A, where (A •— cCj(a^^ hp c)\ = (A — p)(aoL^ -|- 6a -f- c)'i. 

45. If pv = Rd determines 0 as a function of p, v, prove that 0 = RO^O.^, 

46. Show that if + 2Qcy = c(x^ + 2^^), where c is a constant, 

(2y^z — x'^y — ocz^)dx + (x^ — z^)dy + (yz^ + x^z — 2xy^)dz = 0. 

47. If a; = 3a — 4v + 2, ?/ == 2n + 3v — I, V = x^ — y^, show that 

Vu = Qx — 4y, 

when V is expressed as a function of i/, v, 

48. If V = a;® + 8?/® — 18a;y, find the real values of x, y that satisfy tlie equa¬ 
tions Vx = ^ 1 / = 0* 

49. If P = x^y — y^ — yH^ Q = ocy^ — a;® — xH, R = xy^ a:®y, show that 

P{Qz - Ry) + Q(Rx - Pz) + R(Py - Qx) = 0 . 

50. If M = a; -f 2 / + 2 , V = a;® + 2/® -f- 2®, !<; = a;® 4- y® + 2 ® — Zxyz, prove that 


Ux 

Uy 

Uz 

Vx 

Vy 

Vz 

Wx 

Wy 

V’z 


= 0 . 


51. If F, P, Qy Ry p are functions of x, y, z satisfying the relations Fa- = pP, 
Vy — pQy Vz = pRy (p ^ 0), show that 

P(Qz - Ry) + Q(Rx - Pz) + R(Py - Qx) = 0. 

Discuss the continuity of the functions given in Examples 52-4, wIktc^ in each 
case the value of the function at (0, 0) is 0. 

52 53. 54. ^y(y + 

’ a;® + y® ' a; -f y ' y* + a;® 

55. Transform the relation Vxx + + 82/(1 — y^)Vy + l(b:®2/®F = 0 by 

means of the change of variables u = 2xyy vy — 

Find Fa;, Vy, F^, F^, Vxyy Vxyz* for the functions F given \x\ Examples 56-9 

56. 57. 58. ^ _ 

a® — 2 ® ?t® + 2 ® {x + y)(z + u) 


59.*+i! + i + “ + ^ 

y z u X zu 

^ ® ' 

= 0 where 

dx^ dy^ 

61. If F, a function of r, 6 is expressed as a function of p, (f) by means of the 

equations : pr = c®, = 2;i — 6, prove that 

P^Fpp + pFp + F,^ = r®F^^ + rF^ + Fee- 

62. If F = x<l>(ylx) + yf{y/x)y show that a;®Fa:a; + 2xyVxy + y^Vyy = 0. 

63. If F is a function of x, y and x, y are functions of u, v such that- a:^ = y^, 
= y^y prove that {Vnu + Vyy^/i^Vxx + Vyy) == aj^® + a;^® = y^^ |- yy^» 

64. If F is a homogeneous function of three variables x, y, z of the rw-tli degree, 
prove that x^Vxx + y^Vyy + z’^Vzz + "^^yVxy + 2ijzVyz + 22a:F2a; = rn{m — 1)F. 

65. Prove that if Zy = FiZx), then ZxyZyy — ^xy^' 

66. If 2 = xF(x + 2/) + 0(x + y), show that Zxx — 2zxy + Zyy = 0. 

67. If 2 = F(y + myx) + G{y + m^) and m^, m^ are the roots of the quatlratic 
equation am^ + 2}im + 6=0, then azxx + 2hzxy + hzyy = 0. 

68. Prove that the function z = x^^(y/x) + (\/x^)y}(y/x) satisfies the equation 
a:®2a.a; + 2xyZxy + y^Zyy XZx + yZy = 02. 

69. li ~ = c(yy - ^ = c(a* - y*); ^ = c(/Sj, - ay) and 

^ = —^v): ^ = c(Za! —^ = c(X^ — yj, c being constant; 
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and if olx + Py + y*, Xx Yy Zg are both functions of t only, show that 
X, y, Z, a, p, y, all satisfy the equation _ q ^here 


\dx^ dy^ dzV. 


70. If {F(x) + 0{y)}^e’^ = 2F'{x)0'{y), prove that Zxy = 

71. If 2 = (l>(x — y)-\- y)(x + y) - x{4>\x - y) + y)\x + y)} 

+ - 2/) + y>'\x + y)}, 

show that x{zxx — ^yy) = 42a.. 

72. Prove that a homogeneous polynomial V(x, y, z) of the second degree which 
satisfies the equation Vxx + Vyy + Vzz = ^ is a linear combination of the five 
polynomials xy, yz^ zXy x^ — y^, x^ — 2 ^. Find corresponding polynomials of the 
third degree. 

Solutions 

1. 00 , 5; 00 , none; none; none, 5. 

2. 00 , 2; 00 , none; none; none, 2. 

3. 00 , (1-01)^® + (0-9)^®; 00 , none; none; none, (I'Ol)^® + (O-Q)^®. 

4. 00 , 1; 00 , none; none; none, 1. 

5. 00 , — 00 ; 00 , ~ 00 ; none; none, none. 

6. 1-45, 0; 0, 0; 0; 1-45, none. 

7. 00 , — oo; 00 , — oo; none; none, none. 

8. 2, — 00 ; 2, — 00 ; 0, 1, 2 ; none, none. 

9. 00 , 0; 00 , 0; 0; none, none. 


10 . |v3. -|v3; |v3. -^V3; ± V3 i | 


igV'S, ±2. ±^, 0; 


-■V3. -2^3. 

11 . (x > 0 , a; ^ 1 ), 00, 0 ; oo, 0 ; 0 ; none, none; (a; < 0 , rr 53 ^ — 1), oo, — oo ; 
00, — 00 ; 0; none, none; (a; = 1), 1, 1 ; 1, 1 ; 1; 1, 1; (a; = — 1), 1, — 1; 
1,-1; 1,-1; 1,-1. 

12. 1, -2; i, -1; (-l)Vw, 0; 1, -2. 

13. 5, IJ; 6, 2; 4 + ^.±|, 1 + 6; none, 1£. 

+ 3 m + 4 

14. 00 , 0; 00 , 0; 2", 0; none, none. 

15. All real numbers with oo, 0 as upper and lower limits respectively. 

16. All real numbers in the interval — 1 < a; < 1. 

17. All real numbers in 0 < a; < J. 

18. Various possibilities: (i) oo, (ii) 1, (iii) 0, (iv) oo, 1, (v) oo, 0, (vi) oo, — oo, 
(vii) 1, 0 , (viii) 1, — 1, (ix) oo, 1, — 1, (x) oo, 1, — oo, (xi) oo, 0 , — oo, (xii) oo, 
1, — 1, - 00, (xiii), 0, 1, — 1. 


19. 1 + 


2m+ 3 ^3p4-5 n + 2 


m + 4 


3p "h 5 ^ ~f" 2 2m -|- 3 


_ _2 4- ' '' ” ' ~ 4- 

p \ 7i-{-3 p \ w-|-3 


■ + 4 


+ 3, 


p4-l7i + 3 m + 4 

20. 3 + + 5, 4 + 6 21. 


p + 1 + 3 


m + 4 


22 O'- 1 + 1 _L +1 1 1 1 0- fl" 

3w 5 n’ 5 n 7p’ 3rrt ' 7/1’ 3m’ 5 n’ 7^’ ’ 

25. See : Hobson, ‘ Real Variable ’, /, § 59. 

26. (i) 0, (ii) 0, (iii) 2 / 71 , (iv) 0*29 (approx.) 

27. Yes, ^ ^ - for example. 33. 12 per cent. 

x^ — 2 


JL _L 1 

3m’ 5n’ 7P’ 


, 0; G'": 0 


34. 0-0008, 0-02 
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36. 2-® cose + 2f^®sine 


39. a; — 5 or 7 


62 


37. (±JV3, I) 38. (±JV3. D 




40. (± V3, ,T iV3), (0,0) 


41. a: = 0 


^ 42. a: = - 1 43. x = - L 7 ±»V3 48. x = 0, y = 0 or x = 3, y = | 

? 52. Continuous. ^3, 54. Discontinuous at (0, 0). 

• 55. F„„ + 2uv^V„ + 2v\l - v^)V„ + = 0 

EA T7 _ 2x!/2m _ 2x^yu _ 2x^Hz _ x^y^ 

* a^-z^' * a®-z2’ * (a^-zY “ (a® - z®)’ 

,, _ 4xyu _ SxyzM _ 8xyz 

~ (a® - z®)’ - (a^ - zY - (az _ 


2®^’ 17 _ 3x®2/® 

'^v — .3“ 


(z® + w®) 


57. 7* = 

_ 6xj^® ,,_ 


2x^yH y _ ^xhjhi^ 

22 _|. ^2 = - (22 4. ^8)2» W “ “ 


\2xyH y _ 12xy^zu^ 
(z® + «®)®’ **'*“ ” (Z® + M®)®’ 


58. 7 =__^ 

* (* + y)’‘(2 + «) 


. v„ = 


xHu 


Tu = 

^ XV zu 


0:^2-= 


o» ^acy — 


(a; + 2/)^(2 + n) 
2xyzu 


, F, = 




(x + y)(z + tt)®’ ■ *" (x + «/)®(z + m)' 
_ 4:Xyzu 
" (X + y)\z + «)® 




^ (a; 4- ?/)(2 + w) 2 ’ 

2xyu^ 

(x + yY(z 4- w) 2 ’ 


59. +», ,.,__?,+i + A 

y x^ ZU 7/2 2 zu z^ u zht 


x^ zu 
xy 

acy — ~5 I » xvz — —s> xyzu — .. ., 

7^^ X U^Z 7/2 2W 7722 

70. Take the relation as 2 = log 2 4- log F'(x) 4- log G'(y) — 2 log (F(a;) |- ^/(y))* 
72. a;2/2, 3a;22/ — _ ^ 3 ^ 32 ^ 2 ^ _ 2 ®, 3?/22 — ?/3, 3a^22 — x^, ^zx^ — 2 ^. 


F—F — — ^-4_J_f = — — V = - ^ - 

































CHAPTER III 


IMPLICIT FUNCTIONS OF ONE VARIABLE. ALGEBRAIC 
CURVES. CONTOUR LINES. 

3. Implicit Functions of One Variable. If/(a;, y) is a function 
of two variables, the relation/(ip, y) — 0, may, under certain conditions, 
determine y as a function of x. Functions defined in this way are called 
implicit, although explicit forms may sometimes be obtained for them. 
A simple illustration is provided by the inverse function. 

3,01. Inverse Functions. Let the relation connecting x, y be x = F{y) 
where F{y) is a function whose properties are known. If this determines 
y as a function of x, the s 3 mfibol -F”^(x) is sometimes used for y ; and 
since more than one function y may satisfy the equation, this symbol is, 
in general, ambiguous. The function F~^ (x) is called function inverse 
to F{x). If F{y) increase steadily from F{B) to F{A) as y increases 



from B to A, then y is a continuous function of x in the interval 
F{B) < X < F{A) for y increases steadily from R to .4 as x increases 
from F{B) to F{A). {Fig. 1.) Similarly a continuous function of x is 
determined when F{y) decreases steadily from F{B) to F{A). More 
generally, when F{y) does not increase (or decrease) steadily for all 
values of y, it is usually possible to divide the range of variation of y 
into intervals given by 4,. < y < within each of which F{y) is 

monotonic. To each such interval, there will correspond a single-valued 
continuous function of x. {Fig. 2.) 

A further specification is necessary in order to make y definite. Thus a function 
defined by the relation a; = sin y is made definite by defining sin^i x (or arc sin x) 
as that value that satisfies — Jtt < y < \7i. When more than one value of y is 
determined by a value of x, the various values are called Branches. 
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3,02. The Derivative of an Inverse Function. If x = F{y) and F\y) 
exists and is of constant sign near (a, 6), then F{y) is monotonic near 
(a, 6) and therefore a continuous function y oi x exists. Also since 

lim ( --T I = 1 when one of the limits exists, the other 

-V \y- b) 

dx 

limit exists, if the former is not zero, i.e. since exists and is not 

dy 

zero, so also does ^ and its value is l/f^Y When 
dx \dy/ 


dy 


^ + 00 . 


3.03. Rational Indices. Consider the relation x = y^, where q is an 
integer. As y increases from 0, x increases steadily from 0. (Fig. 3.) 
Thus the relation determines for a; > 0 a unique positive function y. 




By the laws of indices, this function may be denoted by a symbol 
we shall regard as non-ambiguous. If jy, q are integers with no common 
factor, the function may be defined as and satisfies the equa¬ 

tion y^ = tP. Finally, the function x®, (x > 0), where a is rational and 
negative, is (by the laws of indices) equal to I/x”“. 

It should be noted, however, that the equation = x'^, when q is even, deter¬ 
mines for a; > 0, two real fimctions, viz. ± xv/q ; and, when q is odd, a single function 
for all X. Thus when a; > 0, this function is xv/a and when a: < 0, it is — (—x)P/9 
when p is odd and (— x)P/9 when p is even. 

3.04. The Derivative of aP, ol rational. Let cc = p/q, then = x^ 
and qy^~^y' = px^^^ 

i.e, zz^^p-^^pcp/Qy-Q == (xx®“h 

ax q 
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3.05. Expansion of (I + x)®, a rational, x small. Using Maclaiirin’s 
expansion, we find 
(1 + x)^ 


= I OCX + 


a(a 




1-2 


■a:* + . . . + 


a(a-l) ■ . (a-w + l)^„ ^ 


ni 




where R„ = " , -,a(a - 1) ... (a - n)(l + Oa:)*-”-! _ 0(a;"+i) for 

(n + I)! 

a fixed n since 1 + Ox ^ 0 when x is small (0 •< 0 < 1). 

3.06. The Graph of = ax”. In this equation we suppose that m 
is a positive integer and that n is an integer that may be positive or 
negative. In view of future applications, however, we will no longer 
assume that m, n have no common factors. The graph is easily drawn 
by finding a quadrant in which the curve lies and completing the curve 
by symmetry. 

Notes, (i) The curve touches OX at O if > m > 0; and touches OF at 0 
if m > w > 0 

(ii) If w < 0, the axes a; = 0, y = 0 are asymptotes. 

(iii) If a < 0, m, w positive even integers, then (0, 0) is the only real point on the 
ciu*ve; whilst if a < 0, m an even integer, n a negative even integer, there are no 
real points in the finite part of the plane. 

Some typical cases are shown in Fig. 4. 







175x"=-1 


0 X 




FIG. 4 


3.07. The Implicit Function Theorem for /(x, y) = 0. Let/(a, 6) = 0 
and let /(x, y) be a continuous function of (x, y) near (a, 6). Also let 
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f{x, y) be a function that increases (or decreases) steadily with y for any 
fixed X in the neighbourhood. Then/(a, b — e)/f(a, b + e) have opposite 
signs, when e is small, so that/(x, y) vanishes for a value of y between 
5 — e, 6 + e, for any x near x = a {Fig, 5); for, 
since f{x, y) is continuous, /(a, b — e) and 
/(a, b -\- e) have the same signs respectively as 
f{x, b — e) and /(cc, 6 + e) when x — a is small. 
Also f{x, y) can vanish once only for a given x 
when b — E<y<b-\-e, since/(aj, y) increases 
steadily with y. Thus the function y so de¬ 
fined is unique and since e is arbitrarily small, 
the function is continuous. A similar proof 
holds if f{x, y) decreases steadily with y. In 
particular, it is sufficient for the existence of y that fy should exist and 
be not zero at (a, 6). 

Again, if/(a;, y) is differentiable, since f{a + 6x, b 1 by) — 0, we have 
fh^y + ^{^p) = 0 (where dx = dp cos 0, dy = dp sin d) thus verify¬ 
ing that dy -> 0 when dx 0 and showing that -- which is equal 

dx 

to hm + ~ has the value (since h 

^ fb 

The second and higher derivatives of y may also be calculated by 
direct differentiation of /(a?, y) = 0, their existence being dependent on 
that of the higher partial derivatives of f{x, y). 

For example, /.+/„| = 0; 4 , + 2/^|+/,,(J) V/,g = 0 give 

+fyvfx^)- 

3.1. Algebraic Functions. The function y, if it exists, that satis¬ 
fies the equation 

f{x, y) = P,{x)y^ + P^{x)y'^^-^ + . . . + Pr{x)y^^-^ + . . . + PJx) = 0 
where Po, Pi, • . Pm are polynomials, is called an Implicit Algebraic 
Function, Since for a given x, y may have more than one value, further 
specification is necessary to make the branch definite. By the impficit 
function theorem, however, if /(a, b) = 0, and if ^ 0, there is one 
branch that tends to the value b when x tends to a. 

Note, It is, of course, possible for fy to be zero and yet a unique function to 
exist (at least when real variables are considered). Thus there is a unique function 
at (0, 0) in each of the two cases if — = 0, 

3.11. Explicit Algebraic Functions. A function y that is expressed 
in terms of a finite number of fundamental operations together with the 
operation of root-extraction (i.e. that indicated by the rational index), is 
called an explicit algebraic fmiction. It is easy to show that such a 
function satisfies an algebraic equation of the type given in § 3.1, but 
since it is tedious to write out a proof of a general character, it is suffi¬ 
cient for us to illustrate the result by particular examples. 



FIG. 5 
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Examples, (i) t/ == (a; — l)i + {^/(^ + 1)}^- 

Here \y - {x/{x + l)}^]^ = (x - 1), from which we find 

(x + 1 ){{x + 1)1/3 -\.Zxy - -\-\Y ^ x{^y\x + 1) + x}\ 

(ii) y = X + — 1) + ^/{x^ — a;) + + ^)* 

Therefore (y - xY - 2(y - x)V{x^ ~ U + “ U == 2x2 ^ 2xV(x^ - U from 

which we find y^ — 4xy^ + 2y^ + 4x2/ + 1=0. 

The converse of the above result is not true, in general, as it is not 
possible to express the roots of a general algebraic equation (of degree 
higher than 4) in terms of the processes indicated. Sometimes, the 
form of a particular branch of an algebraic function suggests the correct 
expressions for the other branches. 



Thus in Example (ii) above, we have shown that y^ — 4:xy^ + 2y^ + 4x// + 1—0 
is satisfied by 

= X + - 1) + -x) + + a;). 

An inspection of the method by which the algebraic equation was obtained shows 
that the other three branches are 

2/o = a; + - 1 ) - -x)- + x), 

2/3 r= X — — 1 ) + '\/(x^ ^ x) — V(a ;2 + x), 

= X - - 1) - + X), 

These are shown in Fig. d, the curve being easily drawn by our previous methods 

by writing the relation as 4x = (y^ + \Y/{y{y^ - 1)}, thus expressing x as a 
rational function of y. 


3.2. Algebraic Curves. As in the simpler cases, the functional 
relationship is made clear if we plot pairs of values (x, y) that satisfy the 
equation, the corresponding curve being called algebraic. In dealing 
with this geometrical aspect, however, it is better to regard the relation¬ 
ship as a mutual one between x and y, rather than one in which one of 
the variables is necessarily taken as dependent. 

The condition that has arisen, viz./^ ^ 0, if interpreted algeh'aically, 















r 
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is the condition that f{x, y) = 0, 



ordinates of a point Q on the line 
OX are given by 


regarded as an equation in y, should 
not have a multiple root. Interpreted 
geometrically, since dy/dx is equal to 
—fx/fy^ it is the condition that the 
tangent to the curve should not be 
parallel to OY, The interpretation 
of the case f^=fy=f=0 arises 
naturally in the course of our sub¬ 
sequent work. 

3.21, Ordinary Points. Let P, of 
co-ordinates (a, h) be a point on the 
curve/(aj, y) = 0. {Fig. 7.) The co- 
through P making an angle 0 with 


X — a ^ r cos 0, y = b + r sin 0, where r is PQ. 
If this point is on the curve, we have 


/(«> *) + KA cos d + sin 6) + cos* 0 + 2/„„ sin 0 cos 0 | /„„ sin* 0) 


+ . . . + -|(cos 0~ + sin (Lj]f = 0 
n!\ da dbj 

by Taylor’s Expansion {f{x, y) being of degree n). 

This use of d is not necessary, but it makes the exjx)sition simpler. 

Since/(a, b) = 0, one root of this equation is of course zero and the 
remaining points of intersection Q^, . . . are determined by the 
real roots of the equation 

{fa cos 0 +/i, sin 0) + -^{faa cos^ 0 + 2/^^ sin 0 cos 0 -f sin^ 0) 


r”“V d d\^ 

+ .. . + _(co,e- + .i„e-)/_o. 

One, at least, of these roots tends to zero ifcos 0 +/^ sin 0 0, thus 

verifying that the gradient of the tangent is —fjfb and also that the 
equation of the tangent is 

- (^)fa + {y- &)/& = 0 . 

Thus if/„ = 0,/ft 0, the tangent is parallel to OX, and if/a 0,/ft = 0, 

the tangent is parallel to OY. 

When /gj, /ft are not both zero, {a, b) is called an Ordinary Point. 

3.22. Singular Points. If/^ = 0 = /ft, every line through {a, b) gives 
at least two zero roots for r, and the point {a, b) is therefore called Singular. 

3.23. Double Points. If/^ = 0 =/ft and/^,/„ft,/ftft are not all zero, 
the point (a, b) is called a Double Point. In that case, the equation 
giving the other values of r is 

^(faa CCS^ ^ y^ab COS 0 sin 0 +/ftft sin‘^ 0) ) -P . . ^ ) = 0 
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One, at least, of these values tends to zero when d tends to a value 
that satisfies the equation 

cos2 d + 2/^5 cos 0 sin 0 + sin^ 0 = 0. 

If the two directions determined by this quadratic in tan 0 are real and 
distinct, the corresponding lines satisfy the geometrical concept of tan- 
gency and are therefore called the tangents at the double point. 





FIG. 8 


A double point with real, distinct tangents is called a Node. (Fig. 8.) 
If the two directions are not real, no value of r can tend to zero for a 
real direction and therefore there are no real points of the curve near 
(a, b). A double point of this type is called an Isolated Point. 




Note. A node is sometimes called a crunode and an isolated point an acnode or 
conjugate point. 

If the two directions are coincident, there is a single real tangent and 
such a point may or may not be isolated. In this case the point is called 
a Cusp (or Cuspidal Point) and it will be seen in the examples that the 
cusp may be simple or double. (Fig. 9.) 

A double point is therefore a node, a cusp or an isolated point according as 
fab^ > = or </oa/b6* 







r 
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3.24. Multiple Points of Order m. If all the derivatives of / up to 
and including those of order (m — 1) vanish, but not all those of order 
m, the point is called a Multiple Point of Order m. 

Thus, for a triple point, for example, we deduce, as in the simpler cases, that 
the directions of the tangents are given by 

faaa cos^ 0 + 3/aa^, cos^ 0 sin 0 + COS 0 sin2 0 sin^ 0=0. '■ 

3.25. Summary, A simple way of summarizing the above results is 
obtained by taking the origin to be the point under consideration. Let 

the equation therefore be ^ 

ai^ + aoiy + ^(a2oa;2 + 2a^^xy + ao2y^) + = 0. 

(i) If UiQ, Uqi are not both zero, 0 is an ordinary point, the tangent 
at which is a^^x + a^^y = 0. 

(ii) If aio = 0 = ^ 01 , but not all the numbers ago, ct^n, ao 2 are zero, 
then 0 is a double point, the tangents at which, if real, are given l)y 
ago^c^ + 2a^^xy + a^^y^ = 0. 

The point is a node, a cusp or an isolated point according as 

]!>• = or <c agoaog. 

(iii) If ajo = 0 = aoi = ago = a^ = aog, but not all the numbers ago, 
agi, ai 2 , ao 3 are zero, 0 is a triple point, the tangents at which are given 
by asocc® + 3agia;2y + ^a^^xy^ + a^^y^ = 0. 

Similarly we may write down the tangents at 0, when 0 is a multiple 
point of any order. 

3.26. The Shape at any Ordinary Point. Let the origin be the point 
under consideration and let the equation of the curve be 

ax -\-by + Ax^ + 2Bxy + Cy"^ + ...== 0 
where a, b are not both zero. 

Note. For any other point on the curve, we may suppose the origin transferred 
there by a change of axes. 

If 6 0, ^ = — ax/b + o{x) and therefore by substitution 

y = — ax/b — x^{Ab^ — 2Bab + Ca^)/b^ + o{x'^) 

i.e. 

y — — ax/b + Kx^ + o{x'^), where Kb^ = Ab^ — 2Bab + Ca^, (K ^ 0). 

The constant K may vanish, however, and so, in general, the curve 
departs from the tangent like 

y = — ax/b + Lx^, (s >2, b ^ 0). 

If a = 0, the approximation is y = Lx^. If 6 = 0 (so that a 0), 
the approximation is x = My^, (s > 2). 

Examples, (i) Find the approximations for 4a: — y — -f- 2x^ = 0 at 

( 0 , 0 ), ( 1 , 0 ), ( 0 , - 1 ), ( 1 , - 1 ). 

At (0, 0), y = 4a: — ba:^ — (ia;)^ = 4a; — 22x^. 

At (1, — 1), take a: = l + A, y= — l-f-F and find 

-2X + Y - ... = 0. 
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i.e. (?/ + 1) = 2{x - 1) + 4(a; — l)^. Similarly at (1,0), y = - 2(a; — 1) - 4(a; - l)^ 
and at (0, - 1), y + 1 = - 4;r + 22xK {Fig. 10 (a).) 



4x-y-6x^-ty^-f 2x^=0 2x-t/-h4x^-y^+2x^ = 0 


FIG. 10 

(ii) Find the approximations to2x — y 4a;2 — 2x^ = 0 at (0, 0), (0, 1), 

(— 1, 0), (—1, — 1). The results are: y —2x 2x ^; y \ — 2x — 2x*; 

// = - 2{x + 1)2; (y + 1) = 2{x + 1)2. (Fig. 10 (h).) 

3.27. Shape at a Multiple Point. (1) At a node : the equation has 
the form: 

{px + qy){lx + my) + ^^{x, y) + ^J^x, ^) + . . . = 0 

where y) is a homogeneous polynomial of degree r. Near the 

tangent px qy — 0, we have y = — px/q -f o{x), if ^ 0, and there¬ 
fore one branch of the curve departs from its tangent hke 
y = — px/q + Lx^, (s > 2). 

If gf = 0, the approximation is of the form x = My^, {s > 2). In par¬ 
ticular, when q ^0, the approximation is 

(px -f- qy)(l — mp/q) + x^cf^sih — p/q) = 0, {^ 3 ( 1 , — v/i) 

When px + qy is a, factor of ^ 3 ( 0 ?, y) but not of ^ 4 ( 2 ;, y), then 

px qy = 0(x^) 

for ^^(x, y) = 0 ( 5 r^‘), (s > 5), i.e. the approximation is 

(px -f qy)(l — mp/q) 4 - x^^(l, — p/q) = 0 . 

More generally, the approximation is 

{fx + qy){l — mp/q) + - p/q) = 0 

where is the first (f)j. that does not contain the factor px + qy. In 
the same way, the approximation near the other tangent lx -f my = 0 
is obtained. 

Examples, (i) Find the approximations at (0, 0) to 

a;2 _ ^2 _|_ JJ.3 _ y8 _j_ 

The tangents at (0, 0) are x — y —0 and x y —d. 

Near a; — y = 0, (x — y)2x + ^x^.x = 0, i.e. y = x |a;2. 

Near x -f- y = 0, (x + y)2x -f- 2x^ = 0, i.e. y — — x — x^. (Fig. 11 (a).) 

(ii) Find the approximations at (0, 0) to Zxy -f- bx^ -h 4i/^ = 0. The tangents 
are a; = 0, y 

Near ir = 0, ^xy + 4y^ = 0, i.e. 3x = — 4ty^. 

Near 2 / = 0, Zxy -f Sx® = 0, i.e. Sy = — 5a;2. (Fig. 11 (h).) 
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(2) At an isolated 'poini ; the terms of the second degree do not break 
up into real factors and there are no real points in the neighbourhood. 

Examples, (i) -f 4:xy + 2y^ -f — y® == 0, (ii) x"^ + + a;® = 0, 

(iii) 4^2 = x!^ — x^. 

(3) At a cusp. The coefficients of x^, cannot both be zero ; let us 
therefore assume for definiteness that there is a term in and that the 
equation is 

(y — 'yuxY + 03 + 04 + • • • + 0n = 

Since y — mx may be a factor of 03 , 04 , . . ,, {k < n), we deduce 
that the effective approximation takes the form 

(y — mx — X^x^ — — ... — = Kaf, {t > 2 r). 




3jc(/ + 5x’+4y^-0 


s(C) 



y 

0 _ X 


(x+i/)^+x-y ^-0 



(f) 


> 









ry-2x';^-9x8+x^ 



FIG. 11 


If < 0 , ^ even, the origin is isolated with a real tangent y = 7nx ; 
otherwise there are real points near 0 given approximately by 

y — mx + XiX^ + . - . + Xr^iX^ ± 

Examples, (i) (x + y)^ + — y® = 0. 

Here y = 0{x)y and the approximation is (x + yY + 2a;® = 0 
i.e. y = — ± a/(“* 2a;®). Keratoid Cusp, (Fig. 11 (c).) 

(ii) (y — a;®)® = a;®. Rhamphoid Cusp, (Fig, 11 (d),) 

(iii) (x — yY + (a;® — y®) -f- 2a;* = 0. 

Here y = a; + A;a;® where A;® — 3A; + 2 = 0, or ?/ = a; + a;®, i/ = a; + 2a;®. Double 
Cusp, (Fig, 11 (e),) 

(iv) y^ — x^ — xy^ + a;5 _ q Here y = dz Double Cusp, (Fig. 11 (/).) 
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(v) (y — 2x^)2 = 9ic® + ic®, giving y = 2x^ ± 3a:*. Double Cusp, (Fig, 11 (g),) 

(vi) (y — x^)(y — a:®) = a:®, giving y — y — x^. Double Cusp, (Fig, 11 (h).) 

(vii) (y + + a:® = a;’. The origin is isolated, 

(viii) (y + xY — (y + x)^(2x — y) x^ — 0, Here y x = kx^ + o(x^) where 

+ 1 = 0, i.e. the origin is isolated. 

(4) At a multiple point: similar methods may be applied but the 
details for the general curve are tedious. 

Example. xy(x — y)(x y) — (x^ + y^Y- 

0 is a quadruple point with 4 real tangents, a: = 0, y = 0, a: = i y* 

Near a; = 0, xy( — y)( — y) = y®, i.e. x = — y^. Near y = 0, y — x^. Near 
X — y, x^(x — y)2x = 8a:®, i.e. y = x — 4a:®; similarly near x = — y, we have 
y = — X — 4a:®. (Fig. 11 (i).) 

3.3. Graph of the Algebraic Function. A representation adequate 
for picturing the functional relationship is obtained if the shape of the 
corresponding curve is determined— 

(a) at critical points in the finite part of the plane; 

(h) at places where one, at least, of the variables is large. 

Under (a), we should determine (i) where the tangent is parallel to 
an axis, and (ii) the singular points and the approximations there. 

In general, the approximation is usually of the type 
(y — hy = A(x — ay 

where r, s may be positive or negative integers ; but it should be remem¬ 
bered that tliis may be the common approximation of two or more 
branches of the curve and that further approximation may be necessary 
to separate these branches. In the two paragraphs that follow, examples 
are given that admit of an obvious treatment. 

3.31. The Relation = P{x)/Q{x), where P, Q are polynomials with 
no common factor. 

Find the shapes at points {real) where y is small, where y is large 
and where x is large. 

Obtain the points, other than those that have already occurred, 
where a tangent is parallel to OX ; these are given by 

F(x)Q{:x) = P(x)Q\x). 

Their number and approximate position are often deducible from a 
knowledge of the roots of P(x) = 0 and Q{x) = 0 ; and if only a rough 
graph is required, it is unnecessary to find them; but their determina¬ 
tion not only provides a verification of previous work, it also gives an 
idea of relative dimensions. 


Examples. Find the approximations to the following curves when x is large: 

... *’“ + 1 If l\f 3 \-V 1 \-i 

^ “ (8* - 3)(4a: + 1) ’ 32~ 8x/ ’ 


1 1 

y = 5 + (“> i)- 


(iii) y* = 


80 *’ 

- 1 


(* + 1)»(* + 2) ’ 
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X* 1 2 / 1 \ 1 

(iv) 2/® = ^ ; y = + 3 + °^)* 2/ = a; + 3 IS an 

asymptote and the curve is above (below) this asymptote when x is large and 
positive (negative). 

^ i(g 


_ ][N5 / 1 \ 

= (¥TT? ’ = + ^ + Alch (°°> “)• 

/jp_1)®(2_a;)® 

(vii) = -- - -- = — a;4 _|_ j-gai points. 


{X - 3)2 

Draw the complete curve for the following examples: 
(') y'‘ = 1 ' 3 : (0. 0), =x^; (-1, co), y^ = 


;; (00, 0),?/* =^. 


(*+1)3’'''’'''’^ \ a {x + lf 

Parallel to OX when a: = 2, « = ± \/ — — ± 0-386; x cannot be < — 1 ; 

' 27 

symmetry about OX. (Fig. 12 (a).) 



(ii) y^ = ■ 


X^ 


(X - mx + 1 ) ’ 


find the approximations at (0, 0), (1, cjo), 


( — 1, co), (oo, 1). In particular at (oo, 1), y = 1 -|- The tangent is parallel 

to OZ at (- 2, 0-84). (Fig. 12 (h).) 

(x + 1)* 

(iii) —'ZiZ - T\* approximations at (—1, 0), (0, co), (1, oo), 


x(x — 1) ’ 


29 


(oo, oo). In particular at (oo, oo), ± y = x the tangent is parallel to 

OX at (1-59, i 4-24). (Fig. 12 (c).) 


3.32. The Relation A(y)/B(y) = C(x)/E{x) where A, B, C\ E are 
polynomials. 

Let F(y) = A(y)/B(y), G(x) = C(x)/E{x). Then it will usually be 
sufficient to consider— 

(i) places where F(y), G(x) are simultaneously small or simultaneously 
large ; (ii) places where a; or y is large or both x, y are large, if they have 
not occurred in (i); (iii) singular points that have not occurred in (i), 
(ii) and also the points where the tangent is parallel to an axis. 

Thus the curve is parallel to OY when F\y) = 0, G\x) ; it is 
parallel to OX when F'(y) ^ 0, G'(x) = 0 ; but if (a, b) is a point where 
F\b) = 0 = G'(a), F(b) = G(a), that point is singular and by writing 


t 
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the given relation in the form F{y) — F(b) = G(x) — G(a), the approxi¬ 
mations there are easily determined. 


Examples, (i) Show that the curve ^xy(x — 1)(1 — y) = lly^ — Vly -f 4 has 
a singular point and find the approximation there. 

Write the equation ^x{x — 1) = — 17 — 4/{y(i/ — 1)}, (/(a;, y) = 0). Then 
/a; = 0 =/y when a; = y and this point is on the curve. The relation is 


equivalent to (2a; — 1)2 = 


4(2y - 1)2 


showing that the singular point is a node 


y(i - y) 

with tangents 2a; — 1 = db 4(2y — 1). 

(ii) It may be found similarly that the curve 

a;(2y — l)(i/ — 2) = y{x — 2)(2a;2 — 4a;2 -j- 4a; — 1) 
has a double cusp at (1, 1). The equation may be written x{y — 1)2 = y{x — 1)^. 

(iii) Find approximations for \.x\y — l)(i/ + l)(a; + 1) = 3(a; — l)2(y + 2) at 
(- 1, 00 ), (0, oo), Vco, c). 

At (- 1, 00 ), 4y = - 24/(a; + 1); at (0, oo), 4y = - 3/a;2. 

When X — > oo, 4(?/ — \)(y + 1) —>- 3(2/ -h 2), i.e. y —2 or — 5/4. 


Writing the equation as 


(y - 2)(42/ + 5) 

( 2 /+ 2 ) 

A3 12 


(y - 2)^ = - (42/ + 5)y = 


3(4a;2 - 3a; + 1) 

a;2(a; + 1) 

13 12 


we find 


giving the closer approximations 2 / = 2 — 



5 

4 + Ux 


Draw the complete curve for the following relations. 

(i) 182 /( 2 /® — 3) = x(x — 3)(a; — 8 ). 

(0, 0), - 542 / = 24a;; (0, V3), 108(2/ - V3) = 24a;; (0, - V3), 

108(2/ + \/3) = 24a;. 

Similar results at (3, 0 ), (3, ± V3), ( 8 , 0), ( 8 , ± V3). 

There is a node at ( 6 , 1 ) with tangents 54 ( 2 / — 1)^ = 7{x — 6 )^. The tangent is 
praUel to OX at ( 6 , - 2), (1-33, - 1-6), (1*33, - 0-3), (1-33, 1-9). The tangent 
is parallel to OF at (— 1 , 1 ), (8-7, — 1). And at ( 00 , 00 ) the first approximation is 
y = 0'38a;, the next is 2 / = 0*38a; — 1-4. (Eig. 13(a).) 



(ii) y^(y + 1)^ = a;2(a; + 1)^. Obtain the approximations at (0, 0), (0, — 1), 
(- 1,0), (- 1, - 1), ( 00 , 00 ). (Fig. 13(h).) 

(iii) y^(y — l)^(^ + 1) = + 7)2. Find the approximations at (0, 0), 

15 

(0, 1), ( — 7, 0), (— 7, 1), (— 1, 00 ), ( 00 , 00 ). In particular at ( 00 , 00 ), 2 / = a; + — 
and 2 / = — a; — There is symmetry about the line 2/ = J. (Fig. 13 (c).) 
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(iv) 50y\2y + l)*(a: + 1)^ = - 3). (Fig. 14.) 



(v) (y — 4)(«/ — 1)(2/ + 2)(i/ + 3)(.v + 4:){y + 6) 

+ (x2 - l)(x2 - 4)(x^ - 9)(a;2 - 16) « 576 

No large values of x, y. Symmetry about OY. (Fig. 15 (a).) 

(vi) I6y*ix + 6)2 + x^(x + 3)2(1/ - 2)2 = 0. (Fig. 15 (b).) 

(vii) 9xy = (a:® + \)(y^ + 1)* This example illustrates the importance of 
finding where the tangents are parallel to an axis, since there is an oval within the 
first quadrant. Actually/j. = 0 at (0-79, 4-54 or 0-22) and fy = 0 at (2 or 0*22 or 
- 2-22, 1) and (-0*22, - 1). (Fig. 15 (c).) 



3.33. Newton^s Polygon (or Analytical Polygon). When tlie variables 
cannot be separated as in the two preceding paragraphs, and when it is 
not obvious what terms give the correct approximations in significant 
neighbourhoods, these approximations may be obtained by using a 
subsidiary diagram known as Newton’s Polygon. 

Let the origin, which may be a singular point, be on the curve and 
let the equation of the curve be 

EA^^x^y^ = 0 (^00 == 0 ) 

where there is at least one non-zero term A^qX^^ and at least one non-zero 
term A^y^y^. In a subsidiary diagram (Pig. 16), take rectangular axes 
Qrj and plot all the pairs of values (r, s), tlmt occur in the given equa¬ 
tion. Draw through these points a polygon that is not re-entrant, such 
that every vertex is one of the plotted points and such that every plotted 
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point is either within the polygon or on one of its sides. The sides may 
be classified into eight types as follows {Fig. 17 ): 


Type: Fig. 17 

Equation 

Inequality for points 
not on side 

(i) AB, BC 

1 1 

'p > 0, y > 0 

pi + gp > 1 

(ii) GH, HL 

m + Pi = 1. \ 

p > 0, g' > 0 

pi + < 1 

(iii) DE, EF 

I p < 0, g > 0 

pi + < 1 

(iv) MN, NP 

(v) CD 

(vi) PA 

J ' 

1 = 0 
ly = 0 

Ip > 0, g < 0 

pi + ?»? < 1 
l>0 

f] >0 

(vii) FG 

qn = 1, 

g>0 

qrj < 1 

(viii) LM 

pi = 1, 

p > 0 

pl< 1 



;z; 





-t- 






r--- 






r— 





- i- 






-z.t- 








FIG. 16 



FIG. 17 


The characteristic property of the polygon is as follows: 

The terms of the equation that correspond to the points on a par¬ 
ticular side give the first approximation to the curve in a particular 
neighbourhood ; and the particular neighbourhoods to be associated 
with the different sides are given by the scheme— 

(i) (0, 0), (ii) (oo, oo), (iii) (0, oo), (iv) (oo, 0), (v) (0, c), (vi) (c, 0), 
(vii) (c, oo), (viii) (oo, c). 

Note. The different types may not, of course, all occur. There may be more 
than two points on a side, and to any side, as we shall see, there may correspond 
more than one branch. The constant c, for example, may have many values. 

Let Xi, be two points of a side qr] = 1 and let these corre¬ 
spond to respectively so that 

Wi + + qs2 = I 

Let X = O(A^), y = O(A^) (where A is chosen, later, to be small or large). 
Then = 0(A) and Bx^^y*^ = 0(A) so that these terms are of the 

same order in the neighbourhood {O(A^), 0(A®)}. Also, if (/g, s^) is a 
point not on the line, the corresponding term = 0(A^»+®^»)* 
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Thus for type (i), pr^ qs^ > 1 and therefore for A smally 

= o(A) 

and so (i) gives an approximation at (0, 0) since p, q > 0, Similarly for 
type (ii), by taking A large we find that the corresponding terms give the 
approximation for (oo, oo). In the same way the other results may be 
established. In particular, (v), (vi) give the points where the curve 
crosses the axes of y and x respectively ; and (vii), (viii) give respectively 
the asymptotes parallel to the axes of y and x. 

Also, the polygon gives the next approximations to the curve in the appropriate 
neighbourhoods, since it follows from the above proofs that if the line containing 
a particular side is moved parallel to itself until it meets another plotted point (or 
a number of points simultaneously), then the term corresponding to that point 
(points) provides the next approximation. This closer approximation may 1 m‘- 
required when the first is linear or involves repeated factors. It may also bo used 
to obtain the tangents at the points where the curve crosses the axes. 

In the following examples, the complete curve is in each case indi¬ 
cated by a dotted line in the corresponding diagram, but the reader at 
the present stage should regard these dotted fines merely as tentative. 


(a) 

>/ 


S 




(C) 

7 


(b) 

’I 




2x+jc^-x*y-y^ = 0 


y 

. . 






/ 






Tx-yXx^-y + 2y -0 



FIG. 18 


Examples, (i) x^ — = 0. 

(0,0), x^ — = 0, with closer approximation — y* = 8a;y^, i.e. (x — y)2x = 8x^ 

and {x + y)2x = 8x® giving y — x — 4a;^ and y = — a: + 4a:^; 

(r, 00 ), (— — Hxy^) -f- = 0 gives ^y(x + 2) = 2 ; 

(0, oo), = — 1 ; (oo, 0), xV = 1* {^^9- IS {a),) 
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(ii) 2x — — x^y + a;® = 0 

Find the approximations at (0, 0), (c, 0), (cx), 0), (oo, oo). 

In particular, (c, 0), x(2 -{- a;) = yx^ gives 4y = a; + 2 (c = — 2); (oo, oo), 

(_ _ 2/4) a;2 = 0, i.e. y{x + y){x^ - xy + y^) = x^ giving the real asymptote 

a; -f- y = 0, with closer approximation * + ^ (^)*) 

(iii) (y^ — x^)^ ^zx’y^. Find approximations at (0, 0), (oo, 0), (oo, oo). In 
particular at (0, 0) {y^ — a;®)^ = x’y^ gives y^ ^ x^ ± x^, (Fig, 18 (c).) 

(iv) (a; — y)^(x^ + xy + y^) — Sy^ — x + 2y = 0, 

Find approximations at (0, 0), (c^, 0), (0, Cg), (oo, oo). 

In this case = 1; Cg may be 1 or — 2. (Fig. 18 (d).) 

(v) ( 2 /® — a;®)® — a;®(y® — a;®) — 2a;’ = 0. If the terms that give the second 

approximation vanish when the first approximation is substituted, a temporary 
change of variable may be used to obtain the correct second approximation. Thus 
at (0, 0), y® = a;® in this example and the terms that shoidd give the second 
approximation vanish. Take therefore 7 = y® — a;® and the new equation is 

y 2 __ a;®7 — 2a;’ = 0. From this we deduce that 7 = a;® or — 2a;^, i.e. 

7y3 = a;® + a;®, or 7 /® = a;® — 2a;^. (Fig. 18 (e).) 

(vi) 2(a; + y)^ 5(a; + y)^(x — y) + 8a;® = 0. 

At ( 00 , 00 ), the first approximation gives x + y =0 and this makes the terms 
giving the next approximation vanish. Let a; + y = 7 and find 
27* - 57®(2a; - 7) + 8a;® = 0. 

By drawing the Newton polygon for the equation in (x, 7) we find that at (co, 00 ), 

(7® - a;)(72 - 4a;) = 0, i.e. x + y = ± Vx s,nd x + y = ± 2Vx. (Fig. 18 (/).) 

3,34. Summary of General Method for f(x, y) == 0. (i) Draw Newton’s 

polygon. If 0 is not on the curve, the approximations for one or more 
of the neighbourhoods (c, 0), (0, c), ( 00 , 0), (0, 00 ), (c, 00 ), ( 00 , c), 
( 00 , 00 ) are obtained. If 0 is on the curve, we obtain also the approxi¬ 
mation at (0, 0). 

(ii) Solve the equations / = /^ = 0; and obtain the points (a, b) 
where the tangent is parallel to OX (if f^ ^ 0). Solve the equations 

== 0; and obtain the points (a, h) where the tangent is parallel 

to or (if/a 5^0). If/ = /« =/ft = 0 the point is singular. 

(iii) If (a, b) is singular, take x = a + X, y = b + Y smd draw that 
part of the polygon for/(a Z, 6 + F) = 0 that gives the approxima¬ 
tion at X = 0, Y = 0. 

Examples, (i) x^ + ?/* = xy^, 

(0, 0), 7 /* = - a;®; (0, cx)), a;y = 1; ( 00 , cx)), y® = a;®. 

= 0 when 32a;’ = 81, i.e. at (114, 1-31); y; = 0 when 3125a;’ = - 256, 
i.e. at (- 0-70, - M4). (Fig. 19(a).) 

(ii) a;*y* — a;* — 7 /* + xy^ — 0. 

Find approximations at (0, 0), (two); ( 00 , d; 1); (zh 1> co)- 

f — 0 when 9a;* — 16x® + 3=0, giving (1*25, + 0'97), (0*46, + 0-59). 

= 0 when 4a;® — 4a;® + 1=0, giving (0-5, + 0*52), (0-92, + 1*24). Also 

when a; = 1, 7 / = ± 1, gradient — \. Symmetry about OX. (Fig. 19 (h).) 

(iii) a;® — 7 /® + a;®y® — 4a;®y® = 0. (Fig. 19 (c).) 

(iv) 7 /® — 4 a;® 7 / + a;* — a;® + 7 /® = 0. (Fig. 19 (d).) 

(v) (y — a;®)® = a;*y. Find approximations at (0, 0), ( 00 , 1), ( 00 , 00 ). 

If a; = ^— p 7 / = (^® — 1)®: ^ is never zero, and ^ = 6 only at (0, 0). 

Curve crosses 7/ = 1 (the asymptote) at a; = ± l/\/2. Symmetry about 07 and 
y cannot be < 0. (Fig. 20 (a).) 


A 
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FIG. 20 
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(vi) — x'^ — 2 a; 2 y 2 2xy = 0. 

Approximation for (oo, c) is not real, and the tangent is never parallel to OX. 
{Fig, 20 (b),) 

(vii) (y3 - a;2)2 == (Fig. 20 (c).) 

(viii) {y^ — x^)^ + = 0 ; in this example the origin is isolated and x must 

be < 2. {Fig, 20 {d )). 

3.4. Unicursal Curves. If the co-ordinates of a point (x, y) on a 
curve can be expressed rationally in terms of a parameter t, the curve 
is said to be unicursal. The complete curve is obtained by allowing t to 
vary from — oo to oo. Such a curve is algebraic since the ehmination 
of t between the equations giving x and y obviously gives an algebraic 
equation in (x, y). Conversely, however, the general algebraic curve is 
not unicursal, the conditions that it should be so being associated, as 
we shall find, with the number of singular points possessed by the curve. 
It should be remembered that the determination of analytical conditions 
of the type indicated may lead to results that have no real geometrical 
significance, and that geometrical ideas are used merely to simplify the 
exposition. The analysis of algebraic functions requires the use of the 
complex variable for an adequate treatment, and our illustrations here 
are therefore confined to those for which the results obtained are real. 

3.41, The Number of Points required to specify a Curve of Degree n. 
The number of coefficients in the equation 

«oo + + (a^QX^ + . . . + a^i^y^) = 0 

is l-f2-f3-f... + (n-fl) = ^{n -f l)(n + 2), and therefore the 
number of arbitrary constants is \{n -f l)(i^ + 2) — 1 = \n(n. + 3). 

Thus a conic can, in general, be drawn through 5 points, a cubic 
through 9 and a sextic through 27. 

Note, This result is only true in general, since the equations determining the 
constants may be indeterminate. 

Examples, (i) Find the equation of the conic through (0, ± a), (± a, 0) (2a, 2a). 
When a; = 0, 2/ = ± a; equation is Ax"^ -f- x{By -f (7) -f D{y^ — a^) = 0. 
When 2 / = 0, x — i ; equation is Ax^ -h Bxy + Ay^ = Aa^. 

When a; = 2a, 2 / = 2a ; therefore A{la^) + 4:Ba^ = 0, i.e. the required equation 
is 4a;2 — "Jgey ^ 4?^2 _ 4 ^ 12 ^ 

(ii) Find the conic through (0, 0), (0, - 6), (2, 0), (1, - 3), (3, 3). This is indeter¬ 
minate, since 4 of the points lie on the line y = 3a; — 6; it may therefore be 
taken as {y — mx){y — 3a; — 6) = 0 where m is arbitrary. 

(iii) Find the cubic through (0,2) for which y = 0, y = I are inflexional tangents 
at a; = 0 and for which x y = 0 is an asymptote. This is equivalent to 9 points ; 
for 2/ = 0, 2/ = 1 must lead to x^ = 0, and the substitution of x + y = 0 must lead 
to a simple equation in x. The result is 3xy{y — 1) + y{y — l){y — 2) — 2x^ = 0. 

3.42. The Number of Intersections of two Algebraic Curves. Let the 
curves of degrees m, n respectively be given by 

(1) y'^F.ix) + + . . . + PJx) = 0, 

(2) yr>Q,{x) + y^+^QM + • • • + Qnk^) = 0 

where are polynomials of degrees not higher than r, s respectively. 

Form the {m + n) equations 

y^+-P,{x) + . . . + xfP„,(x) = 0, {r = 0, 1, . . w - 1); 

+ . , . + fQ^{x) = 0, (s = 0, 1, . . m - 1). 
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These consist of (m + n) homogeneous linear equations in the numbers 
1, y, The eliminant is A = 0, where A is the deter¬ 

minant of the coefficients. This determinant may easily be shown to 
be a polynomial in a; of degree not higher than mn. {Ref. Hilton, Plane 
Algebraic Curves, I, 7.) 

Notes, The actual degree of the determinant will often be less than mn, and we 
then say that the curves intersect at infinity. The introduction of intersections 
at infinity may be avoided by using homogeneous co-ordinates, this being equivalent 
to a projective transformation. 

The equations from which Zl = 0 is obtained also determine y as a 
rational function of x, and so to each value of x obtained from zl = 0 
we can find a corresponding value of y. Thus, in general, two curves 
of degrees m, n intersect in not more than mn points. Some of these 
intersections may be multiple (corresponding to multiple roots), and 
some may be imaginary. 

Exam^e, - ip(Zx + 3) + y{Zx f 2) - x\2x + 1) = 0 ; jp - y - x^ - 0. 

Multiply the second by y and subtract it from the first, thus giving 

y^(Zx -f 2) — y{x^ + 3a; + 2) -1- x\2x + 1) =0. 

Solving for y^, y we find a:;^(5a; + 3)^ = x!^{x^ + 5a; + 3) and y = bx 4 3 (x ^ 0). 
Thus the curves meet at (0, 0), (0, 1), (— |» §)» D there is double 

contact (common tangent) at the first two. 

3,43, The Maximum Number of Double Points for a Curve of Degree n. 
Suppose that there are N double points and no other singular points. 
Let \m{m + 3) < -V ; then a curve of degree m can be drawn through 
\m{m + 3) of the double points. The number of intersections with the 
given curve given by these double points is m{m + 3) which must be 
< mn, i.e. m < w — 3. Thus V < J(n + 2){n + 1) but may be greater 
than \n{n — 3). Take therefore a curve of degree n — 2 through the 
N double points and through {\{n — 2){n + 1) — N} other points of 
the curve. The number of intersections is 2N + \{n — 2){n -f- 1) — iV 
and this must be < n{n — 2), i.e. N < \{n — l)(n — 2). 

We shall show by examples that a curve can possess this number 
^{n — l)(n — 2). The difference between the number and the actual 
number is called the Deficiency of the curve. 

Notes, (i) The same result may be proved by taking a curve of degree n — \ 
through the N double points and through — l)(n 4- 2) — A other points. 

(ii) It does not appear to be a simple matter to obtain a correspondingly simple 
formula for the maximum number of singular points of f(x, y) = 0 where there are 
^2 double points, rig triple points, etc. It is sometimes true that a multiple ix)int 
of order q may be regarded as \q(q — I) double points. Thus if a curve of degree n 
possess a multiple point A of order w- — I, it can possess no other singular point B ; 
for AB would then meet the curve in (w 4- 1) points at least. In this case one 
multiple point of order (n — I) is equivalent to i(n — I)(n — 2) double points. 
That the equivalence is not always true is most simply shown by the fact that a 
quintic can possess 6 double points, but it cannot possess 2 triple points. However, 
our present object is to establish a relationship between the number of singular 
points and the problem of determining when a curve is unicursal. It will be sufficient 
for us to use the method adapted for double points to other particular cases that 
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arise. The problem is more adequately dealt with in the theory of algebraic func¬ 
tions, where conditions may be stated without reference to geometrical ideas. 

Example. A sextic has one quadruple point A. If all the other singularities 
are double points, what is the maximum number m ? Here m < 8, for a conic 
could be drawn through A and 4 double points (giving 12 intersections), but a cubic 
could not be taken through A and 8 double points (since there would then be 20 
intersections). Take a cubic through A, m double points and 8 — m other points. 
Then 4 + 2m + 8 — m < 18, i.e. m < 6. Thus a quadruple point in this example 
is equivalent to 4 double points. 

3.44. A Curve of Deficiency Zero is Unicursal. Take a curve of degree 
(n — 2) through the — l){n — 2) double points and through {n — 3) 
other points of a given curve f(x, y) = 0 of degree n. 

The number of arbitrary coefficients is 

\{n 2)(n + 1) — \{n — \){n — 2) — (n — 3) 

i.e. 1. The new curve is therefore of the form 

y) y) = 0 (^ being the arbitrary coefficient). 

The number of known intersections is (n — l)(n — 2) -f (n — 3) and 
therefore the number unknown is 

n{n — 1 ) — (n — l){n ~ 2) ~ (w — 3) = 1. 

The co-ordinates of this point of intersection must therefore be expres¬ 
sible as rational functions of t. 


Note. The same result is obtained by taking a curve of degree (w — 1) through 
the i{n — l)(?i — 2) double points and through (2n — 3) other points. 

Examples. (1) A sextic with one quadruple point A and six double points 
B^(r — \ to 6) is unicursal. Take a cubic through these points and one other point 
of the curve. One coefficient is undetermined. The number of unknown intersections 
is 18 - (4 -{- 12 + 1) == 1. 

(ii) A curve of degree n with one multiple point A of order (w — 1) is unicursal. 
Let A be the point (a, h) and take the variable line y — h = t(x — a). The sub¬ 
stitution of y in the equation of the curve leads to an equation in x having a root 
a of multiplicity (?i — 1). The remaining root is a rational function of t. 

3.45. The Conic. A conic (assumed irreducible) cannot have a double 
point, and is therefore unicursal. If (a, b) is any point on it, the sub¬ 
stitution {y — b) = t(x — a) (see § 3.44, note) leads to a quadratic in Xy 
one root of which is a and the other a rational function of t. 


Note. It is assumed here that the reader is already familiar with the simple 
equations of the conic to which the general equation of the second degree may be 
reduced. The examples given below are to be regarded as illustrations of the 
general theory. It is useful to note, however, that the method of Newton’s polygon 
enables us to obtain very quickly the nature, shape, and position of the conic given 
by a general equation. 


Examples, (i) x^ xy y^ = x y. 

From Newton’s polygon, (0, 0), y = - a;; (1, 0), a; - 1 + y2 == q; (0, 1), 
y — I -{■ = 0; (c3o, oo), a;2 + a;y + y2 _ imaginary. (Ellipse.) 

y=tx gives a; = (1 + t)/(l + t + ^ 2 ), ^ 4 . ^ ^ ^ ^2), 2 I (a).) 

(ii) 2a;2 — ^xy -f 2y^ = 2a;. 

(00, 00), asymptotes: y == 2a; + f, y = Ja; - f; (0, 0), 

2(a; — 1) = 5y 

gives a;(^ - 2)(2^ - 1) = 2, y(t - 2)(2t - 1) ^ 2t. Hyperbola. (Fig. 
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(iii) {2x -{■ yY = X — y, 

(0, 0), y =x; (oo, 00 ), 2a; + y = ± \/(3a;); (0, - 1), 5x = - (y + 1); (L 0), 
- 2t/ = a; - i- 

y = tx gives x{t 4- 2)^ = 1 — y(t 2)^ = /(I — t). Parabola. (Fig. 21 (c).) 




' 3.46. The Cubic. A Cubic cannot have more than one double point, 

and if it has one double point, it is unicursal. If the origin is taken at 
the double point, the equation of the curve must be of the form 

Ax^ + Bx^y + Cxy^ + Dy^ = Ex^ + Fxy + Gy^. 

The line y = tx gives 

x:y:l = E + Ft + Gt^:t{E + Ft + Gt^): A + Bl + Ct^ f Dt^. 

Example, x^ y^ — Zaxy. 

y — tx gives a;(l + 2/(1 + = 3a/‘^. 

Also (0, 0), iy2 = 3aa; and a;^ = 3ay; (oo, oo) a; + 2 / + « = 0. 

The curve is parallel to 07 when = 1 giving the point (a®\/4, a'\/2) and 
the curve is parallel to OX at (a®\/2, a^^/4:). When t—> — 1, the point tends to 
the point of contact of the asymptote. (Fig. 22 (a).) 

3.47. Other Examples of the Unicursal Curves. 

(i) a4 ~ = x^y. 

Triple point at (0, 0) and therefore unicursal. 

(0, 0), y =x^ and a;* = — ; (qq, oo), y = i a; — J. 

y — tx gives a;(l — /*) = /, y(l — P) = P- Never parallel to OX or OY. 
(Fig. 22 (b).) 

(ii) ^2(3^2 + 2y - 9) + 4(a;2 - 1)2 = 0. 

Double points at (±1, 0), (0, 1) (found by solving f =fy — 0). It is 
therefore unicursal. Take a variable conic through these points and (0, --2). 
This will be found to be y^ + txy + 2a;2 + y — 2 = 0, and the variable point of 
intersection is given by 

a;: y: 1 = 2/(24 - 5/^): - 2(t^ - 4)(/2 - 16): 3/^ - 24/^ + 64. 

It is naturally simpler to draw the curve by our previous methods. In the 
diagram are shown the conics for / = 1 (an ellipse) and / = 3 (two straight lines). 
(Fig. 22 (c).) 

(iii) 3(^(y + 1) + 2x^(y^ — 1) = (y — l)3(y + 1)*. 

It will be found that this quintic has a triple point at (0, 1) and double points at 
(0, — 1), (± 1, 0). It is therefore unicursal. A variable conic through these 4 
points is obviously x^ -Y — txy = and the variable intersection will be found 
given by 

x:y:l = t(t^ - 2)(t^ _ 6): (4 - 8/2 + /4): (4 + 4/2 - p). 

In the diagram is shown also the conic for / = 18. (Fig. 22(d).) 
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3.5. Graphical Representation of Functions of Two Variables. 

An explicit function 2 of two variables (oj, y) given by the relation 
2 =/(ar, y) may be represented by drawing the system of curves 
f{x^ y) — z for different values of z. 

If we regard the plane XOY as a horizontal plane and z the height 
of the point P vertically above the point {x, y), the curves f(x, y) = z 
are appropriately called level curves or contours. Again, if/(a;©, y^) = Zq 
and/(x, y) <f(Xo, yo) near (xo, yo), the point (xo, yo) gives a rmximum 
value to z and may be called a summit. Similarly we may have a 
minimum or immit. Other appropriate terms will arise in the examples 
we shall use as illustrations. 

It is to be expected that the critical values of z are those that belong 
to contours having singular points. Thus if (a, h) is a point obtained 
by solving the equations ^ = fyy this point is singular for the con¬ 

tour/(x, y) =f(a, b). It is important however to realize that whilst 
(a, 6) may be a singular point in the usual sense, the curve/(a?, y) =f{a, b) 
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may sometimes be composite and (a, h) an intersection of the curves of 
which it is composed. 

3,51, The Linear Function z = ax hy c. The contours are 
parallel lines. Let Pg be the points (x^, yz) and let (>2 

be the corresponding points of the surface of heights Z 2 respectively, 
where 2:1 = ax^ + 62/1 + c; 2^2 = 0X3 + by^ + c. {Fig. 23,) 

Also let X 2 — Xi = r cos Q, y^ — yi = r sin 0 where r is PJPz and 
0 the angle that P 1 P 2 makes with OX, The inclination of Q 1 Q 2 to the 
horizontal is given by 


tan Qc = \Zi — Zzl/r = \a cos 0 + 6 sin 0 | 


and is independent of r. The surface therefore satisfies the Euclidean 
definition of a plane. 

The lines of greatest slope are given by tan b — b/a, and are, as we 
expect, perpendicular to the contours. The inclination of the plane to 



FIG. 23 


the horizontal (i.e. the gradient) is defined to be that of the lines of greatest 
slope and is given by tan ao = ^/{a^ + b^). 

More generally, the curves that cut the contours at ri^ht angles are (tailed lines 
(or curves) of greatest slope (or simply, the lines of slope). If/(a:, y) = 2 gives the 
contours, the lines of slope must satisfy the differential equation dy/dx ^fy/fg^, 
since dy/dx for the contour through (x^^ y^) is the value of — fjfy at (Xq, y^). These 
curves are shown by dotted lines in the various illustrations. 

The example 2 = a; + 2y — 2 is illustrated in Fig. 23. 

3.52. Quadratic Functions. The contours are similar conics but 
since, by a change of axes, the equations may be reduced to simpler 
forms, it is sufficient to consider the following cases. 

(i) z — Zq = ax^ + by^ (a > 0, 6 > 0). 

The contours are similar ellipses: z > Zq ; (0 , 0 , Zq) minimum. 

(ii) z — Zo = — — by^ (a > 0 , 6 > 0 ). 

The contours are similar elhpses : z < Zq ; ( 0 , 0 , Zq) maximum. 
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(iii) z — = ax^ — 6^2 (^ > 0, 6 > 0). 

z = Zq gives two real straight lines which are asymptotic to all the 
contours. These lines divide the x — y plane into two pairs of opposite 
sectors. In one pair z> z^ and in the other z <Zq^o that (0, 0, Zq) is 
a maximum for displacements into one pair of sectors and a minimum 
for displacements into the other. Such a point is called a Saddle Point 
{minimax, pass, or col). 

(iv) z = ax^ + 2by (a ^0, b ^ 0). 

The contours are similar parabolas. No maxima nor minima. 

(v) 2 ; - 2:0 = Jc(c(X + 

The contours are parallel straight hues, but 2 ; — 2;o and k must have 
the same sign. Every point on the line ocx =: 0 gives a minimum 
(maximum) if A: > 0 (Aj < 0) for all displacements except those actually 
along this hne. Along the line z is constant ( 2 : 0 ). If ^ > 0, the surface 
is a trough and if A < 0 it is a ridge. 

Examples, (i) 34x2 _ 24x1/ + 41 y 2 = z. 

(0, 0, 0) is a minimum ; elliptic contours ; this surface is called an elliptic para¬ 
boloid. (Fig. 24.) 



z*34a:^-24jc(/+4I 

FIG. 24 

(ii) 3x2 _j_ 4 ^^ — 4^/2 = 2 . 

( 0 , 0 , 0 ) is a saddle-point: h 3 rperbolic contours with asymptotes x -f 2 ^ = 0 , 
3x — 2i/ = 0; this surface is called a hyperbolic paraboloid. (Fig. 25.) 



FIG. 25 


(iii) - (y - 2 x) 2 . 

z cannot be positive; contours are parallel lines y — 2x = d: V( 2 :). 
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The line y = 2a: is a maximum for z for all displacements except those along 

the line. For these z is stationary (with the 
value zero). 

This surface is called a 'parabolic c'ylirider. 
{Fig. 26.) 




PIG. 26 


3.53. Examples of Functions of the Third and Fourth Degrees. 

(i) z = 3a:2 _ ^^2 

The contours have singular points (a) when z=0 at a:=0, y=0 (Node), 
(b) when z = 4, at a; = — 2, y = 0 (Isolated Point), obtained by solving = i) = Zy. 
There is therefore a maxi'mum at (— 2,0) and a saddle-poirU at (0,0). (Fig. 27 (a).) 

(ii) z = a:2 + y2 — 

Minimu'm z = 0 at (0, 0) and two saddle-points for z = J at ( h 1, 0). (Lines 
of slope are y2(l — x^)/x^ = constant.) (Fig. 27(b).) 

(iii) z = — 4:X^ — y^ + a^^y* 

Maximum z = 0 at (0, 0); two saddle-points for z = — 16 at (i 2 v/2, 4). 
(Fig. 27(c).) 



3.54. Contours with Cusps. 

(i) z — (y — a;2)2 -|- .r®. Minimum at (0, 0). (Fig. 28 (a).) 

(ii) z — (y — x^)^ — x^. Saddle-Point at (0, 0). (Fig. 28 (b).) 

(iii) z = (y — a:^)2 — x^. Saddle-Point at (0, 0). (Fig. 28 (c).) 
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3.55. Examples of Rational Functions (illustrating Discontinuity). 

(i) z(x!^ + y^) = with 2(0, 0) = 0 ; the function z does not tend to a definite 
limit when (x, y) —> (0, 0), and is therefore discontinuous there. The contours are 
parabolas. (Fig. 29 (a).) 




(ii) z{x — 2 ) = x^y ^; this has a simple infinite discontinuity along the line 
a; = 2. The point (0, 0) is a maximum (in the broad sense). (Fig. 29 ( 6 ).) 

(iii) z(x^ + y^) = oc* y^, with 2 ( 0 , 0 ) = 0 . The function z is continuous for 
all finite (x, y). (Take polar co-ordinates to find points on the curve from 0=0 
to 0 = jr/4.) (Fig. 29 (c).) 

Examples III. 

Draw the curves given in Examples 1-14. 

1. y’ = 2. xV =1 3. y + = 0 4. x^V + 1=0 

5. -f- = 0 6. x^y® = 1 7. y’ = x^ 8. y’ -f = 0 

9. x^y® = 1 10. y* — x^ 11. y® -|- x® = 0 12. y^ + x® = 0 

13. xy^ + 1=0 14. yV = 1 

15. Show that the function y = V(1 + ^) + V(1 — satisfies the equation 
y 4 42^2 _|_ 4^.2 _ Q and write down explicit forms for the other branches of y 
given by this equation. Illustrate by drawing the curve 4 x 2 _ ^^ 2^4 _ ^ 2 ) 

Find the algebraic equations satisfied by the functions y given in Examples 16-22. 

16. y^/(x + 1 ) = 17. y == -v/x + ^x 18. y Vx = ^/(x + 1 ) + \/(^ — 1 ) 

19. yW(^ + 2) + V(^ - 2)} = V(^ - 1) + V(^ + 1) 

20 . y = - 1 ) 21 . y = ^ {x^(x - 1 )} + -^{x(x - 1 ) 2 } 

22 . y = ^x + -^x 

23. Draw the graph of y^ — 4xy2 + 4x^ = 0 and find explicit forms for the 
four branches of y. 

24. Prove that if y^(x + 2) = V(1 + ^) ”■ \/(l “ ^)» then 

y^(x + 2)2 — 4y2(x + 2) + 4x2 _ q 

Obtain explicit forms of the four branches and state for what values of x the branches 
are real. 

25. Show that the algebraic equation satisfied by 

y ^ y/X -Y yf(x - 1) + y/(x + 1) 

is y® — 12xy® + 2(16x2 + 4)y^ — 4xy2(7x2 — 4) + (3x2 _ 4^2 _ q What are the 
8 roots of this equation when (i) x = 2 , (ii) x = 1 ? 

26. Find the tangents to the curve y(2y — 1 ) = x2(x — 1 ) at the points ( 0 , 0 ), 
(1, 0), (0, J), (1, J). Find also the closer approximations to the curve at these points. 

27. Obtain the first non-linear approximations to the curve 

y2(y - 1 ) = x(x - 2)(x - 3) 

at ( 0 , 0 ), ( 0 , 1), ( 2 , 1), ( 00 , 00 ). . 

Obtain the first non-linear approximations at (0, 0) to the curves given in 
Examples 28-35. 

28. (x 2 - y 2 )(a: + 2 y) + x^ + y® = 0 
7 
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29. — y^ + {x — y)(x^ + y^) + y^ = 0 

30. (x — y)^(x + y) + (x!^ — y^) x^ + if =0 31. (x — y)^ + + ./ == 0 

32. (x^ — y^)(x + 2y) + 2x{x + yy(x - y) + a;® + 2 /® = 0 

33. (x — y)^ + 2a;^ — 4a;®y + 4a;y® — 2y^ — a;® — y® = 0 

34. (y — x2)2 + 2/3 4- a;® = 0 35. (y — x^)^ + x{y — a;3)2 + — a;® = 0 ^ 

Obtain the first non-linear approximations to the curves given in Examples 36-57, 

when one at least of the variables is large. 

36. y\x ~ 2) = a:* 37. xy^ = (x - 1)® 38. y^(x^ 4 1) = 

39. y®(a;3 1) = a:® 40. y(y -f l)(a; — 1) = a;® 

41. y2(y - l)(a;3 + 1) = a;® 42. (y® - l)2(a;2 - 1) = 4a;2 

43. 2a; - y2 -f 4a;3y4 =0 44. a4 - y^ + 2xy^ =0 45.y® - a^y® f 4a;2 = 0 

46. 4y3 + a;® - a;’y2 -f 2a;^y® - 8a;®y® =0 47. y^(x + 2) = Sx^{x + 1)^ 

48. y®(a; - 1)® = (2a; + l)(4a; + 3)® 49. y4(4a;2 + 1) = (4a;® - 1)® 

50. 4y®(a; - 2)®(a;2 + 1) = (a;® - l)(a; - 1)® 51. y2(y - 1) = a;(a; - l)(x - 2) 

52. y®(y - l)®(a;® -f l)(a; -f 2)® = a;®(a; - l)®(y® + 1) 

53. y®(y + l)®(a;® -f 1) = 8a;®(y - 1) 

54. y®(y - l)2(a;® + 1) = 3(9a;® - l)(y + 1) 

55. y(2y® - y + 3)(a;® + 1)® = 2(y® + l)(x^ + a;® + 1) 

56. a4y® — x®y^ + 4a;y^ — 2a;®y® + 2a; — y® = 0 

57. a;®y®(y — 2x) -f Qcy{y — 2a;)®(y + 4a;) + 3a;® -f 2y = 0 

Obtain the first non-linear approximations at (0, 0) to the curves given in 
Examples 58-62. 

58. (a; y)® -f a;(a; + y)® = a4 + y* 

59. (2a; — y)® — (2a; — y)® -f (2a; — y)(a;® + y®) -f- a;® = 0 

60. (a; — y)® — 2(a; — y)® -f a4 = 0 61. (y + 2a;)® -f 2?/ = a;® 

62. (a; + y)® + 2(a; + y)® + (a; + y){x^ — y®) + a;® — a;® = 0 
Draw the curves given in Examples 63-122. 

63. y® = a;®(a; + 1) 64. y^ = a;®(a; -f 1) 65. y® = a;(a; — 1)® 

66. y« == a;®(a; - 5)® 67. y^ = a;®(a;2 + a; + 1) 68. if(x + 2) = a;® 

69. y®(a; + 1) = 2a;® 70. y®(a;® + 1) = a;® — 1 


71. xy^ = (a; — l)®(a; + 1)® 


73. y\x^ + 1) = a;® 


72. y\x - 1)® 


74. y®(a;® + 1) = (a; — 1)® 


75. ifx\x f 1) = 1 


76. y® + (a; -- l)(a;® -j- 1)® = 0 
78. y®(a; + 1) = a;(a; — 1)® 

80. f(x + 1) = x\x - 1)2 
82. y\x 4- 2)2 = a;®(a; - 1) 

84. y®(a;® 4- 4)(a;® 4- 9) = a;® 4- 1 
86. 4a;®y® — 9a;® — 4y® 4- 16 = 0 
88. y\x — 1)2 = x^(y 4- 1) 

90. y2(y - l)(a; - 1)® = 4a;® 

92. f{y - l)®(a; -f 1) = a;®(y 4- 1)^ 

94. y®(y — l)®(4y — 5) = a;®(a;® 4- 3a; 4- 1) 

95. (y® 4- l)(x^ 4 - 4) = (a;® 4- l)(y® 4* y 4- 1) 

97. y 4- a;® = 2a;y® 98. a;® 4- y® = 2a;y 

100. a4 4- y^ = a;®y 101. a;* 4- y® = 2a;®y 

103. a4 — y^ = a;®y® 104. a;® 4 - y® = 5xy 

106. a;® 4- y® = 5a;®y® 107. a;* 

109. y{x — y)® = a; 4- y 

111. (x 4- y)(x - yY = y(3a; - y) 112. 


77. y\x 4 - 1)^ = a; 

79. y®(a; - 1)® = a;®(a; 1- 1) 

81. y^{x - l)(a; 4- 1)^ = u;® 

83. y®(a; - l)®(a; -f 1)" = a;® 
85. y®(a;® 4- l)(a;® + 4) = Ta;® 
87. y(y - l)(a;® 4 - 1) = 2a;® 
89. y®(a; 4 - 1)® = a4(y — 1)® 
91. y®(a;® + U = a;(y — 1) 
93. (y - l)(a; + 0® == xhf 
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96. a;® 4 - y® = 2xy 
99. X® 4- y® = a4y^ 

102. a4 4- y* = x' 
105. X® + y® =s 5x®y 


-6 4 - ^6 _ 5x®y® 108. x(x 4“ y){x 4 V 

110. y2(x4-y)2=a;®(y 4-2) 


1 ) ==2 


X® 4- a;y = y®(l — y) 


113. 3x^ — 2x®y — 2x®y — y® ^ q 114. a;® 4- y® = a:®(x® — xy 4- if) 
115. 2(y — X®)® = X® 4 - X® 116. 2x® 4- 3x®y® — 4xy^ — _ q 

117. X® — 2x®y 4 - 3xy® — y* = 0 118. x® — 3x®y® 4- xy^ — y® == 0 

119. X® — 4a4y 4- 2x®y 4- y® = 0 120. (y — x®)® = x® 4- 2x®y 

121. y^ — x^ 4- 2xy(x®y® — 1) = 0 122. y® — x® — 2xy(xy — 1) = 0 

Find the singular points of the curves given in Examples 123-8. 

123. y ®(6 — y)® = a4(2x 4- 9)® 124. (x® — l)®y® = a4(y® — 1)® 

125. x2y® 4- 144x 4 - 48y 4 - 432 = 0 126. (x 4 - 1)% — 1)® -f 64x®y® = 0 

127. (X 4- y 4- 1)® = 27xy 
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128. ^y\x + 16) - 1/2(111^3 _ 128x2 + 36x + 128) + 32(x2 - l)2(a; + 2) = 0 

129. Prove that if a sextic possess one triple point, it cannot possess more 
than seven double points besides. 

130. Prove that if a curve of degree n{> 5) possess two triple points, it cannot 
possess more than J(n2 — 37 ^ _ 8) double points besides. 

Express the co-ordinates of a point on the curves given in Examples lSl-3 
rationally in terms of a parameter t and draw the curves. 

131. x* + y* = ^ 132. x(x2 — 4i/2) = a;2 — y2 

133. 4x® — 17x2y2 -j_ 4x^4 _ yi 

134. Show that the quartic y^(y — 3) + 4 (x 2 — 1)2 =0 has three double 
points and prove that the variable conic xy + t(y + 2 x 2 _ 2 ) = 0 meets the 
quartic in the point given by x = ^( 2^2 __ 3 )^ y = _ 1 _}_ g ^2 _ 4 ^ 

135. Sketch the curve (x 2 — a 2)2 = ay\2y + 3a) showing that it has three 
double points. By taking a variable conic through these and the point ( 0 , \a) 
obtain the co-ordinates of a point (x, y) of the curve in the form 4 x = a ^(6 — ^ 2 ), 
8 y = a (^2 j^2t - 2)(^2 _ 2 / - 2 ). 

136. Trace the curve given by t{t + l)x = 1, t{t + 3)y = 1 and obtain the 
algebraic relation connecting x and y, 

137. Show that the point given byx(l + 2t) = t^(2 -f t),y(l + 2 ^)® = t{2 + t)^ 
lies on the curve (x 2 + 6 xy + y^)^ = I6xy{4,xy — 3 x — 3 y -f 4 ) 2 . 

138. Sketch the curve given by x: y : 1 = /(I + / 2 ); _|_ ^ 2^2 . 4 - 3^2 _j_ 

Draw the contour lines of the surfaces given in Examples 139-59, and discuss the 

continuity of 2 . 

139. yz —y'^ — 140. xyz — x/^ -{• y^ 141. xyz = x^ + 

142. (y 2 4 _ a 4)2 — y^ — 143. 2 = xy + x^ 144. 2 = xy -f x^ 

145. XH — Xy2 4 - y 2 _ a;3 145 ^ ^ 4 _ ^y2 147^ ^y2 ^ _ ^ 2 ) 

148. z = xy + x® 4 - x2y 149. z = (a;2 4 - y2)(a;2 — 4 y 2 ) 

150. z = (x2 4 - y2 _ l)(a;2 4 - y2 - 4) 151. z(y4 - x2) = x(x^ - y^) 

152. z = 2x2 4_ 2^2 _ 3 ^y 2 153^ 2^3 _ _ yS^ 

154. xz(x — 1 ) = x2 — y® — x2 4 - y2 155. ^ ^ y^)(x^ + 4y2) 

156. z = (x2 — y2)(x2 — 4y2). 157. zy2 = x2(y2 _ a;2 4 - 1 ) 

158. (x — l)z = x(y2 — a;2) 4 - (x^ 4 - y 2 ) 

159. z = (4x2 4 _ ^2 __ 4 )(a ;2 4. 4^2 _ 4 J 

Solutions. 

15. y = V(1 + a;) - ^/(\ - x), - y/(\ + x) ± v'(l - x) 16. y^{x + 1) = x 

17. y* — 2xy2 — 4xy + x(x — 1) = 0 18. x^y^ — 4 x 2 y 2 4 - 4 0 

19. 16y» - 16x2y6 4 - 4(6x2 __ 2)y4 _ 4x2y2 4-1=0 

20. y* — 3y^(x — 1) — 2xy^ 4 - 3y2(x — 1)2 — 6 xy(x — 1 ) = x^ — 4x2 4 . 3 ^ _ j 

21 . y 2 — 3xy(x — 1 ) = x(x — l)(2x — 1) 

22 . y® — 3xy^ — 2 xy 2 4 - 3x2y2 — 6 x 2 y 4 - x 2 (l — a;) = 0 

23. y = 4: ^{x — x2) ± ^/{x + x2) 

24. y^{x -f 2) = 4 : V(1 -f a;) ± — a;). Real when |x| < 1. 

25. (i) 4 : V2 4: V3 ± 1; (ii) ± 1 ± '\/2 each occurring twice. 

26. (0, 0), y = x2; (1, 0), y - 1 - X - (X - 1)3; (0, J), y = J - x2; (1, J), 

y _ _ l 4 _^a; _ 1)3 

27. (0, 0), y2 = - 6 x; (0, 1), y = 1 4 - 6 x - 77x2; 

( 2 , 1 ), y = 1 - 2(x - 2 ) - %x -2f; («>.«>), y = a: -1 ^ 

28. y = X 4 - J^x2, y = _ X 4- ia; 2 , y = _ Jx — fx2 

29. y=x4-x*, y = —X — 2x2 

30. y == X 4- 2x2, y ^ ^ y = _x — 3i^y^a;4:V(-a;®) 

32. y4-x=x^, y=x4- Jx^, x 4 - 2y 4- x2 = 0 

33. y = X 4: a;3 34. y = x2 4; V(— a;®) 35, y = x2 4 ^ x^ 

36. 9y = 9x 4- 6 4- 8 /x, ( 00 , 00 ); y3(x — 2 ) = 16, ( 2 , 00 ) 

5 5 

37 . ±y = *- ^ + (co, 00 ); j^a; + 1 = 0, (0, oo). 
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38. y = 1 - (1, oo); y = _ 1 + ^, (- 1, oo) 

39. y = 1 - i (1, 00 ); y\x + 1) = _ (_ 1. oo) 

40. y =a: + ^, (oo, 00 ); y = - X - 1 - i {oo, oo); y\x - 1) = 1,(1, oo) 

41. y = X + ^ (oo, oo) 42. y _ ^3 = V3/(6x»), (oo, V3): 

y + V3 = -V3/(6x2),(oo, -v/3); y*(x - 1) =2,(1, oo); y*(x + 1) = - 2, (-1, co) 

43. 4x“y2 = 1, (0, oo) 44. ± y = x + ^ + (oo, oo) 

45. xy = ± 2, (oo, 0); ±y = x (oo, oo) 

1 3 

46. xy = ±l, (oo, 0); ^ ~ i)’ 

3 

2y = ± X — i T gj, (oo, oo); 2x'‘y2 = 1, (0, oo) 

2 

47. y = 2x + ^, (oo, oo); y’(x + 2) = 32, (— 2, oo) 

48. y = 2 + |, (oo, 2); y'(x - 1)» = 147, (1, oo) 

49. ± y = 2x — i, (oo, oo) 

50. ± y = I + ^, (oo, ± i): 20y2(x — 2)* = 3, (2, co) 

2 2 

51. y = x - g - (oo, 00 ) 

3 63 , , 9 63 

52. y =x-j +^,( 00 , 00 ); y = - * + j _ — (oo, oo); 

5y<(x + 2)« = 676, (- 2, oo) 

53. y=2x-l-^, (oo, oo); 2x»(y - 1) = 1, (oo, 1); 3y»(x + U = 8. 

(- 1, oo) 54. 63x*(y - 3) = - 40, (oo, 3) 

55. y = ix*, (oo, oo); y - 1 = — ^ (oo, 1) ; x% — 2) = 18, (oo, 2) ; 
2x*y = 1, (0, 00 ) 

6 21 

56. y = X + 1 +^, (oo, oo); y = - x - 3 - (oo, oo); (x - 4)y = - 8, 

(4, oo); 4xy* = 1, (0, oo); xV = — 2, (oo, 0) 

57. y = 2x - (oo, oo); y = ± 2y/2 — ± 2-v/2); 16x*y + 3=0, 

(oo, 0); xy® + 2 = 0, (0, oo) 

58. y = — X ± v'2x* 59. y = 2x ± •v/(— x®) 

60. Origin isolated with real tangent x = y. 

61. Origin isolated with real tangent y = — 2x. 

62. y + X + X® = ± 2x® 

123. (0, 0), (0, 6), (- f, 0), (- #, 6), (- 3, 3) 

124. (0, 0), (± 1, ± 1). 125. (- 2, - 6) 

126. (0, 1), (-1, 0), (3, - 2). 127. (1, 1) 

128. (± 1, 0), (0, ± 1), (2, ± 2) 131. X = 1 + <®, y = <(1 + 1») 

132. x:y: 1 =(1-<®); 1(1 - <®): (1 - 4<®) 

133. I'x = (41® - 1)(1® - 4), y = lx 136. (x - y)® = 2xy(3y - x> 







CHAPTER IV 


FUNCTIONS DEFINED BY SEQUENCES. DISCONTINUOUS 
FUNCTIONS. CONVERGENCE OF SERIES. SINGLE 
AND DOUBLE POWER SERIES. EXPONENTIAL, 
LOGARITHMIC AND CIRCULAR FUNCTIONS. 

4. Functions defined by Sequences. Functions that are not 
algebraic are called Transcendental, and it may be expected that a simple 
way of defining such functions is through the medium of convergent 
sequences of known functions. Thus a function may be defined as 
lim/(a;, n) when n —> oo for those values of x for which the limit exists. 
In some cases, such a function may be expressible in terms of algebraic 
functions but this does not make it algebraic. 

/a;n—1 — 

Example. If F(x) = lim when |a;| > 1, F{x) — x, but when 

|a;| < 1, f{x) = — X. There are, therefore, discontinuities at x= ±1. 

Since discontinuities are of frequent occurrence in functions defined 
by sequences, it is convenient here to classify the various types of dis¬ 
continuities that arise. 

4.01. Discontinuities. Let f(x) be defined at all points near x = a, 
and let x^, Xz, . . be an increasing monotone tending to a. Let 

be the upper and lower bounds of f{x) m x^<,x < a. 

Then U 2 > • . . > ?7n > • • . > > • • . > ^2 > Li- 

The sequences U^, therefore tend to hmits U, L respectively (if 
f{x) is boimded) and U ^ L. If f(x) is unbounded, one at least of these 
sequences tends to i oo, and therefore we shall include + oo or — oo 
as possible ‘ values ’ of U, L. 

It may be shown that U, L are independent of the choice of monotone that 
tends to a. 

The hmits TJ, L are denoted by /(a — 0), f{d — 0) respectively. 
Similarly by considering a decreasing monotone tending to a, we may 
define f{a + 0), f{a + 0) . 

(i) If/(a — 0) = /(a — 0) =/(a) = /(a + 0) —f(a + 0), f(x) is obvi- 
ously continuous at x — a. Otherwise it is discontinuous. 

(ii) If all the limits are finite, the discontinuity is said to be finite 
(or bounded); if one, at least, is infinite, the discontinuity is said to be 
infinite. 

(iii) If /(a — 0) = f(a — 0 ), each is the same as /(a — 0); and if 

f(a + 0) = /(a 4- 0), each is the same as f{a + 0). 
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(iv) If f{a — 0), f(a + 0) both exist {f(x) not being continuous at a), 
the discontinuity is said to be of the first kind. Otherwise it is of the 
second kind. 

The discontinuity is still said to be of first kind when one of the 
limi ts f{a — 0), f{a + 0) is infinite, or both are infinite. 

(v) If f(a — 0) =/(a + 0) 9 ^f(x), the discontinuity is said to be 
removable. 


(vi) The greatest of the numbers/(a + 0),/(a — 0),/(a) is sometimes called the 
maximum of the function at a ; and the least of the numbers /(a + 0 )> /(a — 0 ), 

f{a) is called the minimum of the function at a. The excess of the maximum over 
the minimum is called the saltus at a; whilst the oscillation at a is defined to bo the 


excess of the greater of/(a + 0), f(a — 0) over the smaller of f(a + 0) , f(a — 0 ). 

(vii) If the set of points of discontinuity of the first kind is infinite, it is enumer- 
able. 

At such a discontinuity, the saltus is not zero, but the oscillation on each side 
is zero, since the function tends to a limit on each side. Let k be any positive number 
and let E{k) be the set of points for which the saltus of/(a;) is > k. Lot a be a 
limiting-point of E(k), if this set be infimte. Then near a, an infinite number of 
points of E{k) exist, so that on one side of a we can always find a point for which 
the oscillation is not zero. Thus a is a discontinuity of the second kind and does 
not belong to E(k). The set E(k) is therefore isolated and enumerable. Take a 
sequence of numbers A;„(> 0) tending steadily to zero. The limiting set 
E(k-^ E(k^ , , , contains only the points of discontinuity and being an 
enumerable (or finite) set of enumerable (or finite) sets must be enumerable. 

( X ^— ^ — 72 >\ 

---) (§ 4y Example.) 

xn-i -I- fi/ 


Here,/(- 1 - 0) = - 1; /(- 1) =/(- 1 + 0) = 1; /(I - 0) =/(l) = - 1 ; 
/(I -f 0) = 1. (Both of first kind.) 

Let f(x) = lim - 1)(^ - - 3) + wa;(a; - 1) + 2 

^ ^ - l)(x - 2) - n(x - !)(* + 2) + *» + 3 

Here f(x) = a; — 3, (x^ly x^ 2); /(I) = J; /(2) = — J. (Removable.) 

(iii) Letf(x) = sin (1/a;), (a;^0); /(O) =0. 

fTTO) = 1, /(4-0 ) = - 1; /F^ = 1, /(- 0 ) = - 1. 

Finite discontinuity of the second kind. Saltus at 0 is 2. 

(iv) Letf(x) = {sin(l/a;)}/a;; /(O) =0. 


/(+ 0) =/(- 0) = + cxD; /(+0) = /(-0 ) = - cx). 

Infinite discontinuity of the second kind. Saltus at 0 is -f oo. 

(v) Letf(x) = a; sin (1/a;); /(O) =0. The function is continuous. 

(vi) Let f(x) = the greatest integer > x. 

Here f(n) =f{n -|- 0) = n; f{n — 0) = — 1. {n integral.) 

f{x) has finite discontinuities (first kind) at x = n; but is continuous on the 
right of a; = w. 

4,02, Infinite Series, From the sequence u{Xy n) we can form a second 
sequence S{Xy n) given by 

S{x, n) = u{x, 1) + 2) + . . . + u{x, n) 

and if S{x, n) —> S{x) when n —> oo, we write 


S{x) — u{Xy 1) + u{x, 2) + . . . = Zu{x, n) 

1 

the right-hand side being called a convergent infinite series, and S(x) 
its sum. 
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Since the variable n takes only integer values 1, 2, 3, . . it is 
usually more convenient to write it as a suffix and obtain 

OO 

S{x) = U^(x) + Ui{x) + . . . = SUnix). 

1 

Similarly we may have infinite series that diverge to + oo or >- oo or 
that oscillate (finitely or infinitely). 

It is seldom possible to find a suitable expression for SJx) from 
which the convergence of the series can be directly investigated, and for 
this reason tests have been devised that apply to the general term of 
the series u^(x). Before considering such tests in general, we note the 
following facts as a prehminary: 

(i) It is necessary for convergence that lim uj^x) = 0. 

For if /S(x), then Sn^i{x)S{x) and therefore 

Unix) = Sn+iix) - Sn{x) -V 0. 

(ii) It is not sufficient for convergence that hm Uj^{x) = 0. 

. 1 

It will be shown later that, for example, Z- diverges although - —>0. 

\n n 

It is, of course, sufficient for non-convergence that hm uj^x) ^ 0. Thus 
the series + tIt + • • • diverges, since the ^th term tends 

4.1. Series of Positive Terms. With the object of obtaining 
comparison tests for convergence, let us assume that all the terms are 
positive. 

Note. If the only question that is being considered is that of convergence, a 
finite number of terms may be omitted without altering the character of the series. 
It is sufficient, therefore, that the conditions stated should hold from and after 
some fixed term; and this will always be implied in the course of our work. 

Let US suppose also that the variable x that occurs in uj^x) has a 
particular value. The terms are therefore constants and it is simpler 
to use the notation — u^. Since > 0 (all n), 

is an increasing monotone. It therefore tends to a limit, if bounded 
and to + OO, if unbounded. Thus : 

A series of positive terms either (i) converges or {ii) diverges to -f oo. 

4.11. General Comparison Theorems {positive terms). 

00 00 

A. If < v^ and Sv,^ converges, then converges. 

1 1 

00 00 

If > Vn and Zv^^ diverges, then diverges. 

1 1 

U V ^ oo 

B. If —~ > —— and l'v„ converges, then converges. 

Un+l ^n+l 1 1 

U V ^ oo 

If —— < —— and Zv^ diverges, then Zu^ diverges. 

^n+l ^n+1 1 1 
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A. If < v„, 
vergent. 


n n ” . 

and therefore Zu^ is bounded and con- 
1 1 1 


B. ^ + . . . + •••“» ') 

1 y Ui UxU2 — 


< ~ TVn. 
1 


n 

Therefore Zu^ is bounded and convergent. 

1 

The theorems for divergence follow by similar reasoning. 

4.12, Comparison Series. The following series of positive terms are 
the most useful in practice for obtaining tests for convergence. 


(i) Zc^, (c > 0), 
0 


(ii) Z —, 


(iii) Z ~ - 

2 n (log ny- 


Note. It will be shown that the exponential function may be defined by a 
series whose convergence may be established by means of the geometric series (i). 
It is convenient, however, at this stage to assume the properties of this function in 
dealing with the series (ii) and (iii). 
n 1 _^n+l 

(i) Ec^ = — -, (c 1); and = w + 1, (c = 1). 

0 1 — C 


The series converges if c < I and diverges to + oo when c> 1. 


Note. The series Zx” (for any a;), converges for |a:| < 1, oscillates finitely if 
0 

X = — 1 and oscillates infinitely when a; < •— 1. 

oo 1 r I 

(ii) r- ; let Sr=^Z-. 

' iMP " iWP 

Since all the terms are > 0, it is sufficient for convergence that 
Si, S 3 , S„ . . Sju . . . should be convergent (M = 2"* — 1, m = 1, 
2, 3, . . .)• 

2 4 2"^”^ 

But Siu < 1 + ^ + + . . . + (a geometric series) 


The original series therefore converges if p > 1. 

Again, the original series diverges if Si, S 2 , S^, . . ., . . . is a 

divergent sequence {M = 2 ^, m = 0, 1, 2, . . .). 

I 2 <^m — \ 

But /Sjvj > 1 + - + ^ + . . . + a geometric series which 


diverges if < I, i.e. the original series diverges if p < 3 1- 

(iii) By a method of grouping the terms similar to that used in (ii), 
we may show that the series (iii) also converges if p > 1 and diverges if 

p < 
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Notes, (i) A similar proof may be obtained to show that the series whose 
general terms are 

_ \ _ _ \ ___^ ^ 0 , 

w log r?,(log log w log n(log log ?i)(log log log w)®’ 

are all convergent if > 1 and divergent if ^) < 1. 

(ii) The convergence of these series may be established by the Maclaurin- 
Cauchy Integral Test, which involves the use of an infinite definite integral. (See 
Chapter XI, 11.02,) 

4.13. Tests for Convergence (positive terms). The two principal ways 
in which convergence may be estabhshed are (i) by direct comparison 
with known series, using Theorem A, § 4.11, and (ii) by ratio-comparison 
with known series, using Theorem B, § 4.11. It will be found that the 
second method leads to more practical results than the first and that 
in each case the most useful form of the result is one involving a Umit. 


4.14. Comparison Tests (positive terms). Theorem A relates the con¬ 
vergence (or divergence) of a series EUf^ directly with that of a known 
series 


Example. log n * ^hen n is large, log log n> 2, and therefore 


(logw)^ogn ^ ^ 2 ^ i e, ^he series converges since / converges. 




U 

4.15. Limit Forms of the Comparison Test, (i) If lim — exist (and 

is not infinite), and if is convergent so also is Eu^ ; for a finite number 
K (independent of n) can be found such 0 < < Kv^^ so that Eu^ 

converges since KEVj^ converges. 


(ii) If lim Sexist (and is not zero), then Eu^ is divergent if Ev^ is 

divergent; for a positive number k can be found, independent of w, such 
that > kvn and therefore Eu^ diverges since kEv^ diverges. 


V * 1 . 1-^1 

Examples, (i) If a is not an integer, / ^ - diverges becauselim ^ ^ — 1 

VI , 

and / diverges. 


(ii) Let = n^l(n + and v„ = n-P. 

Then (u„/vJ—> 1 and »o En^l(n + 1)p+^ converges if > 1 and diverges if 
p<l^ 

Notes, (i) These tests are sufficient tests but not necessary. 

(ii) When lim — does not exist, lim {—) may be used in the convergence test 

and lim in the divergence test. 

(iii) If can be expressed asymptotically in the form + o(v„), then Z% 

u 

converges or diverges with Ev^, for bca = 1. 

/ 2n + 1 \ 1 1 \ • 

Example. Let Un = log “ V ’ ^ 12^2 

the logarithmic expansion, i.e. Eu^ is convergent since Zi converges. 
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1 

4.16, Cauchy's Test, If lim exists and is equal to Zu^ con¬ 
verges if A: < 1 and diverges if yfc > 1. 

Let k <\y and let k^ be any number such that k <ki ciX, then 

ultimately i,e. < k^ and therefore Zu^ converges if i < 1. 

The proof for divergence when k >l may be obtained from the 
above by reversing the signs of inequality. 


/ lY ~ 

Example. Let (x > 0). Here ^ -> x. The series 

Zu^ therefore converges if a; < 1 and diverges if a; > 1. 

When a; = 1, —>■ e, and therefore the series diverges if a; = 1. 

Notes, (i) The test fails if —> 1. 

i _ 1^ 

(ii) When lim does not exist, the series converges if lim < U and diverges 

if > 1, the upper limit being used in both cases. 

4.17. Ratio-Tests for Convergence. Ratio-tests are obtained by apply¬ 
ing Theorem B, § 4.11, and using the series Zc^, Zw~'^\ Zn~^ (log . . . 
for comparison. 


When (i) = c^, 


1 

C ’ 


(ii) = n-v^ 


'"n + i 



1+^ + 0 

n 



(iii) (log n)-P, = 1 + 1 + 


-f 


n n log n 

for in (iii) i + log + i^/l„g nj- 

= (l + iVl + - i- + o( 

\ n/[ niogn \n\ogn/] 


\n log n) 


-(*+s) 


1 ++ 

n log n 


\n log n)] 


Suppose therefore can be expressed in the form A o(— \ 

n \n 7 ’ 

since this covers a large number of cases occurring in practice. Then 
(i) If ^ > 1, Zu,, is convergent, and if ^ < 1, Zu^ is divergent. 

For when ^ > 1, we can find c such that ^ i > 1 and such that 

c 

ultimately >-» i*e. > vjv^^^ where v^ = c^, i.e. Zu^ is con¬ 


vergent since Zc^ is convergent. 

Similarly, divergence is established when ^ < 1. 

(ii) If .4 = 1, R > 1, Zun^ is convergent, and if 4 = 1, R < 1, Zu^ 
is divergent. 
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For when R > 1, we can find p such that R > > 1 and such that 

xiltimately > 1 + p/n, i.e. > where = wp, i.e. 

Zun is convergent since Zn~^ is convergent when p>l. Similarly may 
divergence be established when R < 1. 

(iii) If ^ = 1, R = 1, Zun is divergent. 

For log n — o(n) and therefore \ = of - I so that ultimately 
® w* \wlogw/ 

“«/«»+! < «»/Vn+l if (log w)-h 

4.18, The Limit Forms of the Ratio-Tests, By comparisons similar 
to those used in the previous paragraph we deduce that 

exists and is equal to A, Eu^ converges if ^ > 1 and 


(i) If lim 


% 


n+i 


diverges if ^ < 1. {d^Alembert,) 

For = A + 0(1). 

(ii) 


ii) If limnf — 11 exists and is equal to B, Eu^ converges if 
V^/i+i / 


B > 1 and diverges if B < 1. (Raabe,) 
For = 1 + B/71 + o(l/n). 

(iii) 


iii) If lim J n( — 1) — 11 log n exists and is equal to K, Eu^ 

I / J 


converges if Z > 1 and diverges if jK < 1. {de Morgan and Bertrand,) 
For u = 1 + 1/n + K/(n log n) + o(l/n log n), 

a.h a{a + 1).6(6 + 1) 

Examples, (i) 1 + ^ + l.2.c(c + 1) ' + 

integer. The terms are ultimately positive. 

{n + l)(c + n) 


where c is not a negative 


Here 


(« + n){b + n) 


(taking 1 = 2 ^ 0 ) 


= 1 + 


6 - 1 


•H- 01 


(i)' 


The series converges if c > a + 6 and diverges if c < a + 6- 
^ /1.3.5. ... (2» - 1)\»> 

(ii) Let un+i = t 2.4.6_2n'' / ' 


Here = i zn- i )^ ^(’^ 2 )’ converges if p > 2, 

and diverges if p < 2. 

Notes, (i) d’Alembert’s test fails when lim —— = 1. When it fails, Raabe’s 

test is applicable but fails also when lim -l) = 1. If Raabe’s test fails, 

the test of Bertrand and Morgan may be appUed, which also fails in the critical 
case. By continuing the set of comparison series 

E(n\ogn)-^ (loglog 7 i)-^ 2:(?ilog7i.loglog(log log logn)-'^, . . , 
tests of greater and greater precision may be obtained but no practical purpose is 
served by doing so. No comparison test can be universally effective. 



















88 


ADVANCED CALCULUS 


(ii) When lim —— does not exist, d’Alembert’s test may be taken in the form 

^n+l 

27% is convergent, if lim (——j > 1 and divergent if lim (- —” ■ ) < 1. 

Corresponding modifications may be made to the other tests. 

(iii) It is not sufficient for convergence that %/% 4 .i > 1 for all values of n, since, 
for example, the limit of %/%+i may be 1. Thus if % = l/n, % > % 4 .i, but the 
series is divergent. 

(iv) It is sufficient for divergence that % < %+i even when lim (WnA^n+i) = L 
for Uu^ is then > nu^, 

4,19. Summary of Convergence Tests (positive terms). The essential 
features of §§ 4.13-4.18 may be summarized as follows (where C denotes 
convergent and D divergent): 

A. Direct Comparison. 

(a) If Uy^<v^ ( > %) and Iv^ is C(Z>), then is C{D). 

(TheoremA.) In particular 

(fei) If % = + o(vf), and Zv^ is C(D), then 27% is C(D), i.e. 

expand for n large. 

( 62 ) If lim i and A; < 1 ( > 1), 27% is (7(D). (Cauchy.) 

B. Ratio-tests. 

(a) If > ( <) and is C(D), then Zu,, is C(D). 

Mn + l 

(Theorem B.) In particular 

B > 1), 27% is C, but if (A < 1) or (4 = 1, JB < 1), Zu^ 

is D. (Bromwich.) 

i.e. expand when n is large. 
u 

(6j) If lim —2- = and ^ > 1 ( < \),Zu^ is G(D). (d'Alem- 

“»+i 

bert.) 

(63) If lim ni — ll = S, and 5 > 1 ( < 1), 2 m„ is C(D). 

l“n+l J 

(Raabe.) 

(6i) If lim log — l| = and A' > 1 ( < 1) 

Zun is 0(7)). (de Morgan and Bertrand.) 

4.191. Notes on Cauchy's and d'Alembert's Tests. Cauchy’s test is of greater 
theoretical importance than d’Alembert’s, but the latter is more useful in practice. 

Cauchy’s test, in its simpler form, fails when lim ufn = 1, and a series of tests may 
be devised to deal with this case analogous to those obtained when d’Alembert’s 
test fails. (Ref. Bromwich, Infinite Series, II, 15.) 
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It is to be expected that if both limits lim lim —^ exist, they are equal, 

^n+l 

but we have given no reason to suppose that the existence of the one implies that 
of the other. 

Consider, however, the series 

Wo + + . • . + + . . . (c> 0) 

Let G = iim and g = lim We have already shown that the series 

‘ . ... 

converges when Qc < 1 and diverges when go \, and no information is given 

by the general d’Alembert test when \/G < c < \/g. Also let H = lim u^n and 

h = lim w^«. The series is convergent when-ffC < 1 and divergent when HC > 1 
(even when > 1). Thus the general Cauchy test is more exact than d’Alembert, 

11 1 . 

and fails only when cH = \, It follows from the above that i.e 

G'> H'> g, and we deduce from the consideration of — that also G'>'h'> g. Thus 


lim 




< lim w„n < lim w„w < lim 


^n + l 


The existence of lim 3±i implies that of lim w„ n and that the limits are equal; 

Wn 

but the converse is not necessarily true. 

4,192, Change in the Order of Summation (positive terms). Let 
be convergent with a sum S, Let the order of the terms be changed so 
as to form a new series and let denote the new wth term and SJ the 
sum of n terms of the new series. Every is contained in S^ for some 
value of m and therefore S^ tends to a limit S' < S, Similarly S S'. 
Therefore S' = S, or, an alteration in the order of the summation for a 
series of positive terms does not affect the sum. 

4.2. Series in General. When a series contains an infinite num¬ 
ber of terms of both signs, the comparison tests cannot be immediately 
applied. 

4.21, Absolute Convergence. The comparison tests may, however, be 

apphed to and if Z|w^l is convergent, so also is Zu^. 

Let S^ = Su^ and = £\Un\ ; if converges, is ulti- 

1 1 

mately small (m, n both large); but 

= l^n+l 1 + 1 ^n+2| + ... + Im^I > \u n+l + ^n+2 + • • • + ^m| 

i.e. ^ ^n|> 

i.e. \S^ — Sn\ is small (m, n large); or S^ converges. 

WTien Z\Un\ converges, Zu^ is said to be absolutely convergent. 

Example. 1—2-^ + 3“’^ — 4-*^ + ... is absolutely convergent if ^ > 1, 
00 

since is convergent. 

1 

4.22. Non-absolute Convergence. Conversely, Eu^ may be convergent 
when E\Uy^\ is divergent, and in this case Eu^ is said to be non-absolutely 
convergent (or conditionally convergent or semi-convergent). 


A 
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4.23. Leibniz's Rule for Convergence. This is a test of frequent appli¬ 
cation to series that may not be absolutely convergent. 

00 

If (i) > 0 , (ii) lim = 0, then Z(— converges. 


If Sr = Z{— then 

1 

S^r — (^1 . . . + ^ 2 r) 

= (l\ ( 0^2 ^ 3 ) (®4 ^s) ... (^2r—2 ^2r— 1 ) ^2r 

i.e. S^r is a positive increasing monotone < ai ; also 

^ 2 r+l = (^2 ^3) ... (<^ 2 r %r+l) 

= (di — (I 2 ) • • • + (<^ 2 r-l ^ 2 r) + ^ 2 r+l 

SO that >S2r^-l is a decreasing monotone > 0. Thus S^r, S2r-\-i both tend 
to hmits as /—> 00 and these hmits are equal since 

^ 2 r+l “ ^ 2 r = ^ 2 r+l 

which 0 . 


Thus the series Z{— has a sum between 0 and Ui. 

1 

Notes, (i) The sum lies between S^n and for all n. 

(ii) It is, of course, sufficient that should decrease vltimately provided that it 
tends to zero. 


Examples, (i) 1—J + J — J + . • . converges to a sum between J and 1, the 
convergence not being absolute. (Actual value is loge 2 = 0-6931 . . .) 

(ii) f“^ 2 'b^“ 42 ‘b • • • converges to a sum between J and 1, the conver¬ 
gence being absolute. (Actual value is = 0-8225 . . .) 

(iii) a„ = ^ (where no denominator vanishes). Here is ultimately 

positive and tends to zero. Also, by finding the maximum value of the rational 


function 


x^ a 


we deduce that decreases steadily when n* > 3a. Therefore 


f(- »—sir. 


converges (not absolutely). 


4.24. Fundamental Property of Absolutely Convergent Series. The sum 
of an absolutely convergent series is unaltered by a change in the order of 

n 

the terms. Let Eu^ be absolutely convergent to S and denote Eu^^^ by S^. 

1 

Let Pn = '^n when > 0 and = 0 when u.^^ < 0 . 

Let gn = ^ when > 0 and 5 ^ — u^ when < 0 . 

n n 

Then = Ep^, = Eq^ are series of positive terms where 


Sn = Pn - Qn \ + Q,i = Tn ^berc = L\u.n\, SO that 

1 


Pn W + S), \{T - S) where T = Z\u„ \. 

1 

Let the terms of the original series be deranged and let accented 
symbols be used for the corresponding series and terms. Then 
lim S,' = hm (P/ - Qf) = P-Q = S, 
since Ep f, Eq^ are derangements of series of positive terms. 
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Notes, (i) It is necessary for absolute convergence that the series obtained by 
omitting all the positive or all the negative terms should be convergent. 

(ii) If a series is non-absolutely convergent, the series described in Note (i) tend 
respectively to + oo and — oo. 

4.25. Derangement of a Non-absolutely Convergent Series. If the 
terms of such a series be deranged, the sum is in general altered. Rie- 
mann has shown that the sum can be made to have any arbitrary value 
by a suitable derangement. The series can also be made divergent or 
oscillatory. 

Example. If 1 — ^ i — J + • • . = k, find the sum of the series 

1 + i + i + 7 — i + 9 + IT + iV + iV ~ i + • • • 

obtained from the first by taking 4 positive terms followed by 1 negative. 

Denote the sum of n terms of the new series by 8 ^; then since the nth term 
tends to zero, 8^ is convergent if 8^^ is convergent and has the same limit. 

Denote E{— by and E\/n by F„. 

Then V^n — + l^n » ^An ~ ^An "b ^%n » I^ 8 n ~ ^ 8 n ^An 

SO that y An — An + y^2n + ; Vgn = Ug^ + C/gn + I' n 

XT 0,11 11/11 1\ 

= - iV,„ - iV„ = U,„ + + iU2n 

i.e. 8g^ — 2k since —> k. 

n n 

4.26. Multiplication of Series. Let S^^ = = Zv^ be abso- 

1 1 

luiely convergent to the sums S, T respectively, so that ST. 

The series obtained by multiplying the terms of Zu^ by those of 

n n 

Zvn is absolutely convergent with sum ST, since {Z\Un\) x (-^|^nl) con- 

1 1 

verges. The terms can therefore be arranged in any order without 
effecting the sum. The simplest way of exhibiting the product is by 
means of the array 

U{0^ + ^^ 1^2 + ^ 1^3 + . . . 

+ U 2 V 1 + U 2 V 2 + U^Vg + . . . 

+ UgV^ + UgVg + UgVg + . . . 

+ . 

The sum ‘ by squares ’ is lim = ST. This must be equal to the 
sum by any other method that includes each term once and once only. 
In particular, it is equal to the sum ‘ by diagonals ’ 

U^V^ + {u^Vg + UgV^) + (^ 1^3 + UgVg + UgV^) + . . . 

00 00 <x)in 4 - IVn 4 - 21 

Example. Prove that (27g'”) x (E(n 4 - = E- - ^when Ifl'l < 1 . 

By the ratio-test it is easily shown that the series are all absolutely convergent 
when Is'l < 1 and otherwise are not convergent. Arrangement by diagonals of the 
product on the left gives the coefficient of to be 

1 4- 2 4- 3 + . . . 4- 4- 1) = i(w 4- l)(ri 4- 2 ). 

Notes. The equation (Eu^) x (Ev^) = (Ew^), where 

'^n = + ^2^71-1 + . . . + Vi 

can be proved true imder less restrictive conditions than those given above. In 
particular, it has been shown by 
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(i) Ahd : that (^u^) X (SvJ = if are convergent (see 

§ 4.37 (ii).) 

(ii) Mertens : that (27w„) X (^v^) = (Hw^) if one of the series Zv^ is abso¬ 
lutely convergent and the other convergent. 

(iii) Pringsheim: that (Z(— 1)^-%^) x (^(— = (^(— when 

v^ are monotones decreasing to zero limit, provided Zu^v^ is convergent.. 

4.3. Functions defined by Power Series. The series is 

0 

called a Power Series and may be regarded as defining a function F{x) 
for those values of x for which the series converges. 


Note. Although F(x) may initially be defined in this way, it is often possible 
to continue the meaning of F(x) beyond the domain of convergence of the series. 
00 

For example, Zx^ defines a function only for |a;| < 1, but we can prove it equal to 
0 

(1 — which is defined for all values of x, except a; = 1. 


4.31. Domain of Convergence of a Power Series. By d’Alembert’s test 


the series is absolutely convergent if hm 




exists and is greater than 1 . 


Let lim 


^n+l 


= R. Then Sa^x^ is absolutely convergent when \x\ < R. 


It is not convergent for |a;| > R. For if lim= R, then (§ 4.191) 

^n + l 

1 1 

lim la^”l —1/R and {a^x'^l^ Ri/R when \xi\ = J?i, i.e. there is an 
infinity of terms > 1 when Ri > R. 

The series may or may not converge when x = :iz R and more 
exact tests must be applied. The number R is called the Radius of 
Convergence ; and the domain of convergence consists of the interval 
— R < X < R and possibly x = R, x = — R. 


Note. When lim 11 exist, dlAlembert's test does not give the 

radius of convergence. However, Cauchy’s test, in its general form, shows that 
_ 

R = lim \a^\ 


4.32. Substitution of a Polynomial in a Power Series. Let 

X = 6 o + + 62^2 + . . . + 

be substituted in Ea^x^ (of radius of convergence R). It is legitimate 
to arrange this as a power series in f at least when this series, written 
out at length, is absolutely convergent. The rearrangement is therefore 
correct at least if 


\bo\ + l^il ||| + . . . + |6^| |||^ < R 
and for this it is necessary that |6o| <R. The inequality is then cer¬ 
tainly satisfied when ||| < A; where k is some positive number. It may 
be expected, however, that the greatest value k obtained in this way is 
less than what is actually necessary for the correctness of the rearrange¬ 
ment. 


Note. It may be proved by the principle of analytic continuation that if both 
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Za^(ho + + . . . + and the rearranged series are convergent, then the 

0 

rearrangement is legitimate. {Chap, X, 10,72.) 

Example. 1/(1 + a: + a;^) =1:(- l)"(a: + x^)^. 

0 

When rearranged the series is 1 — a; + a;^ a;* + • • • and the expan¬ 
sion is legitimate at least when |a;| + < 1> i*e. when |a;| < 0-62 (approx.). 

Actually, however, 1/(1 + a; + a;^) = (1 — a;)/(l — a;®) when a; ^ 1 and therefore 
1/(1 + x + x^) = (l - a;)(l + a;3 + a;« + . . .) = 1 - a; + a;^ - a^ -f x® - a;’ . . . 
for |a;| <1. 

4.33. Power Series obtained by Term-by-Term Differentiation. If we 
differentiate term-by-term we obtain new functions F^ . . . 

defined by the power-series 

F^{x) = E{n + ; F^(x) = S(n + l){n + 2)a„+2®^ ; • • • 

0 0 


F^{x) = E{n + l)(n + 2) . . . {n + r)a^+r^^. 
0 


r is fixed). 


/ M -f 1 

—h 

\w -f r -)- 1 



Notes, (i) The radii of convergence of F, F^, F^, . . . are all equal even when 

| a„ I 

—^ does not exist. 

®n+l’ 

(ii) The series for F^, F^, . . . need not be convergent at a; = ± even when 
the series for F is convergent at a; = or — i?. 

4.34. The Continuity of a Power Series. If F{x) = Ea^^x^, then 

0 

F{x) = ao + xG{x) 

where G{x) is bounded when \x\ < R. F(x) is therefore continuous at 
a; = 0, (R ^0) and tends to the value ao. 

Let x = x^ + h, where joJol < R and \xa + < E and let |A1 be 

less than R — |a;o| { > 0 ). 

Now F{xn -\-h) = EaJ^x^ + A)” and the series when written out at 
0 

00 

length is absolutely convergent since Z'|a„|(|a;ol + 1 A|)” is convergent. 

It may therefore be arranged in powers of h without altering its value. 
The coefficient of A" in the rearrangement is 

a„ + a„+i{n + l)a:o + + • • •, i-e. = 

Thusf(a;„ + A) = F{x^) + hF^ix^) + . • • + + • • • for at least 

the interval \h\<R — jafol- This power series in h is continuous at 
h — 0, since R — |a!ol > 0, i.e. F(x) is continuous at x = Xo and has 
the value F(xo). 

4.35. Abel’s Theorem on. the Continuity of a Power Series. The pre¬ 
vious paragraph has established the continuity of F{x) within the interval 
8 
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of convergence. Abel’s Theorem gives the condition for continuity at 
the erids of the interval. 

If F(R) is convergent, then F{x) —> F{R) when x —> R. Similarly 
F{x)—>F{—R) when x—^ — R if F{—R) is convergent. Since we 
may write Rx' for x, it is sufficient to take unity for the radius of con¬ 
vergence. 

Let therefore unity be the radius of convergence of F{x) = La^x^ 

0 

00 

and let be convergent (not necessarily absolutely). It is required 
0 

00 00 

to prove that hm Ea^^x^ = 

X —^1 0 0 

Let I(x) = ao + a^x + + . . . + + pjx) 

and •^’( 1 ) = Oo + <ii + fla + . . . + dn-x + 
where pj^x) = + a„+ia:™+i + • • •; = a„ + a„ 4 ,i + . . . 

Since converges, we can find «o such that |r„| < e (aH n > w.). 
Since a„ = r„ - r„+i, 

Prk^) = V” — (1 — a;)(r„+ia;» + r„+ 2 a:"+> + . . .) 
and therefore |fj„(a:)| < e + (1 — x)e{x^ + a;"+’ + . . .) for w > rto, and 
0 < a: < 1, i.e. 

\Pn(.^)\ < £ + ex™ < 2 e. 

Now F{x) — J’(l) 

= a,(x - 1 ) + a,{x^ _ 1 ) + . . . + - 1 ) -f- p„{x) - r„. 

n—1 

But given e, we can find d, such that — 1 ) < a for all x such 

1 

n—1 

that 1 — (5 < a; < 1 , since ^a^{x^ “I) is a polynomial vanishing at 

1 

x = \. Also \pn(x)\ < 2e and \r.^\ < e, 

i*e. \F(x) — -F(l)| < 4e for 1 — d < a; < 1 , 

i.e. -F(a;) —> ^’(l) when x—> 1 from the left. 

Similarly 1 ) when x—> — 1 from the right if F{— 1 ) 

converges. 


4.36. The Derivatives of a Power Series. If F{x) = and 

() 

— R <Xq<R, 


(F{xo + h)- F{x,) 


}= 


h 

Fi(xo) + ^^F2(xo) -f —^F2,(xq) + . . . (§4.34) 


where the series on the right is a power series in h with a non-zero interval 
of convergence equal at least to R — \xq\. It is therefore continuous at 
A = 0 , i.e. F\x) = Ff^x), or the first derivative (and similarly any 
higher derivative) is obtained by term-by-term differentiation. 


Note. If F^{R) converges it is the derivative of F{x) on the left oi x — li, and 
J^i(— B), if it converges, is the derivative on the right of x = — R. (By Abel’s 
Theorem.) 







POWER SERIES 


95 


00 

4.37. Multiplication of Power Series. If (|a;| < J?i), 

0 

G{x) = (|x| < fig)* then F{x)G{x) = Ec^x^, where 

0 0 

+ ^l^n-1 + • • • + 

and |x| is less than the smaller of fii, fig. This follows from the fact 
that F{x), G{x) are absolutely convergent within their intervals. 

Notes, (i) If F{z) converges for (the smaller of i?i, R^, and the product 
series converges for B^, then the result is true for by Abel’s Theorem. 

(ii) If unity is the common radius of convergence, we have Abel’s Theorem on 
the Multiplication of Series : (2a„) x (Nh^) = (2c„) if all three series converge. 

(iii) If unity is the radius of convergence of and B( > 1) is the radius of con¬ 
vergence of then Merten's Theorem (§ 4,26) shows that (2a„) x (Sb^) = (ZcJ 

for then is absolutely convergent. 

Example, The series x — \x^ + \x^ — ... is convergent for — I < a; < 1 

CO 

The series obtained by squaring is E(— l)^a^x^ where 

2 

1 1 1 
“ l.(»t - 1) 2(71 - 2) + (n - l).l 

V. 1 1 1 1 

= + 2 + + • • • + +1 j 

2 /, 1 1 1 \ 

= n\^ + 2 + 3 + • • • + ^1/’ 

Thus (X - + ix^ . . .)“ = + i) + 1^(1 + J + J) • • . for 

— 1 < a; < 1, since the series on the right is convergent for a; = 1, (by Leibniz's rule), 

00 

4.38. Identity of Two Power Series. If F(x) = Ea^^x^ is identically 

0 

zero for all values of a; in a non-zero interval, then all the coefficients must 
vanish ; for F{x) and all its derivatives must vanish at a? = 0, 
i.e. aQ = a^ = a^ = . . . = 0. 

00 00 

Similarly, if it is known that Ea^x^ = Ebj^x^ for a non-zero interval 

0 0 

then = 6^ for all values of n. 

4.39. Taylor's Expansion for a Power Series. If Xq, (a^o + h) are 

00 

within the interval of convergence of Ea^^x^ = F{x), then 

0 

F(Xo + h)= Eajxo + h)^ 

0 

and it has already been shown that the coefficient of h^ in the rearrange¬ 
ment is F^^\xQ)/n\, 

i.e. F{x. + h) = F{x,) + hF\x,) + + • • • + + . . . 

SO that the infinite Taylor expansion is vahd for F{xq + h) for at least 
the interval \h\ < R — \xo\. 

4.391. Entire (or Integral) Functions. If lim 


^71+1 


is infinite, the 
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function is defined for all finite values of x and is called an Entire 
0 

(or Integral) Function. It possess all derivatives and its derivatives are 
entire functions. 


Example. 1 


x^ 


(3!)» 


+ . 


— 


which 


Regard this as a power series in x '^; then lim - 

. « . '®n+l 

IS infinite. This function is therefore entire. 

4.4. The Elementary Transcendental Functions. The elemen¬ 
tary transcendental functions are usually taken to be 

(i) The Exponential Function and its inverse, i.e. the Logarithmic 
Function, together with the related Hyperbolic Functions and their 
inverses. 

(ii) The Circular Functions and their inverses. It is not our inten¬ 
tion here to develop all the well-known properties of these functions, as 
it will be presumed that these are known to the reader. However, it is 
necessary to show how these fimctions may be adequately defined in 
terms of the ideas that have been introduced in the previous paragraphs 
and to indicate how their properties may be established. 

4.41, The Exponential Function E(x). The exponential function may 
be defined by the power series 




x^ 

+ nl + - 


Since lim —is infinite, it is defined for all finite x. 
n\ 

(i) Its characteristic property E(x) X E{y) = E{x + y) follows by 
the rule for multiplication of series, and by repeated applications of this 
result we find that E(n) = e^ where e = £'(1) (= 2*718 . . .) integral). 
The number may then be identified with E(p/q) so that E{x) = e^ 
for X rational. 

The number for x irrational is naturally defined to be lim (if 

n—>»oo 

this exists) where a:„ is any sequence of rational numbers tending to x. 
But lim e®n = lim £(a;„) = E (lim a:„) = E{x) since ^^(a:) is continuous. 

n —>-00 n—>-00 

Thus it is consistent to write E{x) = e^ for all x. 

Similarly {E{x )}« when a is irrational is defined to be lim {E{x)}<^n where o^,^ is 
any sequence of rational numbers tending to a, and this is easily shown to be E{(xx) 
or e^. 

dn 

(ii) Differentiation term-by-term shows that — (e^) = e* for all 

dx^^ ’ 

values of n. 

(iii) The function e'^ is obviously >0 for a? > 0, and since e~^ = —, 

gX 
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then > 0 for all x. Also since Y-(e^) = e^, the function increases 

dx 

steadily for all x ; when x —> + oo, —> + oo, and when x —> — oo, 

gx—Q {Fig, 1.) 

4,42. The Logarithmic Function log x. If = a;, as ^ increases 
steadily from — oo to + oo, a; increases steadily from 0 to + oo ; the 



relation therefore determines y as a single valued continuous function 

of aj for a; > 0. The function y is denoted by log x, and since ^ = x, 

dy 

it follows that ^ (log x) = {Fig, 1.) 
dx X 

4.43. The Function a^. Let a > 0, and let b = log a, then 

qX — ^bx — gX log a 

thus defining a^ for a > 0 and all x. Also 

(i) The derivative of a^ is a^loga. 

(ii) The derivative of x^ is —{e^ = 7 ix^~^ for all those values of 

ax 

a, X, n for which the functions have been defined. 


4.44, The Logarithmic Scale. Since e^ > x”^+^/(m + 1)!, (x > 0) 
when m is a fixed positive integer, however large, e^/x* —> + oo when 
X —+ 00 {oL any real number). 

Also 6~^x* —> 0 when x + oo, a being any real number. 

It follows that u/(\og uY + oo when —> + oo, (any ^). 
Taking ^ > 0, and writing a for 1/^ and x for u, we deduce that 
(logx)/a;“ —> 0 when x—> 1 oo, however small a ( > 0) may be. 
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Writing now \/x for x, we obtain finally that log x —> 0 when 
X 0 from the right, however small a ( > 0) may be. 

Summarizing : 

(i) > + 00 ; e~^x^ —> 0 , when cc—> + oo, {all a). 

(ii) (\ogx)/xf^—> 0 when x-^ + oo, (a > 0 ). 

(iii) xf^ (log x) —> 0 when x —+ 0 , (a > 0 ). 

Thus and therefore {k > 0 ) increases to + oo more rapidly 
than any power of x, and therefore more rapidly than any polynomial; 
and log X increases to infinity more slowly than any positive power of x 
and therefore more slowly than any polynomial. 

A set of functions, called the logarithmic scale, may therefore be 
constructed as indicated in the following scheme 

. . . < log log log a; < log log X < log a; < X < < . . . 

which all tend to + oo when x + oo ; each function is the log of 
the one that follows it and tends to infinity more slowly than the one 
that follows it, i.e. such that the ratio tends to zero. 

Note. We use the notation f{x) < <l>{x) when f{x) = o {<l>{x )} for x large. 

Other Functions may be inserted in the logarithmic scale. Thus 
log X < (log xY < (log xY < . . . < X < . . . 

Example. Determine the relative positions of the functions ®, (log a:)®, 
(log a;)^og log as jjj logarithmic scale. 

log X < (log xY < X. Therefore x < « < e®. 

Also c® < (log a:)®, but since x log log x < x^ < e®, it follows that (log a:)® < c*®. 

Again (log log a;)^ < log x and therefore (log a:)Jog log ® < x. 

Thus log X < (log a;)^og ® < a; < a;iog ® < e® < (log a;)® < ee®* 


4.45. The Expansion of log {1 + x), (x small). If /(x) = log (1 + x), 
f(^){0) = (-— l)^~^{n — 1)! and Maclaurin’s expansion gives 

log (1 + x) = X — ^x^ + ^x^ ... + (— where 

2 3 n 


\ Rn \ = 


|xl 


n+1 


{n + 1)1(1 + ex)Y+^ 

If n is fixed and x is small, 

Rn, = 0(x^+^) and therefore 


, (O<0 < 1). 


1 


log {\ + x) = X — \x^ + ^x^... + (— l)”“i— + 0(x^+^), (x small). 
2 3 n 

In particular, 

}^0 (1 + a;) - X + i*** - . . . + 

Notes, (i) It is easy to see that if |ir| <1, Rn —^ 0 when n —>• oo, and therefore 
the infinite series for log(l + x), (which is convergent for |a;| < 1) is valid for 
|a;| < 1. It may also be shown valid for a; = I, but it is simpler to obtain the infinite 
series by integration. (See Chap. V, § 5.71.) 

... 1 - 
(ii) Since -log(l + a;) —>• 1 when x —>-0, it follows that (1 -f a;)® —> 


{n + ])• 


e when 
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X —>- 0. In particular ^1 + — > e when n — oo ; and it is by means of this 

(the exponential limit), that the exponential function is sometimes defined and its 
properties developed. It should be noted also that 

( 1 \® — / 

1 + -) =e; lim(l+aa;)^= lim (l4-~) = e®. 

»— a ;—>-0 x —>-±oo' ^ 

4,46. The Hyperbolic Functions and their Inverses, {a) The hyper¬ 
bolic functions cosh x, sinh x are most simply defined by the equations : 
cosh X = \{e^ + sinb ^ and the other hyperbolic 

functions by the equations tanh x = S/C, coth x = C/S, sech x = \/C, 
cosech = 1/S, [S = sinh x, C = cosh x). 

Notes, (i) The functions cosha:, sech a; are even, the others are odd and they 
have a relation to the rectangular hyperbola analogous to that of the circular 
functions to the circle. Many of their properties are analogous to those of the 
circular functions, but the analytical relationship between the hyperbolic and the 
circular functions requires the use of the complex variable for its expression. Their 
graphs are easily obtained from a knowledge of those of e® and (Fig. 2). 




FIG. 2 



(ii) The most useful of their simpler properties are 

cosh^ X — sinh^ a; = 1 ; 1 — tanh^ x — sech^ x ; sinh 2x 2, sinh x cosh x ; 
cosh 2x — cosh® x + sinh® x ; sinh (x -f y) = sinh x cosh y -f cosh x sinh y ; 
cosh (x y) — cosh x cosh y + sinh x sinh y ; cosh a; > 1 ; [sinh x\ < cosh x ; 

a;® x^ x^ 

lim (tanh a;) = 1 ; cosh a; = l+ ^+ ^ + ...; sinh ^”^ + ^ + 57 '+* • * 
(the infinite series being convergent for all x ); cosh 0 = 1 ; sinh 0=0; 

^(sinh a;) = cosh x ; ^(cosh x) = sinh x; y = A cosh mx + B sinh mx 

CLX CIX 

satisfies the equation y" = m®y. 

(6) li X = cosh y, x cannot be less than I, and for a? > 1, there are 
two values of y for a given x, as may be seen from the graph. The positive 
value 2/1 is taken to be cosh“^ x (or arg coshx). The other value is 
therefore — cosh“^ x. 

By solving the equation 2x = + 6“^ for e^ we find that 

Vi, Vi = log {X ± V(a:* - 1)) 

so that cosh“^ x = log {x + \/(*^ ~ 1) ^(cosh~^ x) is equal to 
l/^{x^ - 1). 
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Similarly, x = sinh y, determines a valued function 

y = sinli~^ X = log {x + + 1 )) 

1 

dx 


where 

And 

function 


V(x^ + 1 )’ 

X = tanh y, (for \x\ < 1), determines a 5i?2^fe-valued 

y = tanh“^ x = \ log where ^ ^—. 

^ ^l-x dx I-x^ 


4.47. The Circular {or Trigonometric) Functions and their Inverses. 
The elementary method of establishing the properties of sinx, cosx 
involve the assumption that a circular arc has a length which provides 
the measure of the angl mbtended. Various ways may be suggested 
for using these propert.es to provide new definitions that are strictly 
arithmetical in character. From our present point of view, the most 
suitable method consists in using infinite power series as definitions ; and 
Maclaurin’s expansion enables us to obtain what these series must be. 
Thus, assuming that d^ (cos x)/dx'^ = cos (x + \rm), we easily obtain 


/y* 2 /y*4 /y^Tl 


+ R, where 


R 


/ ^2n+l \ 

^ \(2 n + 1 )! ) + i (« + 1 )^). (0 < 0 < 1 ). 


\{2n + 1 )! 
But I cos (6x + \{n + 


therefore i? —> 0 when n - 


^ 2 / 1+1 
( 27 ^ + 1 )! 
00 for all finite x. 


0 when n oo 


i.e. 


T x^ . 

cosa; = l--+-. 


and similarly sin x — x 


x^ x^ 

5] ” ■ ‘ 


for all finite x. These power 


series (which, like e^, are entire functions) may be taken as new definitions 
of cos X, sin X. 


Notes, (i) For the problem of re-establishing the properties of those functions, 
read Whittaker and Watson, Modem Analysis, Appendix* 

(ii) Another effective method of defining sin a; (= /S'(a;)),cos x (= G(x)) consists in 
using the relations S' C, C' = — S, S(0) = 0, 0(0) = 1. (Ref. Bromwich, 
Infinite Series, § 60.) 

The graphs of the circular functions should be familiar to the reader. 
They are useful, for example, when dealing with the inverse functions 
arc sin X, arc cos x, arc tan x. 

Thus {a) y = arc sin x, (\x\ < 1), is defined to be that value of y 
satisfying the equation a; = sin y and also the inequality — < y < 

The other values are nn + (— 1)^ arc sin x, {n being a positive or nega¬ 
tive integer) and (arc sin x) =- ^ -. 

^ ' dx^ ^ y'(l x^) 

(b) y = arc cos a;, (| 2 c| < 1), is that value y satisfying the relation 
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X = cos y and also the inequality 0 < y < ; the other values are 

2 n 7 i 4: arc cos x and -^(arc cos x) = — —^ so that 
dx V(1 — ^ ) 

arc sin x + arc cos x = \7i. 

(c) y = arc tan x is that value y that satisfies the relation x = tan y, 
and also the inequafity — \7t y <. \7t \ the other values are 

nn + arc tan x 

( and ^(arc tan x) = ^o- 

dx 1 + 

Also lim arc tan x = Jjt ; Hm arc tan x = — \n, 

X ->-+<» ®- >—00 

Note, arc sec x = arc cos (1/a;); arc cosec x = arc sin (1/a;) ; arc cot x = 
arc tan (1/a;). 

4.5. Functions defined by Multiple Sequences. Functions of 
several variables Xi, Xg, . . x^. may also be defined by the limits of 

sequences of the sth order for those values Xj, Xg, . . x^. for which the 

multiple limi ts exist. Thus F(Xi, Xa, . . x^) may be defined as lim/(cCi, 

Xa, . . . x^, Ml, tia, . . ng) where rig are integers that 

tend to infinity independently. Definitions could also be made by Hmits 
of functions of the type /(xi, . . ., x^, . . ., is) where tends to 

) i nfini ty by continuous real variation. In many cases, however, such a 

^ definition is not more general than that obtained by integral variation, 

and in any case the function / may have significance only for integral 
values 

4.51. Functions defined by Double Series. From the terms of a double 
sequence u(m, n, x, y, z, . . .) we can form the double sequence 

I n m 

' Smn == -SCw, n, X, y, z, . . .) = ^ s, X, y, Z, . . .) 

I r=l «=1 

and if tends to a hmit F(x, y, z, . . .) when m, n tend independently 
to infinity, F(x, y,z, . . .) is called the sum (Pringsheim) of the infinite 
double series. 

Writing m, n as suffixes, we may exhibit the double series as follows: 

^11 + ^12 + ^13 + • • • + '^In "b • • • 

+ ^21 “1“ ^22 + ^23 + • • • + ^2n 4“ • • • 

+ ^31 4“. 

4 “. 

4- 4" Wm2 4".4-^mn 4" • • • 

4“. 

It is obviously necessary (but not sufiicient) for convergence that 
lim Uran = 0. 

The necessary and sufficient condition for convergence is that 
\^pq~^mn\ should be ultimately small. 

4.52. Repeated Series. If the mth row is summed, (m = 1, 2, 3, 
. . .) and if the sum of these sums is taken, the result may be written 
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and is called the sum hy rows. Similarly denotes the sum 

mn n m 

by columns. It is not true in general that 22^^^ = even when 

m n nm 

the double series converges in the Pringsheim sense. 

Note. It is often convenient to use the symbol Numn for the sum of the infinite 

mn 

double series. 

Example. 1 + 2 +3+ 4 + 5+ . . . 

+2-5-3-4-5-... 
+3-3+0+0+0+... 
+4-4+0+0+0+... 


Here ^ 0, but the sum by rows and the sum by columns are not conver¬ 
gent ; since, for example, and tend to + 00 . 

n m 

Again, may be equal to ZZu^^^j^ when the double series is not 

m n re m 

convergent. 

ExomplB. 1 ~|- 1 0 -|- 0 "i~ 0 “i” 0 “1“ • • . 

+1-1+0+0+0+0+... 
+0+0+1-1+0+0+... 

+ 0 + 0- l + l+ 0 + 0^-. . . 
+0+0+0+0+1-1+... 
+0+0+0+0-1+1+... 


Here = 2 = ; bwt is either 3 or 2 and is therefore not con- 

mn nm 

vergent. 

4.53. Pringsheim^s Theorem on Double Series. If the rows and the 
columns converge and if the double series converges to S, then 

ZZUy^^ = ZZUj^^ = S. 

mn nm 

For, since hm S^^ exists, |hm S„^n “ ^mnl is ultimately small, (all m and 

n n 

n large); and since lim S^^ = S, then \S — is small, (m, n large); 

mn 

i.e. |hm>S^^--S| is small, (m large), i.e. hmhm>S^^„ =S. Similarly 

n m n 

lim lim 8 ^^ = 

n m 

4.54. Double Series of Positive Terms. By a method similar to that 
used for simple series of positive terms, we can show that a double series 
of positive terms, if bounded, must converge and if unbounded, must 
diverge to + co. Also its sum, when convergent, is independent of the 
mode of summation, provided every term is included once and once 
only. In particular, the sum may be effected by rows, by columns, by 
diagonals, or by rectangles. 

A sum by rectangles is where m = <^( 71 ) and ^(n) tends steadily to + 00 

n 

when n —> + 00 : for example, if m kn, (k fixed). 
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Also if the series converges by any such method, it converges to the 
same sum by any other appropriate method. 

4.55. Tests for Convergence for a Double Series of Positive Terms, 
Tests for convergence (or divergence) may be estabhshed by direct 
comparison with a known series of positive terms. For 

(i) If 0 < < '^mn Zv^^n Converges, then converges, and 

mn mn 

(ii) If M,„„ > v,„n > 0 and diverges, then diverges. In 

mn mn 

particular (all the terms being positive), 

(i) If EC^ converges and then Eu^^^ converges ; for 

n win 

Eu^ri< which converges since {EC^){ECn) = 

mn mn m n n 

Q 

(ii) If EC„ converges and then converges ; for 

n m + n mn 


Yb 

+ ^n-i> 2 + • • • + ^in) < ^ 

mn n n ^ “T i n 

(iii) If EAy^ converges (or diverges) and ED^ diverges and 

n n 

^mn ^ 

then Euyy^f^ diverges ; for Eu„yn > > (EAyn)(EDn) which diverges. 


(iv) If EDyy diverges and > 


D 


m+n 


, then Eujy^n diverges; for 


m + n 

n 1 

the sum by diagonals of Eu„^n is > E -rD„+i > -2’Z)„+i. 

mn nn \ 2 


Examples, (i) The simple series 27—, 27-i converge when a > 1, /? > 1 and 

n ^ 

diverge when a < 1, 5 < 1. Therefore 27-^ converges when a > 1, > 1 but 

mnm<^nP 

diverges when one at least of the numbers a, p is less than or equal to 1. 

(ii) The series 27-. Since m* + ti* > 2ma/2n*/2, the series converges 

nm^® + W® 

when a > 2. 

And since m* + w* < (m + n)<^ (when a > 1), the sum by diagonals is greater 

than 27-r which diverges if a < 2. 

nw®-! 

Also when a < 1, the sum by rows (or columns) obviously diverges. 

4.56. Example of a Double Series. An example of a fairly compre- 

r=8 

hensive type is given by where p^^^ = a^. > 0, > 0, 

mn JPmn r= 1 

and Pynn > 0 (all large m, n). 

Draw Newton’s polygon for the axes of reference being 0|, 0?^ 
and suppose for simplicity that the coefficients that correspond to 
those sides giving approximations to for m or n large, are positive. 
Denote by ct>, the region determined by | > 1, > 1. Then if the poly- 
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gon overlaps a> (in the strict sense), the double series is convergent; 
otherwise, it is divergent. 



It is obvious that converges or diverges with ^- ] where 

consists of the terms that he on the sides giving the approximations to 
Pmn at (c, oo), (oo, oo), (oo, c). 

(1) Suppose that the polygon overlaps co. {Fig, 3.) 

Then (i) there is at least one vertex A in co, 
or (ii) there is no vertex in co but there is one side crossing co (hke 

LM in the figure). 

(i) Let the term corresponding to A be where > 1, /Sj > 1. 

But —— <- 5 which is convergent. {Example (i), ^ 4.55,) 

(ii) Let the terms corresponding to LM be 


From the well-known inequahty (all the 

\ P 1 + P 2 ) 

numbers being positive), we deduce, by putting 

PiPi = P 2 P 2 = aom^'^nP\ 

that > KwPn^ 

where 


^ — {pi Pr p^ 






_ P\i^i d P2P2 


\P 2 j Pi +P 2 Pl+ P 2 

But since LM crosses co, numbers pi, P 2 {> 0) can be found such that 

2., JLl> 1. 

Thus the double series is convergent. 

(2) Suppose that the polygon does not overlap co (but that it may 
be in contact with the boundary of co). 

Then (i) the whole of the polygon lies between f = 0 and f = 1 
inclusive. 
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or (ii) the whole of the polygon lies between rj = 0 and rj = I 

inclusive, 

or (iii) there is at least one side RS lying on a hne passing through 
the point (1, 1) or passing between this point and ( 0 , 0 ). (Fig, 3,) 

In case (i) every index a is < 1 and therefore the sum of every column 
diverges; and in case (ii) every index /S is < 1 and the sum of every 
row diverges. These cases are of course not mutually exclusive. 

In case (iii), let R, S be respectively the points (ai, / 8 i), (ag, P 2 ) and 
let the equation of the hne joining he + r] =v (ju, v > 0 ), so that 

V =fi(x,i + Pi = //aa + 

Since the Hne passes through ( 1 , 1 ) or passes between this point and 
( 0 , 0 ), we must have v — fi < 1 . Also, there is no loss in generahty if 
we assume // > 1 (since, if necessary, m, n can be interchanged). 

Let I{x) denote the greatest integer < x ; then I{x) == he, where 

I < A; < 1 (a: > 1). 

If m = /(n^), then where A ( > 0) is 

bounded, (all n ); whilst if (a^, PP) is another point of the polygon not 
collinear with R, S, the corresponding term where 


< V and A' ( > 0 ) is bounded. 


diverges with ^ 


1 


The double series ^7^— 

P 'MVh 

I (n^) 


and therefore 


1 




But 


^ aii 

m=l 




therefore 


kn^ 
^ Jn'’ 




is greater than 


k 




which 


4 - 

diverges since v — < 1 . 

Notes, (i) The equation of the line joining (a^, P^) to (ag, P 2 ) ®f ^he form 

+ qi] = I where p = {P 2 — Pi)/^> ^ ^ (^1 — ^ == “A — “A* And 

(0, 0) is on the opposite side of the line from (1, l)ifjp + g> 1 and on the same side 
if p + g < 1. 

(ii) li p^ -\r qr} = \ is the equation of a significant side of the polygon it is 
necessary (but not sufficient) for convergence that every p -{■ q should be < 1; 
whilst for divergence it is neither necessary nor sufficient that p + g' > 1. 

(iii) The conditions for the convergence of a double series of positive decreasing 
terms may also be related to that of a double (or simple) integral. {8ee Chap, XI, 
§ 11,03,) 

Eocamples. (i) 27-where p^„ = min* + + m^ni, 

Pmn 

p + q for the first two terms is 20/21 < 1; p + g for the second and 
third is 12/11 > 1. The series is divergent. Note, however, that when 
Pmn = mln^ -h msws, then double series is still divergent although p q <\, since 
the indices for m are both < 1. 

(ii) p^^ = + mini + minis. The first two terms are the same as in 

Example (i ); p + g for the last two is 116/117 < 1. Series is convergent. 

(iii) The series 27p^„~^ where A > 0 is similarly convergent or divergent accord¬ 
ing to whether the polygon of p^„ enters or does not enter the region specified by 
^A > 1, 77 A > 1. 

For example, if -f 2hmn + cn^ is of constant sign for m, n> 0, then the 
series 27: 


(am^ + 2hmn + cw®)^ 


converges if A > 1 and diverges if A < 1. 


o 
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4.57. Absolutely Convergent Dotible Series. The series is said 

mn 

to be absolutely convergent if is convergent; and as for simple 

mn 

series it may be proved that (i) the convergence of implies that 

of Zu^y^ (ii) a derangement of the terms of an absolutely convergent 
double series does not alter the sum. 

(VO 

4.58, Substitution of one Power Series in another. Let z = ^b^^y^ 

0 

00 

have a radius of convergence q and let y = Ea^^x^ have a radius of con- 

0 

vergence j). If y is substituted in z we can arrange the result as a double 
series thus 


bo 

-f- b-^ao “|~ biaiX b2a2X^ 

+ + 2 b 2 aoaiX +. where z is the 

+ 63 ^ 0 ^ +. sum by rows (| 2 /| < q) 

+ . 


If the double series is absolutely convergent, the sum by columns is 
equal to the sum by rows, i.e. it is legitimate to arrange the expression 
as a power series in x. It is obviously necessary for the series to be 
convergent when x = 0 , i.e. when y = a^ and therefore |ao| ^ is a 
necessary condition. When this condition is satisfied there must be 
some non-zero interval of x for which the double series is absolutely 
convergent, i.e. the rearrangement is certainly legitimate if x is small. 

{Ref. Bromwich, Infinite Series, V, 36, where the determination of such an interval 
is discussed.) 

4.59. The Reversion of a Power Series. Let y = a^x + a 2 X^ 
have a radius of convergence ^ 0 ); then we may expect that when a^^O, 
it is possible to express x as a power series in y having a non-zero radius 
of convergence. If we assume this series to be b^y -f- 62 ^/^ + • • 
can find formally, by substitution and by equating coefficients, the values 
of 61 , 62 , 63 ... in terms of a^, ^ 2 , a 3 . . . . From these equations it 
is possible to determine an interval within which the series in y is abso¬ 
lutely convergent. The problem is in this way reduced to one of the 
same type as that in the previous paragraph. 

{Ref. Bromwich, Infinite Series, VIII, 55, and VIII, Examples B, 30-33, where 
the determination of the interval is discussed, where the case = 0 is considered 
and also the relationship with Lagrange’s expansion. See also Chap. XI, § 11.32.) 

Examples, (i) Let Uy^n — l/(^^ — {m^n); Uy^n = (w = n). Find 

the sum by rows, by columns and by diagonals of Euynyi. 

mn 


f"™" “ 2m{(m - 1 + w + 1 ) 2m - 1 ) + ( ^ 2m + l) 


+ 


+ 


(- 


+ 


+ W- 


:)} 




n— 


where Sy = 
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If m is fixed \im Eumn = — 3/4m“ since 8n+m — 8n-m-^0 
n 


2:zu„ 


= - hn^(u 


Similarly 


[using the result Z-i- 

1 ** / 

i7 ; the sum by diagonals is zero. 


(ii) Prove that if ]a;| <1, 


= 2: 
1 


00 + x'^) 00 


number of divisors of n, (1, n included). 
The double series: 


n\ = where A(w) is the 

(1 — a; ; j 


X 

+ a:2 

+ a:2 

+ . 

. . + a;” 

+ 

+ a;2 

+ a4 

+ a:« 

+ . 

. . + a:2w 

+ 

+ x^ 

-L 

+ a:® 

+ a:® 

+ . 

. . + x^^ 

+ 

+ X^ 

+ a:*”* 

+ a:»™ 

+ . 

. . + a:"'" 

+ 

+ . 







is obviously absolutely convergent when \x\ <1, being part of the series Zx'^+^, 

mn 

X^ 00 x'^ 

The sum by rows is -- = 2*,-r. 

Take the first row and remainder of the first column ; then the remainder of the 
second row and the remainder of the second column; and let the process be con¬ 
tinued. 


rru- • / ^ 1 / ^ a:® 1 00 4- x"^) 

Now arrange in powers of x. There is one term for each divisor of the index of 


the power, i.e. the series is equal to EX(n)x'^, 

1 


4.6. Functions defined by Double Power Series. A function 
F{x, y) may be defined by a double power series of the form Za^^x^y'^ 

lor those values of x, y for which the series converges. 

If all the series and are convergent and the double 

m n 

series is convergent, then 

F(x, y) = = ESa^^x'^^y'^ = EEa^^x'^y''. 

'in n ' m n n rn 

If the double series is absolutely convergent, the summation may be 
effected in any order of the terms. In particular it is equal to 

®oo + + (ioiy) + . . . + . . . + aon^y^) + . . ., 

the sum by diagonals. 

4,61. The Region of Convergence of a Double Power Series, This is 
not of such a simple character as that of a power series in one variable. 
However, if the double series is absolutely convergent for x = Xq, y = y^, 
then it must obviously be absolutely convergent for \x\ < \xq\, \y\ < |yo|. 
Also in this case F{x^ y) is a continuous function at least for \x\ < \xo\, 
\y\ < I 2 / 0 I, possessing continuous derivatives obtained by term-by-term 
differentiation. The region of convergence of the differential series may, 
however, have quite a different boundary from that of the original series. 
Example. If F(x, z/) = 1 + 2a: -f 4a:2 + 8a;3 + . . . 

+ 37/ + 97/2 + 277/2 + . . ., 
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the region of convergence of F{x, y) is given by the rectangle \x\ < |y| < J; 

but that of is given by the band |a;| < 

In the general case, let x = r cos 0, y = r sin 0 ; then 

y) 

= 2'(a„o cos^*^ 0 + 1 0 sin 0 + . . . + aon sin’^ 0)^” + • • • 

n 

when it is summed by diagonals. This is absolutely convergent when 
l\r\ < 1 where, by Cauchy’s Test, 

I = Hm IKo cos^ 6 + •••+ cton sin^ (if fi^is exists). 

This hmit Z is a function of 0 and therefore the polar equation of the 
boimdary is given by rl(6) = 1. 

Note, Lemaire gives the boundary of absolute convergence in the form 


|^|^(|2/|/k|)=LwhereA{^)=lim r max | Example 32, Chap, XI,) 

w->oo \ p q = n f 


Examples, (i) 

0 


Here ^ = lim | {2«3»' cos^ 0 sin^ 0(2 cos 0 + 3 sin 0) = V cos 0 sin 0| so 

n —>“ 90 , 

that the boundary is rV |6 cos 0 sin 0| = 1, i.e. \xy\ = J. 

(II) x<-“+*>- 


m\n\ 




I = lim [cos” 0 I + |cos”~i 0 sin 0| + . . . + jsin” 0|]” = |cos 0| + |sin 0| 
so that the boundary is |a;| + |y| = 1. 

(iii) The region of absolute convergence for the expansion near (0, 0) of the 
function [(3 - x){2 - xy)(2 - xy^){2 - y)]-i is bounded by the curves \x\ = 3, 
\xy\ = 2, \xy^\ = 2. |y| = 2. (Fig. 4.) 



(iv) The series 

0+0 +x^ 

+ 2x^ 

+ 4x* 

+ 

-f- 

+0 +0 +0 

+ 0 

+ 0 

+ 0 

+ 

+ 0+0 - 

— 2x^y^ 

— 4x^2/2 

— Sx^y^ 

— 

+ y* — xy^ +0 

+ 0 

+ 0 

+ 0 

+ 

+ 2y« - 2xy* + 0 

+ 0 

+ 0 

+ 0 

+ 

+ 4y® — ixy^ + 0 

+ 0 

+ 0 

+ 0 

+ 


+ 


] 


If 


( 



















EXAMPLES IV 


109 


The formula for a finite number of terms is 

(1 - y^){x^ + 2x» + . . . + + (1 - x)(y^ + + 

- y^) . - *) , ,,,,,, , ... 

+ — -^ when \x\ < J, \y\ < the senes being 


. -j_ 2«-4yn-l) 


which tends to 


1 


22 / 


1 - 2x 

absolutely convergent. 

Note, however, that the series converges (in the Pringsheim sense) to zero when 
X — \ and 2/ = zb 1- 



|2x + y| < ' ; |x + 2y| < 1 

FIG. 5 


(v) The region of absolute convergence does not in general coincide with that 
of the sum by rows or columns or diagonals. 

Thus the series Z(m + n)\x'^y^(2^2^)/(m\n\) which is the expansion of 

mn 

(1 —2x — y)-'^ + (1 — re — 2 . 2 /)is absolutely convergent when both inequalities 
\2x\ + |j/| < 1, 1*1 + \2y\ < 1 are satisfied. 

The sum by rows is absolutely convergent for 

\2x\ <1, |2/j < |1 — 2x\ with |a;| < 1, 2|y| < |1 — a;|. 

The sum by columns is absolutely convergent for 

\y\ < 1’ 2|*1 < ll - y| with \ 2 y\ < 1 , 1*1 < H - 2 yl. 

The sum by diagonals is absolutely convergent for 

\2x 4- 2/| < 1 with \x + 2y\ <\ (Fig, 5,) 


Examples IV 

Find the derivatives of the functions given in Examples 1-15. 

1. tan (J arc tan \x) 2. J tan^ x — tan x x 3. log tan (\x + Jjr) 

9 


A 
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4. arc tan 


6. arc cos 


( ^ \ ^ \ r- (a + hQOBx\ 

-sj —2arctanl^—;— z) 5. arc cos I, , ) 

M — a;V \l + a;V \b + a cos x/ 


f V(3x^ + 6a; + 27) 
\2'\/{2x^ + 4a; 4- 8) 


10 . (loga;)iog® 


11. logi.logioa: 


4- a cos i 

7. x'og® 8. (log*)® 9. 

12. (log log log *)'o* log ® 


13. e®'”** 14. edog®)® 15. e®® 

16. If siny = a;sin ( 2 / + J.-r), prove that ^ = 2 sin’' (y + ^n). 

17. If y = a;{Ci(log a;)3 4 - C 2 (log a;)^ 4 - c 3 (log a;) 4 - C 4 }, prove that 

2x^y'" 4 - — xy' y — 0. 

18. If \/(l — e^) tan a; tan y = I, prove that 

— e 2 ain 2 x)dy {I — sin^ y)dx — 0 . 

dy d^y 

Find ^ and for the functions given in Examples 19-21. 

19. cos (2a; 4- y) 4- cos (x 4- 2y) = 1 20. xy = log (a; -f y) 

21. ^+v 4 - ^-v = 2 

Obtain the nth derivatives of the functions given in Examples 22-31. 

22. c® sin 2a; 23. cos^a;sina; 24. x^e^^ 25. x^Xogx 

26. cos X cos 2a; cos 3a; 27. a4 sin x 28. (log a;)^ 

29. x\x — 1)“I 30. a;®e®sina; 31. a; sin® a; 

( 2j3_ 

—- 3 ), find z^y Zy and verify that xz^ 4 - yzy = 0 . 

X ~T y ' 

fv\ d^V d^V 

33. If F = Cy log (a;® 4 - y®) 4 - C 2 arc tan show that 

34. If a; = e“ cos n, y = sin v, prove that 4- Vyy)e^^ = (F„m + Vw)- 

35. Change the independent variables from a;, y to u, v in the equation 
axHy^ 4 - 2hxyzg,y 4 - hyHyy 4 - 2gxZgg 4 - 2fyzy 4 - C 2 = 0 
when x = e^, y — e^. 

36. If a; = r cos 0 , y = rsin0, show that F^^ 4- Vyy = 4- 4- 

where F is a function of (a;, y). 

37. Show that the nth derivative of x'^~^e^/^ is (— iy*eV-«a;“ • 

38. If (a; — I) is small, show that 


e* 


(X - mx 4- 2) 

39, Show that near a; = n, 
sin a; 4- a; cos x 


r 1 2 51 

“ ®l3(* - 1)2 + 9(a: - 1) 64J “ **' 


3(* - 1)2 9(a: - 1) 

^(F^-(T^) + l + ^(*--)- 


(* - Jt)2 

40. Show that the coefficient of {t — a)~^ in the expansion of 

. e®®{(a - 6 ) 2*2 _ 2(a - 6)* + 2} 
near < = o 18 -2(a - 6)2- Ua^b: 

41. Find lim (-^ —^ 

g. _\e® — 1 a;/ 

42. Show that 

«(Co 4- CyTi 4 - Cgn* 4- Cgn® 4- + Cgn®' 

0 n! 


(t — a)®(< — b) 


= {^0 4- Cl 4- 2 c 2 4- ficg 4- 15c4 4- 52cs)e. 
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43. Show that 

(i) sin X < tan x < cos x < sec x < cot x < cosec a; if 0 < a; < a 

(ii) sin X < cos x < tan x < cot x < sec x < cosec x ii ol <x <\7i 

(iii) cos X < sin x < cot x < tan x < cosec a; < sec a: if < x < \n — cl 

(iv) cos X < cot X < sin x < cosec x < tan x < sec x if \n — cl < x < 

where a = arc sin —) (= 38° 11' approx.). 

44. Show that 

(i) tanh x < sinh x < sech x < cosh x < cosech x < coth a;, if 0 < a; < a 

(ii) tanh x < sech x < sinh x < cosech x < cosh x < coth a:, if a < a; < 6 

(iii) sech x < tanh x < cosech x < sinh x < coth x < cosh a;, if 6 < a; < c 

(iv) sech X < cosech x < tanh x < coth x < sinh x < cosh a;, if c < a; 

where a = J log (2 + \/5), (= 0-72 approx.); 6 = log (1 + V2), (0-88 approx. ); 
c = log J{V5 + 1 H- a/( 2V5 + 2)}, (= 1*06 approx.). 

Prove the inequalities given in Examples 45-55, 

(l + S > ( 1 + i)" if »> y > 0 

48. e®>l+x + |j + ... + ^ifa!>0 

X^ x^ x^ 

49. e-® lies between 1 — a; + — . . . + (— 1 — ^ . 

*®- < \~x' < 1) 51. aa; < a;log a;-f-(a; > 0) 

52. ■ ^ < 1 — e~® < a;, (a; > — 1) 53. (1 a;) log (1 + a;) > a; (a; > — 1) 

i X 

54 . |c* - Ij < (eW - 1) < |a:leW 

55 . If S„(x) = X - 3 j-+ . . . (- l) y2n + l )\ 

X^ x^^ 

and c'„(x) = l-^+... + (-l)n^-^ 

then sin x lies between EJ^x) and i(aj), and cos x lies between C„(a;) and Cn+i(x). 

56. Arrange the following functions in order of greatness when x is large and also 
determine their places in the logarithmic scale: 

(log log a;) ^08 (log a;)® a:®^» aK^og®)®, (log a;)(^og a?)®, (log a;)^^®® 

(log a:)® log « 

57. In a sequence it is given that a^+i = ; prove that (i) if % = 2, 

—>» + 00 , (ii) if = 1-2, a„ tends to a definite limit, (iii) if = 0-02, oscil¬ 
lates finitely with two limiting values. 

Draw the graphs of the functions given in Examples 58-60, where f{x) is the 
greatest integer < x and point out any discontinuities that occur. 

58. f(x) - X 59. V(* -/(X)) 60. 

Discuss the discontinuities, (if any), of the functions given in Examples 61-7. 
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62. X, (x < 1); (2 — x), (1 < a; < 3); 0, (a; > 3) 


63. 


X - 1 


sin X 

64. —, (a:;^0); 1, (a; = 0) 


sin X 

65. (x^O); 0, (a:=0) 


66. x^ sin (x^O); 0, (x = 0) 67. x sin (^)» (a; ^ 0); 0, (a; == 0) 

68. Prove that the function given by y = 4a;®, (a; < 1); y = (a; — 3)®(4a; — 3), 
(1 < a;< 2); y = 2a;® — (a;® — 3)i(2a;® + 3), (x > 2), and its first derivative but 
not its higher derivatives, are continuous functions for all values of x. 

Determine the functions that are defined as the limits when n tends to infinity 
of the functions given in Examples 69-76. Discuss their discontinuities. 

£ 

+ 1 + x\ji 


69. 

73. 

75. 


70. 


71. 


,+ 


1 


1 - a;" 


72 


1 +a;2” l+a;^+i '** 1 - a; 

7i^x(x — l)(a;—2) + 7ia;(a; — 1 ) 1 x^(x — 1 ) -f n(x + 1 ) 

n^x{x — 1) + 7*a; + 2 a;^+i(a; +!)-}- n(x H- 2) 

a;” + (a; — 1)” 


(x - ir + (a: ~ 
(a; - 1)^+1 +(a; 


76. 


a;” + (a; + 1)” 


Discuss the convergence of the series whose general terms are given in Examples 
77-100. 


77. 

80. 

83. 

85. 

89. 

91. 


2n 


(n + l){n + 2) 

3» + 2 

3.6 .. . 

{3n 4- 3) 

/2.4.6 . 

. . 2ti 4“ 2 

\1.3.5 . 

1 4- 2?i® 

1 4- w® 

. . 271 4- 1> 

86. j 

/1.3.5 . 

. . 2n-l 

\ 2.4.6 

... 271 - 

(ti 4- l)®(n + 2) 


78. 


+ l)(w + 2) 

3n 


81. 


5n 2«+l 


82. 


(n + l)(rt + 2) 
/1.3.5 . . . 2» + 1\» 
b.4.6 . 


(3n)! 

A* 

) X” 


2n -f- 2/ 

84. (- + 1 1 
' ’ 2.4.6 . . . 2n + 2'2n + 7 

1 + w + w® 1 

3.4.5 . . ..^ + 2 / • 

-: Sw/.—!- ^2n 


87. 

90. 


(2.4 . 


92. 


n\ 


93. 


2w)(7.9 . . . 2w + 5) ‘ 
1.3.5 ... 271- I a;2”+> 


94. (- 1)". 


a;*n+i 


2n \ 


95. 


(1 ~a;"+2) 


2.4.6 . . . 271 *2w h 1 

a;” 

(log n)2 


96. 


97. 


n^x^ 
n + 1)4 


98. (- 1)V^ 


(4n - 1)^-1 


2.4 . . . 271 


99. 


(2n- l)”-^a;« 
n\ 


,00 (y - 2g)(y - 4g) ■ . . (y - 
(w. + 1)! 


Find the radii of convergence of the series given in Examples 101-6^ and verify 
that the sums satisfy the associated diflPerential equations. 

_ a;® a;4 a;^ 

101. y - I - “ (^ 1)2 + • • 


102.y = l^- + 


L4a;« 

6! 


(3!) 

1.4.7 




9! 
2®a;® 


.a;* + 


(1!)® ^ (2!)» (3!)® 

, 3.10 3.4.10.11 , 

104. y _ 1 4 - j ^ a; 4- 2.2.4.5 ^ 


+ . 


xy" + y' + 4a;y = 0 
•; y" + a;y = 0 
; iKy" 4- y' 4- 2y = 0 
a;(l — x)y" 4- (4 — 14a;)y' — 30y = 0 





































EXAMPLES IV 


113 


105. y — oc^ 


106. ?/ = 1 + 


+ 


2.10 ' 2.4.10.12 * 
2x^ 2x^ 


.; xY' + xy' + {x^ — 16)y = 0 
2x^ 


(1!).3.1.2 {2!)32.4.5 (3!)3».7.8 


+ . . 


107. Find the radii of convergence of the series 


y"' - 2y = x{xy'' - 2y') 


S^(x) = 2 : 


0 2“(n!)’ 


; 8^{x) = S 


00 


2^^{nl) 


2n / 

iTn 


1 1 IN 

^ + 2 + 3 + • • • + J 


and show that y = S^ix) or y = Si(x) log x — satisfies the equation 

x(y" — m^y) + y'= 0. 

108. Find the radius of convergence of the series 


x^/l 1 1\ 

/(.)^r(-l)«-(2 + 3+ ... +J 


and show that y — xH~^ log x^\—x-\-x'^ — x'^f(x) satisfies the equation 

xy" + (a; - 1)^' + ?/ = 0 

The series given in Examples 109-11 are derangements of the series 
1 - i + i-i + • • . (=log2) 

Find their sums. 

109. 1 + J ^ i 4- Y ““ i + • • • (Two positive terms followed by one 
negative.) 

+ J — i — i — ^ — t “t" Y ITT 
lowed by four negative.) 

111. 1 — J — i — J — i + i — A • • • (One positive term followed by four 
negative.) 

112. Show that 


110. 1 + J — i — t — i i + i+ Y — iV • • * (Two positive terms fol- 


/oo \ f ^ ^ \ •»/ 1 1 1 

(f(- = f (1 - 2 + 3 - 4 + • 

Establish the results given in Examples 113-20. 

113. 


I 


(z 

1.3.5 . . 

. (271 - 1) x^ \ 

(2 

1 . 3.5 ...(2n- 1) \ 

^0 

2.4.6 . 

. . 2n *271 4- 1/ 


2.4.6 ... 271 * / 


= 27 


2.4 


271 


/ a; 1.3 , 1.3.5 , 

0 + 4 + 4-:6"* + 4-:o*’ + •••) 


0 3.6 . . . ( 2 ra + 1 ) 


/, (1*1 < 1) 


. 3* 3.5 , 3.6.7 , 

= * + T + + eXIo^ + • • • 

115. (1 — J i — Y + • * -*^4-^ — 1+ . . .) 

= S(1 + J) - t(l + i + i + i) 4- . . . 

1 00 1 


00 2n^ — 1 

116. Z 


118. E 

1 

00 

119. S 


1 n\n + 1)‘ 
n 


= 1 


117. 27 




1 2’^ 4- (- 1)^ 
x^ 


= 227- 


I n(2n — l){2n 4-1) 1 (^ 4- l)(27i 4 - 1) 

2^-1 


1 (2^ + (- 1)«)2 

00 a;2n4-i 


120. 2 (~ =f(- 1)"TT^1’ (1*1 < 

1 2» + 1 (3jt + 1)” 
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122. Find the value of limlim {cos (wto) 

m n 

123. Find the sum by rows, by columns, by diagonals and by squares of the 
double series 

-2 + 1 + O + O + O-f... 

+ 1 — 2-}-l + 0 + 0d- • • • 

-f“0-|-l — 2-{-l“f“0-i- • • • 

— 2 - 1 - 1 -}- . . . 


124. If /(n) > 0, and is divergent show that is divergent when 

n mn 

«mn > + «‘‘)- 

Determine whether the series is convergent or divergent when has 

the values given in Examjiles 125-8, 

125. -{- miria 126. wW -f mine -f- min -f ml 

127. mln% -{- mint + mini -f m? 128. mini + mini -f- mini 

Determine the boundary of the region of convergence of the series given in 

Examples 129-31. 

129. E{2^x^ + 3”^") 
mn 


130. where a,„o = 2-”», = 1, = 3“”, = 0 for other values. 

mn 

131. where agn. n = 2m == ®mn = ^ other values. 

mn 


Represent in a diagram the regions of convergence of the double series of)tained 
by expanding the functions (near 0, 0) given in Examples 132-5. Also give the 
regions of convergence of the sum by rows, columns and diagonals. 


132. 


3 — y 2 — a; 
1 - 2a; 1 - 3y 


133. 


1 


2 - a; - 2y 


134. 


1 _ 

i - a; - y 1 


1 

2x -y 


1— 2a; — 2y^l — 2a; — y^l—a; — 2y 
Represent in a diagram the region of absolute convergence of the double scries 
obtained by expanding (near 0, 0) the functions given in Examples 136-8. 


136. 


1 


(l-a;)(2-y)(4-a;2-y2) 


137. 


1 — x^ — xy — y^ 


138. 


1 — 7/2 — X 


Solutions 

1 


• -(i - —) 

a:2\^ + 4)/ 


2. tan^ X 


3. 


V2 


+ X^) 

A 1 o . T ~r 


^Xy/3 


6 . 


a;^ -f- a;2 + 1 a;^ -f 2a;2 + 4 

V15 


5. 


sin X -1- cos X 
V(b^ - a2) 


6 -h a cos X 
7. (2 loga;).a;iog*~i 


(a;2 -f 2a; -f i:)y/{x^ + 2a; + 9) 

8. (log xf (log log X + 9. ^“^.^^((log xY + log a: + j) 


log a;/ 

10. “(log ®(1 + log log a;) 


11 . 


X log a;.log 10 

(log log log a:)'og'“BY, , , , , 1 ^ 

*2- -* + loaww^i 


13. 


log; 

2 e»'o* ®(log a:).a:>og * 


A 


14. e(*®g*)*{(loga:)®.(log log a:)5)+ (loga:)*“l} 


X 























EXAMPLES IV 


115 


15. e®®.ar*(l + log x) 

19. {sin {2x + y) + 2 sin (x + 2y)}y' + {2 sin {2x + y) + sin (* + 2y)} = 0; 
(sin (2x + y) + 2 sin (» + 2y)}y' + 9{1 - cos {2x + y) cos (x + 2y)} = 0 
1 — *y — y® (* + y) {3a:* + 2a: y + 3y* — 2xy{_x + y)* — 2} 

“ 1 - a:y - a:* ’ ~ (1 - a:y - 

n 

21. — coth y — coth y cosech^ y 22. 5^6® sin (2a; + w tan“i 2) 


23. j” sin (3a; + ^nn) + J sin (a; + Jtwt) . 

24. + 127ia;2 -f ^n{n — l)a; + n(n — l)(w — 2} 

25. n\(\ogx -h w — + i^Cg + ... + (— 1)”“^“) 


26. 2«-2{cos (2a; + inn) + 2” cos (4a; + inn) + 3” cos (6a; + inn)} 

27. {X* — Gn{n — l)a;2 + n{n — }){n — 2){n — 3)} sin (x + inn) 

— {4na;» — 4kn{n — l){n — 2)a;} cos (a; + inn) 


28. 2(- l)"-^^^^(loga: - 1 -i - i - . . . -^j) 

(_ l)n,(2n - 4)!(3a;3 - 4?ia; + ^n{n - 1) 

22 n- 2 (^ 2)!(a; - l)«+i 

30. e®2i"”i[{2a;2 + 2na;} sin (x 4- inn) — {2nx + n(n — 1)} cos (a; + inn)} 

31. ^jsin ^a; + — 3^^-^ sin ^3a; -f- 


4- ^jsin (a; 4- — 1)^) — 3^‘~2 gjn ^3a; -(n — l)7^\ 


’ a:® 4- 2 /®* a;® 4- 2/® 

35. ctz^n + 2hzn>fj 4" 4" (2<7 — ^)^u “1" ^)^v 4" = 0 

2 

37. Use the infinite series for c® 41. J 

45-54. May be proved by calculating the minimum (or maximum) values of the 
appropriate functions. 

56. x < (log log a;)>og ® < (log a;) 6og xY < e® < (log a;)® log < a;®’ 

< (log a;)(log ®)^®8 ^ < (log a;)®'^'® ® 

57. (ii) The limit is the smaller root of log x = a; log (1-2), i.e. 1*258 (approx.), 
(hi) The sequence oscillates between w, v determined from (0*02)“ = v, (0*02)^ = w, 
i.e. between 0*0314 and 0*884 (approx.). 

58. li^n) = 0 = F{n 4- 0); F{jn. — 0) = — 1; points for which n <x <n i 

lie on the line joining (w, 0) to (?t 4- 1» — !)• 

59. F(n) = 0 = i?^(w 4- 0); i’(n - 0) = 1; for 0 < a; < 1, F(x) = ^/x and 

for other points F(n 4- a;) = F{x), (0 < a; < 1). 

60. i^(0) undefined ; i^(4- 0) = 4- oo ; i^(— 0) = 0 ; F{n) = (1 4- n)/Zn 

1 4- n 

= J’(» + 0); J’(«-0) =n/(3»-1); ^’{» + *) = ® < !)• 


61. /(4- 0) =/(0) = 0; f(x) undetermined for a; < 0. 

62. Finite discontinuity of the first kind at a; = 3 with/(3 — 0) =/(3) = — 1, 
/(3 4- 0) = 0. 

63. Infini te discontinuity of the first kind at a; = 0. /(4- 0) == — oo, 
/(-0) = 4- 00. 

64. Continuous. _ 

65. Infinite discontinuity of the second kind at a;=0. /(dzO) = 4 “ 00 , 
/(-hO) = - 00. 
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66. Continuous. 67. Continuous. 

69. F(x) =0, F{1) = ^ ; F{— 1) undetermined; removable dis¬ 

continuity of the &st kind at a; = 1. 

70. F{x) |a:| > 1 ; F{x) =0, |a;| < 1; i^(l) = J; JP(— 1) undetermined; 

a finite discontinuity of the first kind at a; = 1, with jP( 1 -f 0) = 1, F(l) = 
i^a - 0) = 0; also F(- 1 + 0) = 0, F(^ 1 - 0) = - 1. 

1 X 

71. F(x) = j (a:| < 1 ; F{x) = (a;| > 1; 1) undetermined; 

i^(l + 0) = - 00 = - i?^(l - 0); F(- 1 + 0) = i, i?^(- 1 - 0) = - i. 

72. Continuous all x, F(x) = 6^+*. 

73. ^(a;) = a; — 2, (a;^ 1, a; ^^0); ^(0) = J, jP(l) = 0; two removable dis¬ 
continuities at a; = 1, a: = 0 with i^(± 0) = — 2, F{1 ± 0) = — 1. 

^ x{x~+\y I""! > *: 1*1 > 1 >• ^’(1 I- 0) = 0, 

i’(l) = ^’(1 - 0) = f; /’(- 1 - 0) = - 00 ; 1 + 0) = iP’( - 1) = 0. 

13 I 3 /3\ 

75. F{x) = ~ _ j, a; < - ; ^'(a:) = a: — 2 , a: > j undefined. 


76. ^’(a:) =0, x > 0; F(x) not determined for a: < 0. 

77. D. 78. C. 79. C. 80. C. 81. 0. 82. O. 

83. D. 84. C. 85. i). 86. C. 87. C. 88. D. 

89. O, \x\ < I, x = - 1. 90. (7, |a:| <1. 91. G, \x\ < 1. 

92. O. 93. C, |a:| < 1. 94. 0, |z| < 1. 


’ 5 . I -xil -X 1 - a?>+i)’ ^ (1 _ a;)2 1*1 < ^ ! 


^ 1*1 > 

96. (7, |a:| < 1 and a; = — 1. 


97. C, |a;| < 1, a; = — 1. 


98. C7, |a:| < 


99. C, \x\ < 2 ^. 


100. C'. 1*1 < ^ : « = ^. ?(P + 2q)> 0 ; a: = - ^ (^ > 0). 

101. 00 102. 00 103. 00 104. 1 105. oo 106. oo 

107. 00 , 00 108. 00 109. flog 2 110. flog 2 111. 0 

11A T t 2 712 ~ 1 2 2 1 1 

^ ^ 7l2(7l -f- 1)2 n 71 + 1 (rt -f 1)2 7 i2 * 

117. Each series is equal to 2 log 2 — 1. 

118, 119, 120. Arrange as a double series after expanding the general term. 

121. lim lim =0, lim lim = 1. 122. 1, (x rational); 0, (a; irrational). 

m n n m 

123. Rows, — 1 ; columns, — 1; diagonals, oscillatory between 0 and — 2; 
squares, — 2; double series oscillates between — 1 and — 2. 

125. D. 126. C, 127. D, 128. C. 

129. Rectangle bounded by |a;| = f, \y\ — f. 

130. Area bounded by \x\ < 2, \y\ < 3, |a:y| < 1. 

131. The area bounded by |a;2y| = 1/|A|, |a;y2| = l/|yM|. 

132. All the series absolutely convergent when |a;| < f, \y\ < J. The double 
series, but not the others, is convergent also when a; = 2, y = 3. 

133. Double series, |a;| -f 2|yl < 2; columns, \y\ < 1 with |a;| < 2|1 — y\; 
rows, |a;| < 2 with 2\y\ < |2 — a;] ; diagonals, la; + 2y| < 2. 

134. Double series, la;| + |y| < 1 with J2a;| -f- |y| < 1; rows, |a;| < 1 with 
\y\ < |1 — and \x\ < f with \y\ < [1 — 2a;| ; columns, \y\ < 1 with 
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|a:| < |1 - s/| and |y| 1 with ^1^1 |l — y\ » diagonS/ls, H” 2/| 1 with 

\2x + j/| < 1. 

135. Double series within the square determined by |a:| + |y| < 1 ; diagonals, 
within the hexagon (it 4, 0), (0, ± 4)» (1» — 1)> (— 1> 1); rows, within the pentagon 
(4,0),(0, ±4), ( — 4» ± Ih columns, within the pentagon (0, 4), (di 4» 0), (d: i,—4)* 

136. Area within the segment of the circle + 7 / 2—4 between the lines 

X = it 1* 

137. Within the area common to xy 

138. Within the area bounded hy y^ — \ — x, (x> 0) and 7/^ = 1 + a; (a; < 0). 
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CHAPTER V 


INTEGRATION OF FUNCTIONS OF ONE VARIABLE. 

5. The Indefinite Integral. A function F{x) whose derivative 

is/(x) is called an integral of/(x) and is written J/(^) If 

are two integrals of /(x), the derivative of F{x) — ff(x) must be zero. 
But the only continuous function possessing a zero derivative at all 
points of an interval, is, by the mean value theorem, a constant. Since 
the value of this constant is arbitrary, the general value of the integral 

oi fix) is ^f{x)dx + C, where C is the arbitrary constant. This general 

value is known as the indefinite integral of /(x). 

When considering methods of integration, we shall often, for convenience, omit 
this constant. 

5,01, Methods of Integration, From the above point of view, inte¬ 
gration is a process inverse to differentiation, and it may therefore be 
expected that the process will not always be possible in terms of functions 
or operations that have hitherto been considered. We can, however, 
from our previous knowledge of derivatives obtain at the outset a list 
of integrals of certain simple functions. In order to obtain the most 
useful expressions for these simpler results (or standard forms, as they 
are usually called), it is better at this stage to consider the effect of a 
change of variable. 

5,02, Change of Variable, Let F{x) = J/(^) i-®* /(^) = 3»nd 

let X = <^(^^) be a continuous function of u possessing a derivative (f)\u ); 
then F {<f>{u) } is, for an appropriate interval, a continuous function of u, 
possessing the derivative f{<f>{u) }(l>\u) with respect to u, 


i.e. 


*Example 


j/(a;) dx = F{x) = F {^(m) } = j/{<f>{u) }.<f>'{u)du + C. 
f dx 


1 tan 0 

■ Jsec^ OdB (ii X — a sin 6) = 


. ^2yi - ^2 j— -- K.X ^ - a2 “ a2(a2 - 

5,03, Standard Forms. Directly from the results of differentiation 
with the use of a suitable change of variable, we obtain the hst: 


I. (i) Vax + h^dx ■■ 


(ax + 6)”+i 
a(n + 1) 


, (a(n+ 1)^0) 


C dx 1 
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(iii) Je®® dx — (a 0) 

(iv) fcos (ax -\-h)dx = ^ sin (ax + 6), (a 0) 

(v) Jsin (ax + b) dx = — ^ cos (ax + 6), (a 0) 

a 

(vi) Jtana;dla; = — log |cosa;| 

(vii) Jcot xdx — log I sin x\ 

(viii) Jsec ^xdx = tan x 

(ix) Jcosec ^xdx — — cot x 

(x) Jsinh mx dx = - cosh mxy (m ^ 0) 

(xi) Jcosh mx dx sinh mXy (m ^ 0) 

[ 2 T ~ 2 ~ ( " )» ^ 9) 

Jx^ -i- a \a/' ' 

C dx X , , 

(xiiO J ^(a2 _ x^) ^ a’ ^ ^ 

r rfa; 

(xiv) J {* + + ^)} 

A useful appendix to this list is: 


ir. (i) J{^(a:)}V(*) dx = , (« 5 ^ - 1) 

= log |^(*)| 

(iii) Jc®* (fa: = (a log c^O) 


(iv) Jlog X. dx = a;(log a; — 1) 

(v) Jcosec xdx — log |tan ^x\ 


(vi) jsecxdx — log |tan + l7^\ = log 


1 + sin x\ 


(vii) Jsin^ xdx = ^(x — sin x cos x) 
(viii) Jcos^ xdx — ^(x + sin a; cos x) 

(ix) Jtan^ X dx = tan a; — a; 

(x) Jcot® xdx = — a; — cot x 


C dx X 

J (a^ - x^)i "" - x»)S’ 

= A(x’‘ + A)i’ 

(xiii) ~ x^)dx = lx\/(a^ — x^) + arc sin (~)> (a > 0) 

(xiv) Ja/(^® + ^)dx = ix\/(x^ -\- A) log {a; + ^/(x'^ + A)} 
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5.04. InUigraiion by Parts. The formula for Integration by Parts is an 
adaptation of the formula for the derivative of a product, i.e. of the result 

d C 

— {uV) — uv u'V, where F = \vdx. 
dx J 


or 


Thus ^uv dx = u^v dx — dx } dx, 

j*(lst Function) x (2nd Function) dx = (1st Function) 

X (Integral of 2nd) — J(Derivative of 1st) X (Integral of 2nd) dx. 

This formula is often effective if u is an inverse function such as arc sin x 
or is a 'positive power of x or log x, whilst v is or a circular function 
or a power of x. 

x^( 1\ 

Exam'ples. (i) log xdx — (log x).p - I dx =— (log x — -pi- 

o ^ 


(ii) fx arc tan x.dx 
1 


= -^x^ arc tan x 


— arc 


x^ dx 
+ x^ 


2J1 

1 f / 1 \ 1 I 

tan a; — 2 U 1 — 1 ^ ^ 2^* 

5.05. Reduction Formulae. In some cases an integral may be evaluated 
by repeated apphcations of the formula for Integration by Parts. This 
is one way in which Reduction Formulae arise. 

Thus if = I - -- where m is a positive integer 

J V(1 + 

Im — — {m — + x'^)dx 

= V(1 + 352) - (m - 1)(4,_2 + Im) or 


= 


x^~^^/{l + x^) m — \ 


m m 

By repeated apphcations of this formula, I„^ is expressed in terms of 
A[= V(1 + or /o[= log {x + V(1 + 

5.06. Integration of the Rational Function. Let P{x)/Q{x) denote a 
rational function where P{x), Q{x) are polynomials with no common factor. 
The denominator Q{x) may, theoretically, be expressed in the form 
Q{x) = k{x — a)P(x — jS)® . . . (x2 -f 2bx + cY(x^ + 2cx +/)^ . . . 
where p, q, . . ., s, t . . . are positive integers, k, cn, f, . . ., b, c, e, f, 
... are real numbers and b^ < c, e^ <f, . . . 

Then P(x)/Q(x) may be expressed in partial fractions, as follows : 

m=p . 




^(a:-a) 

m=q 




+ ^m) 

(x® + 26x + c)” 


+ . • . 
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where T(x) is the quotient when P{x) is divided by Q{x) (and may there¬ 
fore be zero). 

Note, The reader may verify by multiplying up by Q(x) and equating coefficients 
that there is exactly the correct number of linear equations for the determination 
of the unknowns. (Ref. Ooursat, Cours d'Analyse, I, 5, where a justification of this 
method of decomposition will be found.) 

The theoretical integration of P(x)/Q(x) resolves itself into two parts 

(i) the determination of the unknown constants in the partial fractions, 

(ii) the integration of the fractions. 

(i) The Detennination of the Constants. These constants may usually 
be determined most simply by finding the approximations to P(x)/Q(x) 
near the infinities of P(x)/Q(x). Thus 

(а) Near a multiple real root a of Q{x) = 0, we may take x = ol + ^ 
and expand near | = 0. 

(h) The terms of the form S - may be found by de- 

veloping the expansion in the form 

(a^x + 6i) -f {a^x + + (a^x + 63)^2 + ... 

where ^ = x^ 2bx + c. 

But it may be sometimes simpler to use the method of equating 
coeflficients in the case of quadratic factors. 

(c) The fimction T(x) is simply the asymptotic polynomial. 

A 

(ii) The Integration, (a) The integrals of T(x) and -—— are 

(x — a)'" 

obvious. 

(б) By reduction-formulae it is possible to express the integral of 

Lyf,x + « f xdx j f dx 

)x^ + 2bx + c Ja 


How- 


(x^ -j- 2bx + cY* * J + 2bx + c ]x^ -\- 2bx + c 

ever, it simplifies the analysis to write u = x b and the integrand 
qu + r 
(u^ + k^Y^ 


becomes 


where q = L,,^, r = 


bL^ 


The integral of „ ~ -- ^ 

^ (u^ + k^Y' ^(^ - l)(^^ + k^T-^ 


k = V(c - b% 
whilst if 




du 


I (^2 + k'^y^ 

we easily obtain the reduction-formula 


2h\m - 1)/^ = 


_ + (2^_3)/, 


m—1* 


(m2 + h^Y 

Note. may also be expressed as BdO, where u = ktsmO, 

These various points are illustrated in the following examples: 

doc oc 3 I dtoc 

I (*2 + 4)2 "" 16(2:2 4)2 + i6j(a:2 + 4)* formula. 


Examples, (i) 




A 
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( dx X 11 dx 

J(a;a + 4)2 = ^a ~: ^ 4 ) + **1®'*' integral is equal to 


\2 + 


3ic 


■ + ; 




ie(x^ + 4)2 128(a:2 + 4) ^ 256 

+ 2a:» - X + 1 


arc tan Jx. 


dx. Denote the integrand by F{x). 

2\-i 


l)(x + l)(x - 2)' 

At 00 , F{x) = x2(l + 1 _ i + l)(i _ i) '(i + 1) '(i _ I) 


= .r2 -f 2a; + 5 + 


o& 

Near x = 0, F(x) = ^ (1 - x . . .)(1 + x . . .)(1 - x . . .)^(l + ^x . . .) 


= 2^2 - i 


Near a; = 1, F(x) = 


12(x - 1)(2){- 1) + ~ 2(x - 1) + 


Near x — — 1, F(x) = — 


1 


+ 1 ) 


1 


-h 0(1); 


143 


near x = 2, F{x) = _ 2) ^ 


Thus J’(x) = x2 + 2x + 5 + 5-2 - T- - 


1 


2x2 42 - 2(x - 1) 6(x + 1) 12(x - 2) 

SF{x) dx= ^x2 + x2 + 5x - i - jlog |xl - I log |x - 1| - i log |x + ll 


143 


and 


I- -j^log|a:-2]. 


a;® — a; + 1 


(hi) JJ’(x) dx where F(x) = ^ 

Near a; = 1, take a; = 1 + I and expand. 

Th„ Ft., - +«■)(■+{+{■) ^ 0,,, 


116 


4{x - 1)3 4:(x - 1)2 16(a; - 1) 


h 0(1) after simplification. 


Similarly the terms required near a; = — 1 are 

85 


1 


Near x = 2, the term is 


The integral is 
1 3 

-x3 -a:2 + 9a; + 


3(a; - 2) 

1 7 


8(a; + 1)2 48(a; + 1)* 

and near x = oo, the terms are a;2 + 3a; + 9. 


(iv) Jji?'(a;) dx where F{x) = 
)r the I 
F{x)^ 


116 1 

8(x - 1)2 ^ 4(x - 1) - 116 F ~ ^1 “ 8(x +1) 

7 85 

- Jglog |x + 1| + ylog I®-21- 

(x+ 1) 


(x — l)(a;2 + a; + l)(a;2 + a; + 2)’ 

For the part corresponding to a;2 + a; + 1, develop F(a;) as follows 

(a;+l)(a;+2) _ —a;—l+3a;+2 i 


"(a;2+a;—2)(a;2+a;+l)(a;2+a;+2) (—3)(x2+a;+l)(l) (a;2+a;+l) 

(retaining the significant part). 
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Similarly for x 2 we obtain 
I 


— a; — 2 +3a;+ 2 




Thus F{x) = 


(_ 4)(- l){x^ + a: + 2) (x^^ + x-h 2)' 

2a; + 1 X 

4- ^ and 


6(a; - 1) 3(a;2 + a; + 1) ‘ 2(a;2 + a; + 2) 

iF{x) (ia: = J log I* - 1| - J log (a:“ + a; + 1) + i log (*« + a; + 2) 

“ 2^7 ®’’ 




(v) iF{x) dx where F{x) = 
1 


a;2 — a; + 2 


F{x) = - 


3(x - 1) 

ll(x - 

-2) 

X2 + i 


i = i 

~ ri 

r + 

iM 

1 

1/ 

1 

8 


”’x - • 

• = x(- 

3 

11 

+ L 

i log |x - 

- 1| + Tflog 

|a; - 

-2| 


{x — l)(a; — 2)(a;2 + 2a; + 3)* 

8 Lx M 

—-- ; let a; ^ 0, then 


(vi) Ji^(a;) dx where F{x) 


a;5 — a;2 + 2 


8\/2 

+ ^arctan^^ V2 




(a: - l)(a:2 + x + 1)^' 

For the factor, (a;2 + a; + 1)2, take a;^ = — 1 — a; + 0, so that a;* = 14- d{x -—1), 
X* =z X — 6{2x 1), a;® = — 1 — a; -f (a; -f- 3)0, (ignoring 02 and higher powers). 

Then 

(x^ - a;2 -f 2)(a; + 2) (- a; + 40)(a; -f 2) ^ {(1 - a;) + (4a; 7)0}{3 + 0} 

(0 - 3)02 (0 - 3)02 - 902 

- 1) 4- 2) 

gives the required terms —^ - ^ - so that 


02 


F{x) = 1 + , 


4- 


0 

(a;-l) 


ll(a; H- 2) 


9(a; - 1) 3(a;2 + a; + 1)2 9(a;2 + a; -h 1)‘ 

By noting that ♦ 

d ( X \ 1 a;-f2 

da; la;2 -l-a;-f-lJ~ x^ x \ 


4- 


(a;2 + a;+ 1)2» 

a 


we find that 
X dx 




(a;2 -f- a; -f 1)2 a;2 -f a; -f 


, L. 

dx\x^ + a: + 1/ 
— a: + 2 2 /2a: + 1\ 


2a: + 1 
(a:“ + X + 1) 




V3 \ V3 

dx 2a; + 1 4 

-— -^ _l-—arc 

a;2 + a; -f 1 ^/Z 


+ 1 \ 

) (x* + a: + 1)2 x2 + X + 1 ' V3 V VS /’ 

2 11 X + 1 

The integral is x + ^log |x - 1| - j^log (x» + x + 1) - + a: + 1 ) 

13V3 /2x + 1\ 

--^aretanl^-^j. 

5.07. Notes on the Integral of the Rational Function, (a) The above 
examples indicate that the above method of integration is of no practical 
value when the rational function has many multiple factors in the 
denominator (especially if these be quadratic) or when (as in the general 
case) the factors of the denominator can only be determined approxi- 
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mately. The theoretical value of the method (apart from its use in the 
simpler cases) lies in the fact that it gives the form of the integral. It 
shows that the integral is expressible in terms of the rational function, 
the logarithmic function and the inverse tangent. 

Note, The inverse tangent is expressible in terms of the logarithmic function 
by means of the complex variable. 

(6) Even when the denominator cannot be factorized (except approxi¬ 
mately) it is always possible to determine the non-logarithmic part of 
the integral. 

(Ref. Goursat, Cours d'Analyse, I, 6, where Hermite’s method of establishing 
this result is given.) 

(c) Simplifications may be made in the method of decomposition into 
partial fractions for certain types of rational functions. 

Examples. 

a;’ — 2qi^ -f + 3 2x/^ — 3 

(i) F(x) = ...o ■ ,w,.a ■ .X = X: 


(a;2 + l)(a;2 + 4) "(x^ -h l)(x^ + 4) (x^ + l)(a;2 h- 4) 


= x{x^ — 5 — , 


3(*2 +!)■*■ 3(a:* + 4) 
x — \ 2 


68 


(ii) 




1 


29_\ 

.2 4- 4)/* 


(a:2 + X + l)(x2 + X + 2) 
function of x® + x). 

(iii) ^ ^ 


+ 


X* -h ic + 1 x2 -}- X + 2’ 


3(x2 + 1) 3(x2 + 

3 

,, (being a rational 


1 


1 


x« - 16 8(x« - 4) 8(x* + 4) 32(x2 - 2) 


1 

32(x2 2) 

1 


_ ?_)_ 

64v'2\a: - v'2 x+ V2/ 


1 


v'2 


+ V2>' 32(a:i* + 2) + 64(a:2 - 2x + 2) 64(a:a + 2a: + 2) 


S{x^ -2x + 2)(a:“ + 2a: + 2) 
a: — 2 a: + 2 


(For a general denominator of the type x*” — a^n jg better to use complex numbers.) 

f(x) 

(iv) LetJ'(a:) = a.. a^, c 

are all different and where (for simplicity) the degree of /(x) is less than m, 
m 

Then F{x) = = 1^)’ 

r=l 

m 

i.e. near 0=0 where a: = c + 0 


r=l 


m n—1 


> > (- ir 

- Zj(e - a,)»+i 0«-* 

r=l «=0 


r= m n—1 

.th»t FM- 1 , V /K) (-1)^ 1 

^ U'(«r)'(«r - c)"(* - a,) ^ Zj f{a^){c - a,Y +- c)«-»J * 

r=\. i}=u 































INTEGRATION OF FUNCTIONS OF ONE VARIABLE 125 


Example, 


X \ 


(x - l)(a; - 3)(a; - 2} 

= - {(1 4 - 0 + 02 4. 

a; + 1 2 ( 


-2)” \x-3 X- l/(x - 2)« 


(a: - 2)« 

.) + (l-0 + 02) . . .}L near 0=0 


l)n 


(* - IX* - 3)(a: - 2)« a: - 3 (a: - 1) 


P(x) 


(x - 2 )« 
3 

(x - 2)™-2 


_1 _ 

{x - 

2 + (- 


D’ 


iX—1 


(a:- 2 ) 


(v) Let F(a;) = - where the degree of Q^i^) is w, and that of P(x) is 

d f A(x) I E(^) 

(nr — 1) at most. Assume F(x) = '^\ Q r-i \ where the degree of A{x) 


is w(r — 1 ) — 1 and that of ^(a;) is (ri — 1 ). 

Then P = Q^A^ — (r — l)AQ^' + giving nr relations for the deter¬ 

mination of the nr unknown coefficients in .4, B. On integrating, we find 

1 V , ** .Jdx 

I i^(a;) dx ■■ 




Example. Let F(a;) = 


.T. 1 IT/ X ^ hx^ cx d 

Take F(x) = -j-i — 7 - ^ - , - ■ . — 

da; I (x^ + 4a; + 5)^ 


a;** 4- lla;4 48a;3 + 115^2 143 ^ 54 


(x^ 4 - 4a; + 5)^ 

I , €a;4-/ 


(a;2 + 4a; 4- 5) 


so that 


a;® 4 - lla;^ 4 - 48a;® 4- 115a;® + 143a; + 64 = (a;® 4 - 4a; 4 - 5)(3aa;® 4- 26a; + c) 

— 2(2a; + 4)(aa;® + 6 a;® 4 - ca; 4 - d) 4 - (ea; + /)(a;® 4 - 4x 4- 5)®. 

It will be found that a=0 ,6 = l,c = l,d==2, e = 1 ,/ = 3, so that the integral 

( ^ ® ' 4 ^ 4 x + 5 )® ' + 2 + 4a; + 5) 4- arc tan (x 4- 2 ). 

5.08, Differentiation under the Sign of Integration. Let F{x, a) be 
a continuous function possessing continuous derivatives F^ which 
are therefore equal. 

Then F^ = dx dx ; but F{x, a) = dx, i.e. if 

we write f(x) for F^, we have 

|.jj/w4=llfe 


Examples. If by integration of the rational function 


Q(p) 0, we find that 

f 


f P(x) dx 

J Q{.x)(x - p) 

P(x) dx 

J Q(x)(x — pY^ ~ (m— 1 )! dp^ 


P(x) 

Q(x)(x - p) 


where P(p) ^ 0, 


= F(Xy p), then 
1 


0 m-l 

—!■?’(*. P)- 


Thus ( 1 ) _ a) “ j{: 


1 


(2 

+ 


a.){x - 2 ) (1 - aX* - 1 ) 


(2 

10 


— log|x- 2 | - 


1 


(1 - a) 


(a - IXoc 
log |a: - 1 | + 


— 2)(a; — a)J 

I 


dx (a. ^ 1 , 2 ) 


(a - l)(a - 2 ) 


a) 
log \x 
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I 


Differentiating {n — 1 ) times we find 

dx 1 1 I I 1,11 

(x - l)(a: - 2)(x - a)" (2 - a)« I® ~ ^1 - I® “ M 


+ 


((T^ - (Tibr) I* - “I - 

dx 


(ii) Since 


1== 


(n - l)(a - l)(a ~ 2 )> - a)w-i * 


1 


+ 2^a; + g' VCg' - P^) 


arc tan 




we deduce that 


Ii 


dx 


(_ l)m-l f 1 

■ = ----=-r --r- J 


(*2 + 2px + ?)*» (m - 1 )! 1 -^/(g - P^) 0 (? - ’ 

r 2xdx (—l)wi-i r 1 

J (x^ + 2px + qy^ ~ (m— 1)! dpd^-^ W(5' — P^) -- p^ 




Thus since 
dx 


(a;2 + a2)2 2a^ 


f dx _1 
]{x'^ + a^) ~a 


1 X 

= 5-3 arc tan —h 


X 

arc tan — 
a 


1 


a 2a^(x^ + a^) ’ 


dx 


{x^ + a^)® 

(after differentiation and simplification). 


.3 a; 

= ^ arc tan - + 


3a; 


a Sa^{x^ + a 2 ) + 4ki^{x^ + 


5.1. Integrals associated with Algebraic Curves. The integral 

\^R{x, y)dx when x, y are connected by an algebraic relation f{x, y) ^ 0 

is called an Abelian Integral, It is not, in general, expressible in terms 
of elementary functions. It is, however, so expressible when tlie corre¬ 
sponding algebraic curve is unicursal (i.e. has zero deficiency, for the 
co-ordinates of a point on such a curve can be expressed rationally in 
terms of a parameter t). 


Example, lydx when — 12 ^^ _ 

The curve is a quartic with 3 double points (0, 0), (di 2, 2 ) and is therefore 
unicursal. The co-ordinates of a point on it can be expressed in the form 
ic = 2<(2<2 - 3), 2 / = 4^4 - 8^2 + 3 
and so the integral becomes 6/(4/'* — 8^2 + 3)(2^2 — 

Notes, (i) When the deficiency is not zero, the integral may be expressible in 
terms of elementary functions in particular cases. 


Thus 


I 


_(2 - 3a:5) _ 

(1 + a;2 + a-®)V(l + + x^) 


2x 

^/{i + x^ -\- x^y 


(ii) When the deficiency is unity, it can be proved that the co-ordinates of a 
point t)n it can be expressed as a rational function of t, u, where is a quartic (or 
cubic) in t. {Ref. Clebsch, Crelle, 64, 210.) Abelian Integrals of this type are called 
Elliptic and they can be expressed in terms of elementary functions and Elliptic 
Functions. 


5.11. Integrals connected with Conics. The conic 

ax^ + 2hxy + by^ -f 2gx + 2fy + c = 0 

being unicursal, the integration of R(x, y)dx can be reduced to that of 
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a rational function of one variable t (although this general theoretical 
method is not necessarily the simplest). 

Example, Find when xy — x — y, 

X , 1 - < 

Let y = tx, then x ^ V = 


1 + ^ + 


“d j7 = J < - ( - l- <)(l + < + f^) = - 'I - I'l 

1 /2< + 1\ 

+ glogfl + < + <“) “ V3arc tan j 


= 2 log 


(a? - y? 




- V3 arc tan (x:p^y:p^ 0). 


5.12, The Conic = ax^ + 2hx + c {ac ^ 6^). The conic of most 
frequent occurrence in this connection is that given by 

y 2 _ _|_ 2bx + c 

which is a hyperbola, a parabola or an elhpse according as a >, = or < 0. 
The general equation of the conic may in fact be reduced to this form by 
a suitable change of the axes of reference. 

(i) a = 0, = 2bx + c. Then R{x, y) = R{{y^ — c)/2b, y) and 


h = so that the integral may be written dy, where i 

rational. 

Example. ^ dx — J 


* 2>yHy 
)2/^ + 3 


\i y^ = 2x — \ 


— 9) + 6V3 arc tan (;^) 


^x — 5 ) 


I , r2ic —11 i 

(2x — 1)^ + 6\/3 arc tan |—-— j 


3 ' ' ' 3 

(ii) a 0, y^ — ax^ -f- 2bx + c (6^ ^ ac). The substitution of 

I xiJR 

ax^ + 2bx + c for y^ in R{Xy y) reduces R{x, y) to the form ^ ^^ 

where A, B, C, D are polynomials in x. Assuming that C, D do not 
vanish for any value of x under consideration we may multiply numerator 

and denominator by C — yD, and obtain R{x, y) = Rx{x) | — 

y 

(ax^ + 2bx + c being substituted for y^ wherever necessary), Riix), 
RJ^x) being rational functions of x. 

The integration of Rx{x) has already been considered; in the other 
part, let R^ix) be expressed in partial fractions and it will then be seen 
that the integration of R<^{x)/y depends on integrals of the type 

where m is a positive integer (or zero) and a, p, q real with p^ < q. 


A 
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1 

(a) = J— dx. Differentiation of yx^~^ will show that 

ma/„, + h{2m — + c(m — l)/,„_2 = ya;”*“S (m > 1) 

all + 6/o = 2 / so that is expressible in terms of /q. 

Also /o is easily reduced to one of the standard forms (if = a; + 6/a), 


(i) 


-f- 


du 


yj aj y/{u^ -j” A.) 


, a>0, (ii) (a < 0) where 


A = 


ac — 


B 


— ac 


The integral is not real if a < 0, ac > b^. 

C dx 

(6) = 1-Differentiation of yix — will show that 

^ ^ ^ ]{x — 0 L)^y 

{m — l)(aa^ -j- 26a + c)J^ (2i?i 3){a(x. + 1>)Jm—\ — 2)*^m -2 

= — y{x — a)^“^ (m > 1), 
(aa^ + 26a + c)J 2 + + 6)Ji = — y{x — a)“^ 

P da? 

and Jt = I -;-r reduces to the type /»by the sub- 

" ]{x-^W{ax^ + 2bx + c) ^ 

stitution u{x — a) = 1. 


(c), (d) Differentiation of 

xy(x^ + + qy~^ and y(x'^+ ^px + 

will give two linear relations connecting ^in -2 \ 

so that are theoretically expressible in terms of Ki, Zi, Zq (= Iq). 

No useful purpose, however, is served by obtaining the actual reduction 
formulae as, owing to the numerical labour involved, they cease to be 
of practical value. We shall therefore only consider the integration of 
Ki. Zi. 


Ki 




5,13. The Integratim of 
r x dx 
J (x- + 2px + q)y 
(i) Consider first the simpler cases 
xdx 




dx 


E 


= lo 


.^ = 1, 


(x^ 2px + q)y 
dx 


I (x^ + h’^)\/{Ax'^ + B) 

In jB, write = Ax’^ + B and E becomes I 

J 


In F, write = A 


B 


and F' becomes 


(x^ + k'^)^/{Ax^ + B) 
du 

+ Ak^ — B' 

du 


-f_! 


k^A +B 


and 


these new expressions for E, F are standard forms. 

(ii) We shall now express Ki, Zi in terms of integrals of the type 
E, F, The quadratic (x^ + 2px + q) — 2.(ax^ + 2bx + c) is a perfect 
square if ^(A) = (I — aX){q — cA) — (p — bXY = 0. 
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The roots of this equation in A are real and different, since <f> (I/a) <0, 
= q — > 0. If the roots are Ai, Ag we have 

-|- 2ipx q — Xx{cix^ -j- 26^7 -j- c) = (1 — (iX^{x oc)^ 

x^ -j- 2 j9x ^ — X^io/X^ -|“ ^hx -f- c) = (1 — (iX^{x (^1) ^2 ^ 1/^)* 

Thus ax^ -\-%x + c = A^(x - a)^ + B^{x - ^)\ 

x^ + 2px + ? = A 2 {x —* a)2 + B^ix — PY- 

Now take t — ^ ^ 




then 


{Lx + M) dx 


J (x^ + 2px + q)\/{ax^ + 2bx + c) 

is of th« form i *- “ 

The case when a root of the A-equation is 1/a is left as an exercise to the reader, 
f dx 

Examples, (i) Find J ^ ^ 

2x^ + 3x + 2 


d 


Since 2x 2)} — 


it follows that 


21 — x\/(x^ + 2 a; + 2 ) 


V(a;2 + 2a; + 2 )’ 

(3a; + 2) dx 


I V(sc^ + 2 a; + 2 ) 


/ = ixV(x^ + 2 a; + 2 ) - + 2 a; + 2 ) + J log {a; + 1 + V(^" + 2 a; + 2 )}. 


(ii) 


f da; f 

]{x-2W{l+x^) ~ Ja 


du 


iiu = 


2)V{1 + J + 1) x-2 

= ~ {“ + 1 + S} 


V5 


x-2 


2a: + 1 + V(5a:“ + 5) 


+ C. 


(iii) 


(x — 2)(lx 


|(a:i> + 4)v'(a;i' + l) 


|(3a:2 _ 


= :^arct 
( 2 a; + 1 ) da; 


^ du (* dv 

"" Jm 2 + 3 + J 4«;2 - 3 

(if = a:^ + 1, = 1 + 

^ /{x^ + l\ 1 , / 2 v'{l + a;!*) + arVSN 

V V 3 / 2V3 ^2V(1 + *“*) - a:V3/' 


The A-equation is 


10a; + 9) V(5a;2 _ 10 ^; + 14 )* 

(8 - 6 A )2 = (5 - 3A)(14 - 9A) 
from which we find A = 2, f and 

6a;2 - 16a; + 14 = 3(a; - 2)^ + 2(a; - l)^; 3a;2 - 10a; + 9 = 2(a; - 2)2 + {x - 1)2. 


Thus the integral is 
t dt 


f {5(^ 

J(^- 


{5(a; — 1) — 3(a; — 2)}dt a; — 2 

ii ^ = r 
a; — 1 


i.e, is 3 1 

J' 


1 ){2<» + 1)V(3«* + 2) 

dt 




{2fi + l)v'(3<* + 2) ^ J(2<2 + 1 )a/(3«® + 2) 


f du ( dv 2 
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Its value is 

= ^1 
2V2 


jV(10a:2 _ 22x + 28) + a: - 11 
lv'(10a:2 - 32a; + 28) - a; + iJ ■“ 


5 arc tan 


(v) Evaluate 


I 


dx 


(x^ + + a^) 


in terms of I 


-I 


f V(5«2 - 16a: -h 14)1 
L a: - 2 J 

dx 

(x^ + h^W(x^ + a2)- 


Differentiating 


x\/{x^ + a^) 

a:2 + 62 - 


d /XV(X^ + a^)\ (262 _ ^2)^2 ^ ^2^2 

dx\ (a:2 + 62) / ~ (a :2 + 62)2 v'(a:2 _{. ^ 2 )' 


Thus the integral is _ (25^ - a^)/}. 


Notes, (i) An alternative substitution for 


I 


dx 


(ii) An alternative method for the original integral 


(a;2 + 62)v'(a:2 + a^) 

(Lx + M) dx 


is a: = a tan 0. 




1/9 I o —.—V is to use 

J (a;2 + 2px + q)y 

Greenhill’s substitution + 2jpa; + q). (Ref. Hardy, Integration of 

Functions of a Single Variable, 24.) 

5.2. Integration of Transcendental Functions. When the inte¬ 
grand is a rational function whose arguments are powers of x, exponen¬ 
tial, logarithmic and circular functions, then, apart from particular cases, 
there appear to be only two types of integrand that are easily determined 
(theoretically) in terms of elementary functions. These are considered 
in the following paragraphs. 

5.21, . . ., dx, where R is rational and the numbers 

a, /?, y, . . ., K are commensurable. This concise description of a 
suitable integrand is used here for convenience but we shall regard it 
as inclusive of the type R (sin^a:, cospx, siaqx, cosqx, . . .) (when p, 
q, . . . are commensurable) since the latter function may be shown to 
be of the same type as the former by the use of complex numbers. The 
integration of the latter function will however be considered separately. 

If a, y, . . ., are commensurable, a number c{^Q) exists such 
that a = miC, ^8 = mgC, . . ., where mi, mg, . . . are integers. If 


= 


= ^ = cy and the integral 

ax 


y = gca; 

. . .)dx = jjKi(y) dy 

where Ri{y) is rational. 

Exam^e. if y = e* 

= 2 log y — log (1 + t/2) + arc tan y 

— 2x — log (1 + e2®) + arc tan (e®). 

5.22. The Integration ^ (^) ^ general method 

consists in using the substitution t = tan \x, for then 


ji? (sin a;, cos a;) dx = npl)! 


2dt 
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Example, 


f dx f dt 

'• 1JT";-— = 1 tan {t — 1) 

J3 + cos X — 2&mx J <2 _ 2^ + 2 


= arc tan 


sin x — cos X — \ 


/'sin X • 

\ T 


)• 


+ cos X 

(b) Before using the general method, we should take the simpler 
substitutions (i) = sin a?, (ii) u = cos x, or (iii) u = tan x when these 

are suitable. 

Examples» (i) J sin® x cos® xdx = Ji4®(l — u^)du ii u = sin x 

= ^ sin® X — yh sin^^ x. 


(ii) = 

' ' J 4 + cos X J 

= 151 

r_^ 

J 2 cos® a; — 5 sin a; 


(1 — u^) du , 


4 + ' 


if w = cos X 


= 15 log {u + 4.)- S{u + 4) + + 4)® 

= J cos® a; — 4 cos a; + 15 log (4 + cos a;) + G. 

du 


cos X + 2 sin® x 


f_: 

}(2u- 


= olog 


u — 2 


2u ~ 1 


= 3log|2 


1 )(« - 2 ) 
sin a; — 2 cos x\ 


if u = tan X 


5 sin a; — cos x\ 

(c) Arithmetical labour may be saved sometimes by the direct inte¬ 
gration of part of the integrand. 

For example if 

J,, O • ox Ax^ + 2Uxy + By^ + 26*0; + ^Fy + G 
B(cos9, ™e) =- „ + by + c - 

where x = cos 0, y = sin 6, we can determine uniquely constants p, q, 

f, A, p, V such that 

Ax^ -f 2Hxy + By^ -\-2Gx + 2Fy + C 

= {ax + by + c){px + qy + r) + v{x^ + y® — 1) + X(bx — ay) + p. 


Then Jj? (cos 6, sin d)dd = p sin 6 — q cos 6 


Example. 


+ rO + A log |a cos 0 + 6 sin 6 + c| + p^- 

■p 


dd 


cos 0 + ft sin 6 + c’ 


f2 cos® 0 + 4 sin 0 cos 0 — sin® 0 + 2 cos 0 — 6 sin 0 + 3 


dd. 


3 cos 0 + sin 0 + 4 

On determining the constants, we find that the numerator is equal to 

( 13 9 48\ 19 

cos 0 + sin ^ ^ 0 — 1) 


64 ^ 439 

+ ^(cos 0 - 3 sin 0) + -^ 


and the integral is 

~ sin 0 — ^ cos 0 - ^0 + ^ log (3 cos 0 + sin 0 + 4) 


439^/6 


(i 


+ tan 


V6 


5.23. The Integration of Jsin^ x cos^ x dx where p, q are integers (db)- 
The substitution u = tan \x makes the integrand rational in u, but it 

























r 
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is better in this case to obtain the reduction formulae directly. The 
obvious principle is to relate the above integral to a similar one in which 
one at least of the indices is numerically decreased. 

For example, if m, n denote positive integers, 

(i) (m + n)j*sin"‘ x cos^ x dx 

— sin’^+iajcos^"!^ {n — l)Jsin'”aJcos^“2 2 ;eix. 

(ii) (n - 

'J cos"* cos™-ia; ^ '’J cos™-* a; ' 

(iii) (m — 1)1 — 

Jsir 


I sm"^ X cos^ X 


sin^“i X cos^~i a; ^ ^ ^ '^^Jsin"‘~ 


dx 


2 X cos'*^ X 

Other suitable formulae will be found in Examples V, 94-8. Impor¬ 
tant particular cases arise when = 0 or ^ = 0 or -j- ^ = 0, for which 
formulae of the following type are useful: 

(i) xdx = — sin^“i x cos x -f (?^ — l)Jsin '*^~2 ^ 

(ii) (n — l)|tan™ xdx=- tan™-1 x — {n- l)|tan™-* x dx. 

(iii) (m — l)Jsec™ xdx = sin a: sec™-i x + (n — 2)J*sec™-* a:(fo:. 

(See also Examples V, 99-104.) 

Notes, (i) The substitutions n = sin x, cos x or tan x may sometimes be imme¬ 
diately effective. 

Thus (i) if p, q are both odd (i), take u = coa x or u = ainx; (ii) if p is odd, 
q even, take u = coax; (iii) if p is even, q odd, take a = sin a:; (iv) if p, q are both 
even, try u = tan x. 

fsin^ajda; C(l—u^)^du 

Examples, (i) J ^ = _ J- — - (jf ^ ^os x) 

— sec X 2 cos ^ ~ t5os^ x. 

fsin^rrda; f 1 

Jcos^H^ == (if u = tana;) = tan»»+i x (n^-^ 1). 

(ii) Mvltiple angles may be introduced when p, q are positive integers. Thus 
smP X cos« X may be expressed as a linear combination of sines and cosines of mul¬ 
tiples of X. This expression is most conveniently obtained by the use of the complex 
number, but can also be quickly found by the addition theorem when p. q are not 
large. 

Example, sin^ x cos^ x = ^(sin^ 2a;)J(l - cos 2a;) 

~ tV ~ COS 4a; -|- cos 6a; 

fsin^ X cos^ xdx =i ^x — ^ sin 2a; — ^ sin 4a; -{- sin 6a;, 


and 
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5.24. The Integration 0/Jp(x, e^^, . . sin (mx + /i), . . .)dx. 

Where the integrand consists of a finite number of terms of the form 
xPef^^ sin® bx cos^ cx sin® he cos^ lx . and p, q, r, 5 , t are positive 
integers whilst a, 6, . . . are any real numbers. The integrand is 

therefore equivalent to the sum of a finite number of pairs of terms of the 
type Ax^e^^ cos he + Bx^e^ sin he, where is a positive integer or zero. 

5.25. The Integration of Cp = jx^e^ cos he dx and 

Sp = jx^e^^ sin he dx. 

By differentiation of x^^^e^ cos he, x^e^^ sin he we obtain 
aCp — XSp + pCp_i = x^e^^ cos he 
aSp + kCp + pSp_i = x^e^-^sin Aa? (p > 0). 

These reduction formulae, together with aCo — XSo = e^^ cos he; 
aSo + ACo = sin he, determine Cp, Sp. 

In particular Co = je^ cos he dx = e^^(a cos Aa; + A sin he)/(a^ + A^) 

and So = smhedx = e^(a sin Aa; — A cos Xx)/(a^ + A^). 

Example. Find cos xdx{ = C\). 

Here 20^ — C^, = xe^^ cos x ; 28^ Ci = xe^^ sin x 

2Cq — cos X; 28^ + (7^ = sin x 

Thus 5C^ = e^(2 cos x + sin x); 58^ = c^(2 sin x — cos x); 

= xe^(2 cos a; + sin x) — 2C^ — 8^, 


so that finally 


1 


Cl = — 3) cos x + (5a; — 4) sin a;}. 

Notes, (i) The reader may verify the alternative reduction formulae 
, = —-— cos (he — a) — - la;^-le®® cos (Aa; — a) da; 


a;^e®® 

8j, =-sin (he 




le®® sin (Aa; ^ OL)dx 


where (r, cc) are the polar 
co-ordinates of the point 
(a, A). 


Example, fxe^^^ cos xdx = -e^ cos (a; — a) — cos (x — 2a}, 

( yK ’ 1 2 \ 

yr = yo, sm a = -, cos ol = -j 

f X 1 I 

= (2 cos X + sin a;) — —(3 cos a; + 4 sin x)r 

giving the same result as before. 

(ii) The integrals may also be found by differentiating under the integral sign, since 




e®® sin Aa; da; 


Example. Find Ja;* cos x dx. 

1 a; 1 

Since jeos oa; da; =* - sin ax, we have fa; sin oa; da; = — - cos ax + sin ax 

a ** n. ' n* 


( a ;2 2 \ 2x 

-a) sin aa; -i— 5 , cos ax 

a a®/ a* 

(x^ — 2 ) sin a; + 2 a; cos a; (if a = 1 ), 


.A 
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(iii) Other effective methods of determining Sp are 

(a) by the use of the complex number whereby Gp, for example, is the real part 

of the integral {Chap, X,) 

(b) by using the properties of the linear operator ^ ( = ^)- 
Examples V (a) 

Find the indefinite integrals of the functions given in Examples 1-56. 


1 . 

5. 

8 . 

12 . 


2x 3 
3x^ + 4 

X 


2, tanha; 


x^ 


{X - l)(a; + 2) 
x^ + 1 

(a;2 - l){x + 2) 
( 0 : 4 - 1 ) 


(o: - l)(o:2 + 2o; -f 5) 


- 1 
9. cosh^o; 

13. 


X - 1 

7. 


4. 


'+ 1 


- 1 


x^ 2 
\/{4: — X^) 

10. sinh^ X 

1 


15. sech^ X 
x^ - 1 


16. 


sin X -f cos X 


{X - l)3(o: 

17 


• 2)2 


11. tanh2o: 

14. coscch2 X 

o:2 -f 1 


(o:- l)3(o:4- 1) 


18. 


0:2 _ 1 


19. 

23. 

26. 

28. 

30. 

33. 

36. 

38. 


0:2+1 


20 . 


(o:2 + l)(o:2 + 9) 
2o: - 3 

V(4o:2 — 4o: + 5) 
1 — o: 


o:^ 

V(1 - x) 

24. 
27. 


21 . x^\/{l — x) 
3x - 2 


5 — 4o: + o:2 
o: + 2 


25. 


22 . o: 

o;2 + 1 


VC-i-:) 


3 -h 4o: — 4o:2 


v/(9o:2 _j_ 12a; _ 5) 
3o: - 5 


V(-5-24o:- 
0:3-2 


16o:2) 


31. 


29. 

1 


V(7 - 24o: - 16o:2) 


^(4 — o:2) 

1 

33 + 12 cos X 
2 + sin o: 

5 sin o: — 4 
cos2 o: + 2 sin2 x 


\^{x — 1 ) + \^{x -{• 1 ) 

1 

34. 


37. 


13 + 5 cos X 

1 + cos o: — sin o: 


32. 

35. 


V(^ 4-1) 


\/(o: + 2) 4" \/(^ — 2) 
1 


12 + 13 cos X 


5 + 7 cos o; + sin o: 

^ . o 39. cos2o:sin^o: 40. sin® o: cos® a: 

2 cos® o: + 3 sin® x 

41. cos® X \/(sm x) 42. sec^ x cosec® x 43. sec® x cosec® x 

o:® 


44. ^/(tmx) 45. fj 

3x‘ + 2x + 1 


46. 


a;6 + o:® + 1 


47 


49. 


(o:® + l)(o:® + 2)(o:® + 3) 
3 cos o: — 1 


48 


50. 


(a:® + 1)^ 
sin o: + 2 cos x 


cos® X + cos o: — 6 sin® o: + 3 sin o; + 2 

51. coso:cos2o: 52. sin2o:cos3o: 53. cos®o:sin3o: 


54. 


56. 


2 sin o: + 3 cos x 


55. 


cos 2o: (cos o: + 2 sin o:) 1) 

sin® o: + 3 sin oj cos x — 10 sin o: — 2 cos a: + 3 


2 — cos X — sin x 

Integrate the functions given in Examples 57-79 by the method of “ Integration 
by Parts.” 

57. o:”logo: 58. (logo:)® 59. o:®(loga:)® 60. arc sin o: 
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62. arc tan 


(—) 

U +x/ 


63. X arc sin x 


61. arc tan x 

\i -|- iC/ 

65. arc tan a; 66. x^e^^ 67. x^e~^ 68. a;® cos 2a; 

69. aj^sin^a; 70. a; sin a; cos a; 71. a; sin 3a; 72. a;^e-®* 

arc tan a; 


135 

64. x^ sin X 


73. a;*e-®* 


74. 


75. e^^cosa; 76. e~®sin2a; 
79. x^(l - a;)-* 


77. v/(4: - a;2) 78. x^Vi^ + 

Obtain Reduction Formulae for the integrals of the functions given in Examples 
80-93 (n and m being positive integers). 

80. a:”v'(l — 81. a;’^(log a;)” 82. a;’»e«® 83. a;" sin a; 

84. x^{x - l)^ 85. (ax^ + 2hx + c)-" 86. {ax^ + 26a; + c)i” 

87. a;”(l + a;2)-i 88. a;-”(l + a;^)-! 

1 _ _ COS^ X _ ^ 1 


89 


90. 


91. 


(a + 6 cos xY* 


(a;2 + + 62) sin" x 

92. cos ?ia; cos^ a; 93. cos ria; sin^ a; 

Establish the Reduction Formulae given in Examples 94-104. 

94. (m + n)J'sin"^ x cos" a; dx = sin"»+i x cos"“i a; + (n — l)Jsin^" x cos"-2 x dx 
— — sin*""! X cos"+i a; + (m — l)Jsin’"“2 x cos" a;da; 

cos"-ia; n—V^ 

7T • «i_i _ — ZI ffm —2» «—2 


1 

I'cos" X , 

95. = 1 

1 sin"* X ^ ( 

96. Imn “ j 

'sin"* X dx 

1 cos" X (n - 

97. Imn — j 

r dx 

1 sin"* X cos" X 

1 

r da; 

98. Iffin — I 

1 sin*" X cos" X 


m + — 2^ 

+ 1 -f/rt, M—2 


(m — 1) sin’"“^ a; cos" 


m 4- w — 2 ^ 
m — 1 


t w—2’w 


99. /„ = fsin"a;da: --sin"~l a; cos a; 4- 

n j. ^ 

1 n 

. 100. I„ = {coB^xdx =—sin a; cos"-1 a; + — 
" n 

^ , tan"“la; 

101 . /„ = ftan"a;da; = - z - In-2, 

" n — 1 


n-1 


-In-2 


In—2 


102. = Jcot"a;da; = 

103. = Jsec"a;da; = ^ 


oot"“i X 

n — \ 


— In-2 


n — \ 


+ 


n — 2, 


n — \ 


In—2 


104. /^ = Jcosec"a;da; = — 


cos X cosec"- 
n — \ 


+ 


71 — 2 
n — I 


In- 


Integrate the functions given in Examples 105-34. 

105. a;^v'(l — 106. sin® a; cos’a; 107. sin® a; cos® a; 

109. sin® a; sec® a; 110. cos® a; cosec® a; 

112. sec® a; cosec® a; 113. a;2(a; — 1)®° 

115. a;®(loga;)® 116. a;®c-2® 117. e~ 

119. (4a;2 + 3)-t 120. a;®(a;2 4- 1)“^ 

cos X + sin X _ _ 1 


108. sin^a;cos®a; 
111. sec® X cosec® x 
114. (2a;2 4- 3)1 
118. (2a;2 4- 5)-5 

121 . ^ 


a;®V(l + 


122 . 


(5 4-4 cos a;)® 


123. 


(a;® -h l)V(2a:® + 3) 


































136 


ADVANCED CALCULUS 


124. 

126. 

128. 

129. 

130. 

131. 


X — I 


{X + l)(x + 2)V{x^ + 1) 

1 

{x - 2)V(2ic2 + 1) 


125. 


127. 


{x - lW{x^ - 4) 
- 2 


(x^ - l)V(x^ -Sx-\-2) 


(3x^ - 10a; + 9)V{x^ - 8x + 10) 
a;2 + a; + 1 

(2a;2 + 2a; + \W{Qx^ + 6a; + 3) 
a; + 1 


(3a;2 - 2a; + 8W(6x^ + 2a; + 5) 
a;4 - 2a;2 + 3 


132. 


a;3 _ 8a;2 + 7a; - 2 


(x - 2)(a;2 +1)3 ^ • (x- l)2(a;2 + 1)2 

133. cos 3a; cos® x 134. sin® x cos x sin 4a; 

Prove the results given in Examples 135-41, 

dx I fx — b\ , 

V V^^/’ 

= 2 log( A/(a; — a) + \/{x — 6), j (x > a > b) 


V {{a - x)(x - b)} 
dx 

V {(x - a)(x - b)} 


= 2 arc tan , 


1 

.36. I 

- o)j(6 - 6) ^ C -o)’ 

„S. f '■ + -); (+f) 

Ja;* — A/2a;3 +1 ^ . n \1— a;®/ 

.39. 


> a> b) 


(1 + a;®) dx 
a;*'- V2a;a + 1 

dx 


2 sing 


(*< + 1)2 4(1 + 3^) 


+ ( 1 ^ 2 ) + 


1 3 f rfa: 

140. J(aa:2 + c)l<la: = ^{V(aa:“ + c)}(2aa:2 + ^2j ____ 

141. J(aa;® + c)'-^dx = ^(2aa;® + 3c)(aa;® + c)“5 

142. If f{x) is a rational function of x satisfying identically the r(4ation 
f(x) + f(l/x) = 0, show that /{(I + y)/(l — y)} is a rational function F(y) with 
the property F(y) + P( — y) = 0. 


Hence prove that if — ax^ + bx^ + ca;® + 6a; + a, the integral 


1 f(x^) 


dx can 


be expressed in terms of elementary functions. 

By means of Example 142 integrate the functions given in Examples 143-5, 

a; + 1 _. a;® — 1 


143. 


145. 


{X ■ 


l)V(x^ + x) 

X — I 


144. 


(a;® + l)V(x^ + 3a;® + x) 

146. 1 


(x + l)V(^ + a;® + 1) **''* (a;® — l)^/(xf^ + 1) 

147. Show how to integrate lu^(\ + uy^du in the three cases (p, q rational) 
(i) p integral, (ii) q integral, (iii) (p + q) integral. 

Integrate the functions given in Examples 148-53, 

148. a;*(l + 2a;®)l 149. a;i(2 + a;I)t 150. a;i(2 + 3a;i)* 

151. a;i(3 + 2a;l)® 152. x-U(l + xl)-i 153. x'^l + a;l)H 
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\y 

154. If = ^xy, prove that \~^ is equal to 

1 ix ^ /2v — x\ 

y + 2 a log - -v/3 o arc tan ) + C, (x, y 
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iO). 


155. If y^{2y — 3) = x(x^ — x — 1), express jydx as the integral of a rational 
function. 

156. Ifa:^ _ ^ show that 


1 


y - X 


y + X 


1 y 

+ Yg arc tan - + C, (a;, ?/: 


‘0). 


Jy<ia; = 2*y-^ + ^log 
Solutions 

1. ^ log (3x2 _j_ 4) _j_ arc tan 2. log cosh x 

3. Jx2 + X + log |x — 1| 4. log|e2« _ l| _ a; 

5. Jlog |x - 1| + flog |x + 2| 

7. 4 arc sin fx — fx\/(4 — x^) 

8. fx2 — 2x + f log |x — 1| - log |x + 1| + ^ log |x + 2| 

9. f(x + sinh x cosh x) 10. f(sinh x cosh x — x) 11.x — tanh x 


6. 2 log 


e* - 1 


e» + 1 


12. Jlog 

13. Slog 


X — 2 


— I log (x2 + 2x + 5) + i arc tan f(x + 1) 
6x2 _ 15a; 4_ 8 
■ 2(x - l)2(a; - 2) 


14. — cothx 


15. tanhx 


1^- 


tan 


+ ^)l 


I* - *1 - I* + 

18. X + log |x — 1| — log I X 4- 1| 19. X — 2 arc tan x 

20. - tjV V(1 - x))(32 + 16x + 12x2 + lOx^) 

21. - ^(1 - a;)i(464 - 564x + 240x2 _ 35a;3) 

22. J arc sin x + ^(2x2 — 3x + 4)\/(l — 

23. X + ^ arc tan x — arc tan fx. 

24. f log (x2 — 4x + 5) + 4 arc tan (x — 2) 

13 5 X 

25. - ^ log |2x - 3)| + ^ log I2x 4- 1| -g 

26. f \/(4x2 — 4x 4- 5) — log {2x — 1 4- \/(4:X^ — 4x 4- 5)} 

27. + 12a; - 5) 4- fflog {(3x 4- 2) 4- + 12x - 5)} 

28. tVVC”* 5 — 24x — 16x2) _j_ ^7^ arc sin (2x 4- f) 

29. — ^^(7 — 24x — 16x2) — f I arc sin (x 4- f) 

30. — |(x2 4- S)^/{4: — x2) — 2 arc sin fx 31. f{x 4- I)* — J(x — 1)^ 

32. ^-^(2x 4- 3)V{(x 4- l)(a: 4- 2)} - ^\log[x 4- f 4- V{(^ + l)(a; 4- 2)}] 

- j\(2x - l)V{(x 4- l)(a; - 2)} 4- Alog[a; - J 4- V{(x 4- l)(x - 2)}] 
2 _ /V105tanjx| 


33. 3ig\/(105) arc tan 

sin Jx 4- 5 cos f x| 


15 


35. ^log 


5 

37. || + ^ log |5 + 7 cos a; + sin x\ log 

V6 /V3tanx\ 

38. -^arctan^^—^ j 

39. ^ 


1 14, 

36. ^ + j5log 


34. ^ arc tan (f tan fx) 
2 sin f X — cos Jx| 


sin Jx — 2 cos f xl 
|2 4- tan Jx 


Itan fX — 3 


^ cos® X — f cos’ X 4- f cos® X — f cos® X 40. f sin® x — f sin* x 
41. Jj- (sin x)i(7 — 3 sin* x) 42. 2 tan x — cot x 4- f tan® x 


J 
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43. 


44. 


45. 


47. 


48. 


49. 


50. 

51. 

53. 

54. 

55. 

56. 


57. 


59. 


61. 

63. 

64. 

65. 

66 . 
68 . 

69. 

70. 
72. 

74. 

75. 

77. 

78. 


79. 

80. 
81. 
82. 

83. 

84. 

85. 

86 . 

87. 

88 . 


3 log I tan x\ + sec^ x — i cosec^ a; H - J sec* x 
1 /I — V(2 tana;) 4-tana;\ 1 /\/(2tanx)\ 

2 V2 + \/(2 tan x) + tan x) ^ V2 \ 1 — tan x / 

Y 2^/3 /2a;3 -f 1\ 

log (e® 4- “• 1))+ s-rc sin e“®) 46. —^ arc tan \ 

, a;V3 , 1, /(a;2 4-l)(a;2 4-3) 

arc ta^ - arc tan ^ - arc tan * + ^ log [ “ 


X ^ 5x 5x , ^ 

6(1 + x^f 24(1 + 16(1 + x^) ie * 

/tan4a;\ 2\/3 / 1 \ 

V2 arc tan ^ J -^ arc tan ^v3 tan ^xj 


4V3 


arc tan 


14-2 tan ^x 


2 /l4-sina;\ 

/ "^ 1 4- tan ^a; V2 4- sin x) 

52. J cos a; ~ cos 5x 


^ sin 3a; 4- J sin a; 

— i cos X — cos 5a; — ^ cos 3a; 
log 11 4-2 tan x\ — f log |tan a; -- 1| — J log 11 4- tan x\ 

+ 2)V(x^ - 1) 

3a; 4- 2 cos x — sin a; — 3 log (2 — cos x — sin x) 

8 

V2 

a;W + l / 1 \ 

—(^log X - 58. a;{(log a;)^ - 2 log a; 4- 2} 


8 /3 tan \x — 1 

-V2 V2 


‘ + 


a;3 f 2 21 

^|(log a;)2 — - log a; 4- qI 60. x arc sin x 4- V(1 — x^) 
X arc tan a; — J log (1 4- x^) 


Ttx 1 

62. 'T ^ X arc tan x log (1 -|- a;*) 


Ja;2 arc sin a; 4- Ja;\/(1 — x^) — \ arc sin x 

— x^ cos a; 4- 2a; sin a; 4- 2 cos x 
ix^ arc tan x — ^a;^ 4- ^ log (1 4- x^) 

|e3«(a.3 _ a;2 + |a; - I) 67. - c-«^(a;* 4- 4a;3 + 12x2 -|- 24x 4 24) 
(ix® — |x) sin 2x 4- (Jx2 — f) cos 2x 
^x® — Jx2 sin 2x — Jx cos 2x 4-sin 2x 

Jx sin2 a; — Ja; 4- i sin x cos x 71. — J x cos 3x 4- J sin 3x 

— e-®‘(ix* 4- a;2 4- 1) 73. - |c-®’(x« 4- 2x2 ^ 2) 

1 1 

— - arc tan x 4- log x — - log (1 4- x®) 


^e2®(sin X 4- 2 cos x) 76. — ^c“®(2 cos 2x 4- sin 2x) 

|x V(4 — x2) 4- 2 arc sin Jx 

g^(35x3 - 30x2 24 x - 16)(x 4- 1)" 

^*«(i - xY + ^’(1 - xy + i*«(i - x)^ + 


{n + 2)/„ = - a:»-i(l - a:**)? + (» - l )/„_2 

(m + l)/„ = a:”*+i(log x)" — nl„-i 
al„ = a:"c«* — n7„_i 

/„ = —*” 008 X + nx’'~^ sin x — n(n — l)/«-2 
(w + l)/„m = «"(« - 1)’”+^ - nl„-i, m+l 

2{n — l)(ac — b^)I„ = {ax + b){ax^ + 2bx + c)i~” + a{2n — 3)/„_i 

a{n + 1)I„ = {ax + b){ax^ + 26a: + c)"/2 — n{b^ — ac)In -2 

nl„ = a:«-i-v/(l + *“) — {n — l )/„_2 

(ri - l)/„ = - a:i-«V(l + - (» - 2)/„-2 
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89. 2 a 2 (a 2 _ 62 )(^ _ ^ _ 52 )( 2 ^ _ 3)In-i - 2{n - 2)ln-2 

— x{x^ + a2)l-W^(a;2 _|_ 

90. (71 — l)/w„ = — cos^-1 X cosec»»-i x — (m — l)/m-2 n-2 

91. (n ~ l)(a2 - 62)7„ - a(27i - 3)/^-i + (ti - 2)/„-2 ’ 

= — 6 sin x[a + h cos x)'^-^ 

92. (771 + 7i)/^„ = sin 7ix cos’” a; + mlm-i, n-i 

93. (tti + ^^)(77i + ^ “ 2)Ijnn = {tti n — 2) sin nx sin’” x 

+ m cos {n — l)a; sin’”~i x — m{m — l)Im-2 n-2 

105. x{^x^ — ^^a;2 - V(1 — a;^) + yV arc sin a; 

106. (J — sin^ a; + -^ sin* ^ A sin® a;) sin® x 

107. J cos® X — } cos’ X 

3a; 3 . 1 1 

2^ 2Eq cos a; + — sin x cos® x + — sin x cos® x 

— ^ sin a; cos’ x — sin® x cos’ x 

109. sin® X sec a; + J sin® x cos a; + ^ sin x cos x — ^x 

7 lx 1 7 

110 . - •z sin X cos X —TT — o cos® X cosec a; + — cos® x cosec® x 

^ Z o 15 


111 . 


1 


+ 




8 


— ^ cos’ X cosec® X 
64 cos X 384 cos x 


5 sin’ X cos® x 6 sin’ x cos® x ^ sin’ x cos x 7 sin’ x 35 sin® x 

612 cos X 1024 cos x 


112. J tan* a; + f tan® a; — J cot® a; + 3 log [tan x\ 


35 sin® X 35 sin a; 


113. 


(x - l)®H231a;® + 21a; + 1) 


5313 

114. Ii2x^ + 3)1 + |(2*^ + 3)5 + ^(2*3 + 3)5 + i^log{a:+7(*^+ g} 

115. ^(36(loga;)® — 18(loga;)® + 6 log a; — 1) 

116. - J-e-2^(4a;® + 12a;® + 30a;* + 60a;® + 90a;® + 90a; + 45) 


117. ^e“2a:(gin X — 2 COS a;) 
a;(8a;® + 9) 


118. 


a;(32a;* + 200a;2 + 375) 
1875(2a;2 + 5)1 


119. 


27(4a:2 + 3)2 


... a;(8a;*-10a;® + 15)V(a;®-l-l) 5, _ 

120. -r:^- - — log {X + + 1)} 


48 


121 . 

122 . 

123. — arc tan I 


Vil + X^) 3V{1 + X^) n //I ^ , 31 II 

+ - - f log{l + V(1 +»*)} + f log |a:| 


4a;* 

9 4- 20 sin a; 

36(5 + 4 cos a;) 

(V(2x^ + 3 )^ 


4 . / 3 sin a; \ 

— ^ arc sm I ^ . -) 

27 \5 + 4 cos x/ 


124. V2 log |l-^+V(2^- + 2)|_ A log | l . -2^+V(5a: ^ + 5)| 

^ 2 ( 0 !+1) I vs ^1 5{x + 2) 

125. log {« + — 4)} — arc sin 

,2<i + 1) . 4 . 

9{x - 2) ■^27 


4a; 4 1 4 3\/(2a;® 4 1)1 


9(a; - 2) 





























140 


ADVANCED CALCULUS 


127. log {» - I + Vix’‘ - 3* + 2)| - 

|7 - 5a: + 2-v/(6a:^ - ISa + 12)| 


128, — log 


{X - 2)V7 + \/(x^ - 8a: + 10) 


(a: - 2)V7 - V(a:® - 8a: + 10) 

1 

“ V14 


arc tan 


I2{x + 1) 


/V14 - 8a; + 10)\ 

\ 7 ‘ a; - 1 / 


*2’- + l + + h + 1)} 

1 ;V(5a;2 + 6a; + 3)-a;-1\ 1 

4 I V(5a;2 + 6a; + 3) + a; + iJ 2 

;a . 


arc tan 


rV(5a;2 + 6a; + 3)\ 


1 /\/(6a;^ + 2a; + 5)\ 

130. -^arctaii(--) 


11 (x — 2)2 
250 


2(a: - 1) 

129 17a: + 14 

250 ^ ~ 50(x^ + 1) 


3(2a: - 1) 


132. 


{X- 


10(a:* + I)’* 

2 — a;2 1 1 1 

■ l)(a:» + ' 1) ~ 2 ~ + U - g «■>•« * 


133. ia; + ^ sin 2a; + sin 4a; + ^ sin 6a; 

134. cos a; — ^ cos 3a; — cos 5x cos lx 

, 1 , /vV + 1) - V(2a;)\ 

V2*°n;- 


143. 


144 


V2‘"®V{®*+ 1) + V(2a:)/ 
V(«* + 3a: + 1) — -v/l 


1 


-\/(a:“ + 3a: + 1) + \/(iix) 


^)\ 

(3a:)/ 


145. —log 




1 . /2(** - a: + 1) + V(2a:* + 2)\ 2 . f 

- 3V2 1-F^T)^--J " 3 i; 


V2(a: + DM 
V2(a;“ + a: + 1)/ 


r r ... r 

147. (i) If 7 = ^» take \ u — v^, (ii) p —-9 take w = v*. ( 111 ) 7 = “> 

take (1 + w) = uv^, 

148. 5i^(15x« - 6x3 2)(1 + 2x3)i 

149. (Aa:3 - f^a: + |^a:S - 

150. xl(^4^tx + + 6) 

151. fx'(2x5 + 27) + fxi(4xs + 9) 

10(xl+l)i(^^-2) 


155. Take x = 


Ix^ 

(t- 


l)^(2t 


2<3 - 1 


1) {t - l){t^ + t-l) 

’ y - 2 <» -1 


ydx- 6j (2<3_1)3 


-l)*fc* 


5.3. The Definite Integral. Definition. Let f(x) be bounded in 
the interval a <,x <,b and let x,, x^, . . ., a:»-i be {n — 1) points of 
the interval for which 

a(=Xo) <x^<Xi< . . . < x„_i < 6 (= x„). (Fig. 1.) 

Let M, m be the upper and lower bounds of/(x) in (a, b) and M^, 
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the upper and lower bounds oif(x) in the interval x^.). Also let 

x/ be any number in the interval {Xj,_i, Xj.). 



PIG. 1 



Form the sums given by 

n n 

Sn = — ar,_i); s„ = Zin^{x^ — Xr-i). 

1 1 

In the figure, is the sum of the areas of shaded rectangles like UVNQ, 
and Sn is the sum of the rectangles like UVRS. 

Then obviously 

M(b - a) > S^> Zf{x^')(x,. — Xj._^) > m{b — a). 

1 

If the sums Sn, tend to the same limit S when n tends to infinity 
in such a way that every sub-interval tends to zero and when this hmit 

5 is indepen^nt of the particular mode of subdivision, S is called the 

Definite Integral of f(x) from x = a to x — b and is written 1 f(x)dx, 

J a 

The function is then said to be integrable (in the sense of Riemann). 

n 

Since Zf(x^')(Xj. — hes between and the hmit of 
1 

Sf(Xr'){Xr — a;,_i) 

1 

must also be S, when S exists. 

5.31. Step-Functions. If for < x < a^, (5 = 1 to m), 

(where ao = a, a^ = b) then ^(x) is called a step-function. (Fig. 2.) 

rb m 

It is easy to see that 1 <f>{x)dx exists and is equal to — a^-i). 

ia ' 1 

For let Xx, Xg, . . ., x^_i be chosen so that max (x^ — x^_^ < 5, where 

6 is less than the smallest of the fixed intervals, The sum S^^ 

11 
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m m— 1 

differs from Zcg(a^. — a^_i) by less than (m — 1)52' \c^ — <^s+i\ which tends 
1 1 
to zero when d tends to zero; i.e. tends to the limit 

m 

1 

Similarly tends to the same limit. 



Corollary. If ^i(a;), (l> 2 (x) are two step-functions in (a, b) and 



5.32. A Continuous Function is Integrable. Let f{x) be continuous 



FIG. 3 

in (a, b). (Fig. 3.) Take u^(x) = max/(aj) in each sub-interval x^) 

Then C7^= I ujx)dx exists since uj^x) is a step-function. As n 

J a 

increases, u^ix) cannot increase so that Z7^ is a non-increasing mono¬ 
tone and must therefore tend to a limit U. 

Similarly if ln(x) — min f(x) for each sub-interval then 



(a non-decreasing monotone) tends to a hmit L. 
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But, given e, since/(a:) is continuous, we can divide the interval into 
a finite number of parts such that M„(a:) — < e for every sub¬ 
interval, i.e. 0 < Z7„ — < e(6 — a) or U = L, since both limits exist. 

Now take any other mode of subdivision where the corresponding 
symbols are accented. Then {Fig. 3) l„'{x) < u„{x) so that L„' < U„ 
and L' <,U ; also and therefore 11^' > and V' > L. 

But V = L' and tl = L ' i.e. U' = L' <17 and ?7 = i < D' or 
L=U =V’ = L'. 

n 

5.321. The General Case. The set of numbers 8^ = — Xr-i) for all 

possible subdivisions has a finite lower bound 8 since f(x) is bounded; and there¬ 
fore there exists one integer m (at least) such that in the corresponding method of 

m 

subdivision (A) we have 8^ — EM^(Xj. — Xy,-^) < 8 + e where e is any given 
number > 0. 

Take a sequence of numbers d^(> 0) (p = 1, 2, 3, . . .) that decreases steadUy 
to zero. Divide (a, b) into sub-intervals each of which is of length < 6^. Then 
by introducing {m^ — m^) further points of subdivision obtain a second set of inter¬ 
vals (m2 in number) each of which is of length < 6^; and let this process of sub¬ 
division (B) be continued. To the pth set of intervals (< dj,) there corresponds a 
sum 8{mj,). In this set there can be only a finite number of sub-intervals con¬ 
taining an end point of the original subdivision (A); and the contribution to 8{m ) 
due this fimte number of intervals is < M{m + 1)^^,. The contribution due to 
the remaining intervals must obviously be less than or equal to 8 < 8 + e 

i-e- <8+ e + M(m + 1)6^, 

and therefore since 0 and M{m + 1) is finite, 8{mj,) tends to the limit 8 when 

dp—> 0. Thus if the number of subdivisions {x^, x^, . . ., a;„_i) of (a,d) tends to 
infimty in such a way that max {x^ — Xr-i) tends to zero, then the upper Riemann 
Integral 8 exists. Similarly the lower Riemann Integral s exists. The necessary 
and sufficient condition that 8 = s, is that given e, Uq can be found such that 

— all n > the subdivision being of an appropriate character. 

The function is then integrahle (R). Thus a continuous function is integrable (R), 
since the interval (a, h) can be divided into n parts such that in each part 

\f(x') -f(x")\ < e 

I.e. such that in the interval (x^ — Xr-i), < e, (r = I to n). Thus 

~ ^r)(^r l) < €(b — a). 

Again, a bounded function whose only discontinuities are of the first kind is 
integrable (R); for these discontinuities are isolated (and enumerable, or finite in 
number); and may be enclosed in a set of intervals of total breadth < e. The con¬ 
tribution to 8^ — s^ due to the intervals containing the discontinuities is therefore 
< (M — m)e and therefore tends to zero when e —>- 0. 

5.322. Monotone Functions. If f{x) is defined for every point of (a, b) and 
/(fi) > f(^ 2 ) when > x^, then f(x) is called a monotone function (increasing). 
Similarly we may define a decreasing monotone function. It follows that/(a; + 0), 

6xist for all x in (u, b) and therefore since the only discontinuities are of the 
first kind, the function is integrable (R). 

Otherwise, 8^^s^= E{f{x^) -f(Xr-i)}(x^ - Xr^i) 

< elf(b) -/(a)| 

8^ — s„ —>• 0 as —>- 00. 

5.323. Functions of Bounded Varialion. A function f(x) defined for (a, b) is 
said to be of bounded variation in (a, b) if for all possible subffivisions x^, x^^ . . ., Xn-i, 

mx,)-f(Xr-i)\{=E(x,)} 

1 n 

has an upper bound F(a, b) (independent of n). 
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The upper bound V{a, b) is called the total fluctuation (or variation) for (a, b). 
Thus if/(») is a monotone in (a, b), V{a, b) — |/(6) —f(a)\. 


Now 






and m -f{a) = 2:(f(x,) -f{xr-i).) 

1 

Denote the sum of the positive differences (f(x^) —f(xr-i)) by27i, and the sum 
of the negative differences by — 

Then f{b) —y*(®) “ — ^ 2 . Z{x^) = Zi -1- Z.^- 

n 

It follows easily from these equations that Tj, Z^ have upper bounds P(a, 6), N(a, h) 
given by/(6) -/(a) = P(a, h) - N{a, b), and V(a, b) = P{a, b) + N(a, b). Now a 
function of bounded variation in (a, b) is also of bounded variation in (a, x) where 
a < a; < b ; and therefore 

F(a, x) = P(a, x) + N(a, x); f(x) -f(a) = P(a, x) - N(a, x). 

Also P(a, x^) > P(a, x^) if x^ > x^ so that P(a, a;) is a monotone increasing function ; 
and similarly N(a, a;) is a monotone increasing function. 

Thus/(a;) =/(«) + P(a, x) — N{a, x) and is therefore expressible as the difference 
of two monotone (increasing) functions. From the previous paragraph it follows 
that a function of bounded variation is integrable (R). 

Note, More generally, the necessary and sufficient condition that a bounded 
fimction should be integrable (R) is that the function should be continuous almost 
everywhere (i.e. at a set of points of zero measure). (/S^cc Lebesgue, Annali di Mat. 
{3), VII, 234.) 

For example, if/(a;) = 0 when x is irrational and/(a;) = l/q, when a; is a rational 
number expressed in the form p/q, {p, q being integers prime to each other), the 

I b 

f(x)dx exists and has the value zero. 

a 

5 . 33 . The Mean Value affix) in (a, b). When fix) is bounded and 
integrable 

(■bf 

M(f) — a) > I — a). 

Therefore \’'{^)dx = kib — a) where Af > Z: > m. This number k 
J a 

is called the mean value of fix) for the interval (a, b). 

It fix) is continuous in (a, b), there must be at least one number | 
in a < a: < 6 for which /(|) = k, 
rb 

1 fix)dx = (6 — «)/(!) for some number | in (a, b). 

J a 

5.34. Relation between the Definite Integral and the Indefinite Integral. 
Since the definite integral is the limit of a sum 

j" fix)dx = f fix)dx + f fix)dx 
J a J a J c 

when f(x) is integrable in (a, c) and (c, b). 

In particular j* f{x)dx = “ | f(x)dx. 

rx rx-\-h 

Let Gix) = J fm ; then Gix + h) - Gix) = J fit)dt. If/(<) is 


i.e 
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rx+h 

continuous near t = x, \ f{t)dt = hf(x + 6 h) where 0 <6 <1. Thus 
J X 

G\x) = lim/(a; + =f{x), 

A —>0 

If F{x) + C is the indefinite integral of/(x), G(x) = F{x) + C. But 

in this case G{a) = 0 and therefore | f{t)dt = G{x) = F{x) — F{a), 

J a 

where F{x) is any function whose derivative is f{x). 

In particular f f{t)dt = F(b) — F{a). 


Emmple, 


I sin” xdx = 

Jo 


7t 

/ 1 \ 2 ^ n — 1 

Here /„ = ^ ——sin”-i a; cos H- - — In~2 (§ and therefore 

^^1 (7i-l)(n-3) . . . 4.2 , 

= —— 1^-9 = —- 7 --—, {n odd) 


and 


n - 2) ... 5.3 

l){n -3) Z.l 71 

2 * (n even). 


n{n — 2) ... 4.2 

5,35. Change of Variable. Let x = ^{u) be a continuous function of 
u, varying from a (= (j>{ui)^o b (= (f>{u 2 )) as u varies from to 
Also let (f)'(u) be continuous in {Ui, Uz) and f{x) continuous in (a, b). 

r<fiiu) ru 

Then I f(x)dx = | f{(l>{u) }(l>'(u)du, for the derivatives of both 

J a J Ui 

integrals with regard to u are equal and the integrals vanish when u = Ui. 

rh ruj 

In particular I f(x)dx = 1 }(l>'{u)du. 

J a J Ui 

Note. This result may be proved more generally from the sum-definition of the 
definite integral. 

ff fl 

Examples, (i) I cos” xdx =\ sin” x dx since 

Jo Jo 

ri- f” 

I cos” X dx — —\tz sin” y dy (where y = — x) — \ sin” x dx. (See Example, 

Jo J2 Jo 

§ 5.34.) 

C x^dx fr 1 ? 

(“) I "TTi- ¥\ “ I ^ (where 6 = arc sin x) = r (0 — sin 0 cos 0 ) 

Jo V (A ^ 1 Jo ^ 0 

271 - 3V3 
“ 24 * 

Note. Care must be exercised in the use of the formula when functions that are 

• fTt 

not single-valued are introduced. Thus / = I dO — 7t, but it is not correct to take 

Jo 

r dx 

0 = arc sin x in this integral to obtain / = I —77^;-xr = 0. 

JoV(l-®) 
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Strictly we should write I = lim 11 + j | 

where 0 < < J:r, < Cg < tt, 

r T U* du; T PV dx \ 

i.e. I = vd Z ^2) + v(l - 

the idea of the infinite integral. (§ 5A3.) 

5.4. Discontinuous Integrands. If f{x) is discontinuous at a 
number of points Cj, Ca, . . where a < < Ca . . . < < b, then 

we may define I f{x)dx as the limit, if it exists, of 
J a 

—1 c^r+i ^r+1 

I — f{oi^)dx ^ V I f(x)dx +1 f{x)dx 

r=l 

when Ej., er( > 0) tend independently to zero (r = 1 to m). For if this 
limit exists, the above definition is consistent with the general definition. 

If a is a discontinuity of f(x), 1 f{x) is defined to be lim I f{x)dx, if 

J a ‘—>-+0^ a+« 

this exists; and if 6 is a discontinuity the integral is defined to be 

rh—t 

hm I f(x)dx. 

e'—>+oJ a 

Similarly, a simphfied definition may be taken when the points of 
discontinuity form an enumerable set. Thus, to take an easy example, 
if there are discontinuities at x = Ci, Ca, . . . . . when 

Cl <C Cl <C C2 ... Cyjj,. • • ^ 

then the integral may be defined as hm f "'f(x)dx + j f(x)dx where 

in —>»QoJrt Jc 

c = hm c^, the first integral of this expression being defined as above. 

5A1. A Finite Number of Finite Discontinuities (of the First Kind). 
Suppose that/(a?) has a single finite discontinuity of the first kind at x = c 
(a <c < 6), so that/(c — 0),f{c + 0) both exist and need not be equal. 

Then lim f f(x)dx = f f(x)dx, if f{c) is assumed to be f(c — 0) 

—>“ 0 ^ a J a 

rb rb 

and hm 1 f(x)dx = I f{x)dx, if/(c) is assumed to be /(c + 0). 
f2—C+ej J C 

rb rc rb 

Thus 1 f(x)dx = I f{x)dx + 1 f(x)dx, where f{x) is now completely 
J a J a J c 

defined as a continuous function in each interval. 

Similarly, if there are m discontinuities of this type at c^, c^, . . c^, 

we may write i: f(x)dx = £■ f(x)dx + ^ + j, f(x)dx. It 

should be noted that if F(x) = J f(x)dx, then 

F'{c, - 0) =/(c, - 0) Ind F\c, + 0) =/(c, + 0). 
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Example, Let f(x) be given as follows: 

10 - 2a;, (0 < a; < 1); 8 - 2a;, (1 < a; < 2); 5 - 2a;, (2 < a; < 3); 3 - 2a;, 
(3 < a; < 4); — 1 — 2a;, (4 < a; < 6). 

The graph of this function is typical of the shear diagram of a loaded beam ; and 

I f{x)dx is the bending-moment at x. {Fig, 4,) 

Jo 




Here F{x) = 


I 


f(x)dx — 10 a; — x^, (0 < a; < 1 ). 
0 


If 1 < a;< 2, F{x) = i^(l) + 




2x)dx = 2 4 - 8 a; — a; 2 . 


Similarly, F(x) = 8 + 5 a; — a;^, (2 < a; < 3); 14 + 3a; — a;^, (3 < a; < 4); 

30 — a; — a; 2 , (4 < a; < 5). F(x) is of course continuous in the interval 0 < a; < 5. 

Note, The integrand may have a discontinuity of the second kind at points 
within the interval. For example, let 

f(x) — 2a; sin — cos for 0 < a; < -^ and /(O) = 0. 


Then/(a;) is continuous in 0 < e < a; < -, but /(-f- 0) = 1 ; /(+ 0) = — 1. But if 
^2 r2 


^ f(x)dx is defined to be lim I f{x)dx, we find that the integral is 


e—>“0 J e 


lim {a; 2 sin-|^= 

e_>0 ^ X) e 


5.42, An Infinite Number of Finite Discontinuities. A function 
possessing an infinite number of discontinuities may or may not possess 
a Riemann integral; and it has been indicated above that the integral 
does exist when the points of discontinuity can be enclosed in a set of 
intervals whose total length can be made arbitrarily small. 
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Examples, (i) Let f(x) = 2a;, (0 < a; < J) 5 4a; — 2, (J < a; < j); . . . ; 

2^(x —l) + 2, (1— 2i-"<a;< 1— 2-”); . . . Here there is an enumerable 
set of finite discontinuities at a; = 1 — 2~”. We may define the integral from 0 to 1 

nC^r+l 

by the equation I f{x)dx = lim 271 {2’*(a; — 1) + 2}da; where (7^ = 1 — 2i“L 

J 0 w—>*oo 1J c. 

This is easily verified to be lim i.e. J, as is otherwise 

n —^oo 

obvious from the figure. {Fig. 5.) 



(ii) Let/(a;) = 1, (a; irrational); 0 (a; rational). This function has a discontinuity 
at every point of (0, 1), i.e. it is totally discontinuous. The upper and lower Riemann 
integrals are 1 and 0 respectively, and the function is not integrable (R). 

5.43. The Lebesgue Integral and Measurable Functions. More general definitions 
of the definite integral have been given that apply to cases where, as in Example (ii) 
above, the Riemann Integral does not exist. The most important of these from 
a theoretical point of view is that of the Lebesgue Integral, for a description of which 
it is necessary to introduce the notion of measurable function. 

Suppose that f{x) is bounded in (a, b) ; then f(x) is said to be a measurable 
function (bounded) in (a, b) if the set of points of (a, b) for which/(a;) > c is measur¬ 
able for all c. Denoting this set of points by E(f > c) we can deduce that the sets 
given by (i) E(f < c), (ii) E{f> c), (iii) E(f < c) are also measurable. 

For (i) E{f<, c) being complementary to E(f > c) is measurable. 

(ii) ^(/ > C - i) - J;(/> c - 


(n = 1, 2, 3, . . .) and therefore the set on the right is measurable. 

But£(c - 1 </< c) = J?(c - 1 </< c - i) + £)(c - J </< c - i) + . .. 


+ £(c-i</<c-^) 


+ . . . and therefore E(c — 1 < / < c) is measur¬ 


able. 

Now E(f > c — \) == E(c — I <f < c) + E(f c) + E(f> c) ; and therefore 
E(f — c) is measurable, so that E{f> c) is measurable. 

(iii) E{f < c), being complementary to E(f> c) is also measurable. 

In the above we have used the fundamental theorem on sets that the sum of 
a finite number (or an enumerable infinity) of measurable sets is measurable. 
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To define the Lebesgue Integral of/(a;), assume that/(a;) is a boimded me^ur- 
able function whose upper and lower bounds in (o, b) are M, m respectively. Divide 
the interval (w, M) of y into n parts by means of the lines parallel to the ar-axis 
given by 

y =yo(=^); y ^ y\'-> y ^ •••;// = yn(=^)- 




FIG. 7 


Form the sums where 

— yo(^ — a) + (i/i — yo)m(EQ) + (yg — yi)M^i) + • • • + (^n “ yn-lW-^"n-l)> 

= yo(6 — a) + (yi — yo)m(E^) + (yg — yiW^2) + • • • + (^n — ^n-iW^n) 
where E^ = -^(/> 2/r)» (^ = 0» L ... w), so that E^ = E(f— y„). 

The two sums are the sums of the rectangles shown in Figs, 6 and 7, where, in 
order to make the definition clear, f{x) is taken to be a continuous function of a 
simple type. The illustration is therefore inadequate for the general type of function 
which possesses a Lebesgue Integral. 

If further points of subdivision are introduced, the corresponding sum Sn^ is 
obviously < and the corresponding sum Sn^ is > ; so that if the number of 

subdivisions tends steadily to infinity in some specified way, the sequences S^, s^ 
being monotonic must tend to limits. In particular, if n tends to infinity in such a 
way that max(y^+i — y^.) tends to zero, S^y tend to limits S, s respectively. 
We can now prove that S = s, but for this purpose we shall obtain expressions 
for S^y in a more convenient (and more usual) form. 

Let = E{y^<f < yr+i)y (r = 0, 1, . . ., (n - 1) and = Eif= = M). 

Then E^ - E^+i = E{f> y^) - E(f> y^+i) = e^, (r = 0, 1, . . . (n - 1)) and 
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Then = y, {6 — o — m{E ^)} + 
= yi»»(eo) + vM.^) + • • 


• • + VriMEr-l) - m{Er)} + • • . 

+ yn-l W^n-2) — m{En-i)} + 

• + yn-i»»(e„- 2 ) 4- y„{wt(e„_i) + m(e„)} 


= ^yr+Vfni^r) if yn+\ “ taken to be y„(= M), 
0 


and s„ = y^{l — a — m(Ei)} + 


= Ey^m(e^). 
0 


+ yrlM^r) ~~ ^i^r+l)} + • . . 

+ yn-1 W^n-l) — + yn^^n) 


Thus = ^(yr+i — yr)M^r) < eEm(e^) where e = max(y^+i — y^), i.e. 

< e(b — a), and therefore the limits of S^y are equal. 

If the common limit be denoted by /, then the Lebesgue Integral of fix) over 
(a, h) is defined to be I, 

Also, it may be proved by a method analogous to that used for the Riemann 
Integral, that the value of / is the same for all choices of the points of subdivision 
y^, provided max (y^+i — y,.) tends to zero. 

It may be of some interest to mention here without proof the main properties 
of the Lebesgue Integral. 

The Lebesgue Integral is more general than the Riemann Integral and may 
exist when the Riemann Integral does not exist. Thus iif{x) = 1 when x is irrational 

and/(re) = 0 when x is rational, the Riemann Integral I f(x)dx does not exist, but 

J a 

the Lebesgue Integral is obviously equal to (6 — a). It may be proved that when 
the Riemann Integral exists so also does the Lebesgue Integral and their values are 
equal. 

The measure of a set of points may be expressed as a Lebesgue Integral. Thus 

if/(ic) = 1 over a set E and/(a;) = 0 elsewhere, then I f(x)dx where E is within the 

J a 

interval (a, h) is obviously equal to m(E), This function/(a;) is called the character- 
function of the set E, 

Measurable functions are therefore more general than the class of functions that 
are integrable (R), and include all such functions. If /, are measurable so also 
are / ± <!> and/<^. Also if/^ is a sequence of measurable functions that tends to a 
limit/, the limit is also measurable ; and if the limit/does not exist, the upper and 
lower limits of/j are measurable. Thus not only are continuous functions measur¬ 
able but also all those functions of analysis that are defined as the limits (where 
they exist) of continuous functions. 

Two functions that are equal almost everywhere (i.e. except at a set of measure 
zero) have the same Lebesgue Integral; and the derivative of the Lebesgue indefinite 
integral oi f(x) is almost everywhere equal io f(x). 

IVn(^) is s, bounded sequence of measurable functions (i.e. such that |/^(a;)| < M, 
all n, where x is any point of an interval), then 

[ fn(^)dx = f \\mf^(x)dx, 

J a J a 

Qo n 

Thus if the series Eu^(x) is boundedly convergent (i.e. such that \i:u^ (a;)| < Af 

for all n) then the series may be integrated term-by-term. 

The meaning of the Lebesgue Integral may be extended to cases where/(a;) is 
an unbounded measurable function ; and the integrals of such functions, if integrable, 
have similar properties to those of bounded functions. It may be shown, for 
example, that if |/„(a;)| < F(x)y all n, and all x in the interval (a, h) (the functions 
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concerned being integrable and the conditions being satisfied almost everywhere), 
rb rb 

then lim 1 fn{x)dx — I lim f^(x)dx. 

J a J a 

Such properties give some indication of the importance of Lebesgue integration 
in general theory; and whilst it is true that functions that are integrable (R) will 
usually be found adequate for the applications of mathematics, the conditions under 
which many limiting processes are valid (for example, the conditions under which 

Zlfn{x)d^ = SZf„(x)dx or /{//(*, a.)dx)dx = a)d(x}d;^ 

are obtained more satisfactorily by the use of Lebesgue integration. {Bef, Lebesgue, 
Legions sur Vintegration et la recherche des fonctions primitives, Paris 1928.) 

5.44. Infinite Discontinuities. Injmite Integrals. An integral is 
called Infinite (or Improper) if either (i) there is at least one infinite dis¬ 
continuity in the range or (ii) the range is infinite. 

Although it is more useful in practice to distinguish between these 
two types of infinite integrals, they are not theoretically distinct, for by 

such a substitution as u =- ^ —r, we can convert the infinite range 

x — a + b 

{a, oo) for X into the finite range {a, b) for u. 


Note. The rule for change of variable (or integration by parts) may easily be 
extended to apply to infinite integrals {Ref. Hardy, Pure Mathematics, 162), but it 
should be observed that when a change of variable is made, the new integral may 
be finite. 


dx r~ 

Examples, (i) j = y da = In, where u = arc tana:, 

r dx p 

+ Jol- 


(ii) 




dx 


^{x + 1)V(4 - X^) 

X = 2 sin 6, we find the integral to be 


du ^ 

-— g = {arc tan {2u — 1} — \n, where u = x/{x -f- 1). 

^U -p JtU Q 

has an infinity in the integrand at a; = 2. Taking 


riTT 

Jo 1 


+ 2 sine V3 


When the limit indicated by the integral exists, the latter is said to 
be convergent ; and when the indefinite integral is known, the convergence 
may be established directly. 


Examples. (1) | xe-^^dx. 

1 


f- 

Jo 


I xe-^^dx = ~ (1 — c~®®(l -f- ax )} which converges as x — > oo only when 

Jo ® 

I xe^^ 

Jo 

da; ,, dx 


Here 
a > 0. 
Thus 


-axdx = l/a^ (a > 0). 

dx 


Thus the integral is lim 3{— Cj)! — 3( — 1)1 + 3(1 — e,i) = 6, 


(® 1 > ®2 > 0 )- 
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lim (2 — 2\/e) = 2 (e > 0). 

e—>-o 


, C dx 

I TTi-;:i\ = ““ (1 - e) = 

J QV ‘ ^ * / e->-0 

(v) j* xlogxdx = lim (— i — Je^log e + 

J 0 e—M) 

rlTT 

(vi) I sin X log sin x dx 

Jo 


f 


, . , , . fcos^a; , 

sm X log sm xdx = — cos x log sm x + I —: - dx 

® J sina; 



= — cos X log sin X + log tan \x + cos x, 

f*". 

i.e. I sin x log sin xdx — (\ + cos e) log cos Je — (1 — cos e) log sin Je 

-f (log 2 — 1) cos e. 

Now (1 — cos e) = ^ 0(e^) ; log sin Je = log(Je -\- 0{e^)) and therefore 

(1 — cos e) log sin Je —>- 0 as e —>• 0 since log e —> 0. The value of the integral 
is therefore (log 2 — 1). 

3.45. Principal Value of an Infinite Integral. If a; = c is an infinity 

rc—ei rb 

of f(x) in the interval (a, b), the hmit I f(3:)dx f f(x)dx may 

Ja Jc^-fa 

not exist when fj, £2 (> 0) tend independently to zero; whilst the 

1 


X — c 


limit may exist when is some function of e^. Thus if f{x) = 

its value would be Hm (log + log which does not exist when 
y c a £ 2 / 

£ 1 , £2 tend independently to zero. If however £1 = ke^ {k fixed), its 
value is log ^ + log k. In particular if £1 = £ 2 , the limit is 

log ^ and is called the Principal Value and written f{x)dx. 

Generally then if a: = Cj, Cj, . . . c„ are infinities within (a, b), 

pj f(x)dx = lim |j ‘ y(x)dx + '^y{x)dx + j* ^ fix)dx^ 

when £ 1 , £ 2 , . . 0 and a < Cj < . . . < c,„ < b, 

x^ — 2x^ X — 1 

r,.. • . _ . ■ 1 , 2 1 f + 'd® f + 'd* , fl + ' dx 

The integrand “3 + “ “ » J J J ^ 
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Til"® ^ = i “ 2p + {(1- 6)^^} a < 0 < 6 < 1 

r* 1 1 , /{I - aW , , ^ 

and Pj f{x)dx = - 26a + l^g l(6^n)^aj a <l<b. 

For other values of a, b the integral is not infinite. 

5.5. Convergence of Infinite Integrals. When the indefinite 
integral is not known or is not easily determined, the convergence of an 
infinite integral may sometimes be estabhshed by direct comparison 
with a known infinite integral (of positive integrand). 

5.51, Comparismi Theorem for Convergence of Integrals. {Positive 

Integrands.) If (i) g{x) > 0, (ii) 0 <f{x) < 9 {x), (iii) [ g{x)dx is con- 

J a 

vergent, then I f(x) is convergent. This follows immediately from the 
J a 

sum-definition of an integral. 

Here we suppose that a may be — oo and b may be + QO. 


Notes, (i) It is sufficient for direct comparison that/(a;) should be of constant 
sign in the neighbourhood of the significant values of x in the interval. 

Thus (a) if a; = c is a discontinuity at an internal point, we need only consider 
iJio neighbourhood of a; = c on both sides. 

(6) If X — a is the discontinuity, we should consider the neighbourhood of 
X a on the right. 

(c) If a; = 6 is the discontinuity, we should take the neighbourhood of a; = 6 


on the left. 

(d) If 6 is + 00, we should consider only large positive values of x, and 

(e) If a is — 00, we should take only large negative values of x. 

Again, since the change of variable u = x — c transfers a; = c to w = 0, com¬ 
parison tests for convergence need only refer to the neighbourhood of small x and of 
large x. 

(ii) If/(a;) < 0 throughout a neighbourhood the comparison tests may be applied 
to l{—f{x)}dx. 

(iii) The necessary and sufficient condition that f^f{x)dx should be convergent 
is that, given e, any positive number however small, we can find a value Xq such that 


f{x)dx 


< e for all x^, x^ > Xq. For if a be taken sufficiently large to ensure 


that f(x) has no discontinuities for finite x > a, the above inequality becomes 


|F(a;2) - F(a:i)| < e for all ajj, ajg > a^o; (where F(x) == [ f{x)dx). This is precisely 

J a 


the necessary and sufficient condition that F{x) should tend to a limit as x tends 
to + 00. A similar necessary and sufficient condition may be framed for the other 
type of infinite integral. ^ 


5.52. Absolute Convergence of an Infinite Integral. Since 

If < f 

IJ I 

pOO 

then the convergence of I \f{x)\dx implies that of I f{x)dx ; the latter 
integral is then said to be absolutely convergent. A similar result may 
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— 00 

within the interval 


Example. 


Thus 


^cos X dx 


< > 0), the 


be obtained for j*/ {x)dx and for J f(x)dx when there is a discontinuity 
5 intei 

f- 

[^dx /l-el-«N 

« = I „ )> (a 1) and = - lim (log e), (a = 1). 

Jo c —>-0 ' A ^—^0 

dx . - ■ 

J ~ is convergent if a < 1 ; therefore since 

f^cos X 

integral I —- dx is absolutely convergent v^hen a < 1. 

Jo ^ 

5.53, Practical Forms of the General Comjxirison Theorem. {Positive 
Integrands.) Let f{x), q(x) be non-negative functions. 

(а) Convergence: 

fix) , 

If < K, {x large, K finite constant > 0) and 1 g(x)dx is con¬ 
vergent then J f{x) is convergent. 
fix) 

Thus, if —> A; (> 0) when x —> + oo and 1 gix)dx is convergent 

poo 

so also is fix)dx. 

For if hi is any fixed number > f{^) < kigix) for x large. 

(б) Divergence : 

fix) 

If K {x large, K finite constant > 0) and I gix)dx is divergent 

then J fix)dx is divergent. 
fix) 

Thus, if •L_ —A (> 0) when x —> -f oo and J gix)dx is divergent, 
so also is 1 f(x)dx. 

For if ki is any fixed number such that 0 < < k, then f{x) 

> ki g(x) when x is large. 

It follows from the above that if f(x) = ^(a:) + o{g{x)) when x is large, 

poo poo 

I fix)dx converges or diverges with 1 gix)dx. 

Similar results may be obtained with suitable modifications for other 
significant neighbourhoods. 

P» 

5.54. The Comparison Integrals, {a) Consider 1 x^e^^dx. 
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Thus J dx <J large). 

pQO 2 

But I dx =is convergent and therefore | x^e'^dx 

Jc ^ J 

converges. 

If a = 0, J x^ dx converges when m < — 1 and diverges when 

m > — 1. 

If a < 0, a;^ > {x large, all m) and since j* dx is diver¬ 
gent it follows that J dx diverges for a < 0. 

Thus j* x^e~^dx converges for a > 0, all m, and for a = 0, m < — 1 
but othermse diverges. 

(h) Consider J x*^^ (log dx. 

pQO 

Let X = e^ and the integral becomes I e(w+i)f|n 

Thus J x'^ (logo?)" dx converges for m < — 1, all n, and for m = — 1, 
n < — I, but otherwise diverges. 

(c) Consider J x^ ^log dx, (x > 0). 

Let ^ =-^ and the integral becomes J 

Thus J a;"* ^log dx converges for m> — I, all n, and for m = — 1, 
n < — 1 but otherwise diverges. 

5.55. Comparison Tests for Infinite Integrals. {Positive Integrands.) 

poo pOO 

If f{x) < Ax"^e^^'^ {x large), then 1 f(x)dx converges with I x^e'~^dx 

and if/(x) > Ax^e~*^'^’ (x large), then 1 f{x)dx diverges with I x^^e'^^^^dx 

where .4 is a positive number independent of x. 

Thus if f(x)/x^e^^^))tend8 to a positive or zero limit when x tends to 

pOO W -00 

cx), 1 /(a:)<ia; converges with x^^e-^^dx; whilst if/(a:)/(a:"*e“‘“) tends 

pOO -00 

to a positive limit, I f(x)dx diverges with I x^e^^^dx. 
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Similarly we may compare f(x) with (log when x is large or 

with x^ ^log when x is small. 

Note. If f{x) = 0(x^e-^), the convergence of J°°x^e-^^dx implies that of 
J°^f(x)dx; but it is not true in general that the divergence of J^x'^e-^‘^dx implies 
that of rf(x)dx. If, however, f(x) = kx^e-^^ + o(x^e-^^% the r/(a;)dx diverges 
(or converges) with dx when ^ > 0. 


Examples 


/•OO - 

• Jo 


dx (m > 0). 


Near x = 0, /(a;) — x^-^ + o(a:«-i); integral converges there if a > 0 and is 
otherwise divergent. 

Near x = oo,/(a;) = -f ; integral converges if a < m and is 

otherwise divergent. 

Thus the integral converges only if 0 < a < m. 


"f 

[ear a 
erges i 


(ii) I log (1 4- 2 sech x)dx. 

Jo 

Near a; = oo, log ( 14-2 sech a;) < 2 sech x < ; therefore the integral 

converges since l^e~^dx converges. 

|sina;|da; 
xPf- ‘ 


sin x\ 

1 ^ f 


< —; but 1 

x^ 1 

a?*’ J 


j ^ 


/*ao . 

I sm 

converges when a > — 1 ; and therefore J - — - da: 
converges absolutely when a > — 1. 

5.6. Differentiation of Finite Definite Integrals. Let F(x, a) 
be a continuous function of both variables x, a possessing the continuous 
derivatives F^^, which are therefore equal. 

Then / = f” <x.))dx = F(b, «) - F(a, a) 

i, 

and j Fj.y^dx = FJ^b, a) — FJ^a, a). 

J a 

If a, b are functions of a, possessing derivatives 6^^, 
dl n ,1 X n f \ , n db du 

- = F,{b, a) - FJ^a, «) + ^^ - Faj^ 


i.e. 




or writing f{x, a) for Fy. we obtain 

rb 

doL^ „ 

rb 


I /(a;, a)rfx = j f^{x, a.)dx +/(6, (».)— -f{a, a)'£. 

C' dx 1 /b\ 

Examples, (i) J ^ ^2 = -arc tan j, (a > 0). 

dx 1 / b\ b 

~ + “*)“ = - ^ arc tan ^ 


Therefore 
pendent of a), 

i.e. 


(if 6 is inde- 


f* da: 1 b 

I / 9 i ~ o ^ arc tan — -f- 
J q{x^ 4- 2a® a 


2a\h^ -h a®) 
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Thus [ 

Jo 


dx 


(x^ + a2)2 4^3* 

dx 


2 + *2 “ 4a’ ^ 


r 


— 2a dx 


On differentiating we find | + 2^2 = ~ 4^ 


SO that 


i: 


dx 


(a2 + *2)2 gaS • 


dx 7t 

(iii) I T-= - 77 - 2 —(® > ^» ^ < ®)- 

' ' ' + 6 cos a? V{«^ — 6^) ' ' ' 


£0 


dx 


£< 


(a + b cos x)^ (a^ — 6*)^ 

cos aj (ia; 7r6 


and 


Differentiation with regard to a gives 

differentiation with regard to b gives , ^ + 6 cos x)^ “ “ (a2 - 62)r 

Notes, (i) The above process cannot be applied to infinite integrals without 
further justification. The discussion of this case is given in Chapter XI. If, of 
course, the indefinite integral is known as in Example (i) above, the value of the 
infinite integral may be obtained by a limiting process. 

(ii) We may similarly obtain a formula for integration with respect to a parameter, 
but no useful purpose appears to be served by considering such a formula here 
because (a) the integrals occurring in practice are usually infinite and (6) a repeated 
integral is often best expressed as a double integral (Chapter IX). 

5 . 7 . Integration of Power Series. Let 

F{x) = ao + 0,1^ + + . . . + + . . . 

and let the radius of convergence of the series be R. 

Let Xx, X2 belong to the interval, i.e. be such that 
— R <Xi <X 2 < R 

Let Xj < 0 ? <a!;2 and let c he between the greater of laJil, \x2\ and R. 
Then 

+ ...]< |a„+i| |a:»+i| + la„+ 2 | + . . . 

< |a»+i|c™+^ + |a„+ 2 ic”+^ + . . ■ 

But since F{c) is absolutely convergent, we can find n. such that 
+ l«n+2|c”'''^ + . • . < e for all n > Mo, 

n 

i.e. \F{x) — Ua^x'^l < e for all n'^ and for all x in the interval 
0 

n 

Xi <x <X2 {no being independent of x), i.e. F{x) = Za^x^ + A where 


|A|<s. 

rx, n 2 

Integrating, we find 1 F{x)dx = Za^- 
Jx, 0 


71 + 1 _ /y. 71 + 1 


n + \ 


+ fi, where 


c^% 

\jXj. 


Xdx 


12 


< e{x 2 — so that pt —> 0 when n —> 00 , i.e. 

[^'F(x)dx = 
ix o« + 1 


A 
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f>2 - 7*3 


In particular I F{x)dx = a^x + tiy— -f + . . . (|a::| < /J), the 
Jo 2 3 

radius of convergence of this last series being also R. 

Notes, (i) That the radius of convergence of the integrated series is also R is 

verified by the fact that lim ^ ^ = hm (a„)" = R- 

(ii) If the integrated series converges x = R (even when the original series 

rR 

does not), Abel’s Theorem shows that its value for a; = i? is I F(x)dx. A similar 

Jo 

result holds for x = — R. 

5.71. The Expansion of log (1 + x). 


= 1—x + x^ — x^-\-. . when |a?| < 1. 


1 + X 

Therefore log x) — x — \x^ + when \x\ < 1, by 

integrating from 0 to x. 

But the series on the right converges for a; = 1 (but not for a; = — 1), 
i.e. log (I + x) = X — ^x^ + \x^ — \x^ + . . ., for — 1 < X < 1. 

5.72. The Binomial Series. Let 


F{x) = 1 + ooc + 


+...+ ~ •••(«-»* +1), 




1.2 ' • • • 

(a real). This, the Binomial Series, is considered here for convenience 
although we do not actually use the method of integration of series to 
find its value. 

Denoting the coefficient of x^ by a„, we have 




n + 1 

®n+l 


CL — n 


which 


1 when n oo [all a). 


Thus unity is the radius of convergence. 

(a) When x = — I, the terms are ultimately of the same sign and 

n + 1 , . 1 -f a . [n large), the series is con- 


since 


' 71+1 


= 1 H- + 01 

n — OL n 


vergent fora;= — lifa>0 and otherwise is divergent. 

(6) When a; = + 1, the terms are ultimately of alternate signs and 
the series (by Leibniz’s Rule) converges if the nth. term tends to zero. 


Now (i) if a -f 1 > 0, ^ i-i > 1 + ^ since 


n ■ 


2n 


= 1 + a ( > 0), 

i.e. 


lim ^^5—— l\ 

\n — CL J 


1 + 


(-^)( 

(i 

\m 

so that —> 0 as n 


m + 






where k = t-? > o 


> 1 + ^( — + , ^ 
m m + 1 


+ . . .+ 


n-lj 2 

where m(<n) is fixed. 


00 since is divergent. 
n 
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(ii) If a = — I, 

(iii) If a + 1 < 0, 

so that 




= 1, 1 and the series oscillates finitely. 


^n+l 


= 1 d- - — where 

71 + 1 

P=: — 1—oL>0{n>m) 


“ (* + WTi)(' + 


> 1 + y5i 


\m + 1 


+ - 


':) (■-a 

■ 3 


m + 2 
^ +' 


m + 2 

i.e. \a^\ —> 00 when n-^ oo, the series oscillating infinitely. 

Thus the series converges for cc == + 1 if a + 1 > 0 but otherwise 
is not convergent. 

Now F'{x) = a + a(a — l)a: + + • • • when x be- 

longs to the interval, 

i.e. (1 + x)F\x) = clF{x) 

a(a — 1) . . . (a — n) a(a — 1) . . . (a — 7^ + 1) 

77 -! {n — 1)1 


since 


= a 


a(a — 1) . . . (g — 7^ + 1) 

77! 

SO that 4 {logF(a;)} = — or F{x) = A:(l + xY where k is indepen- 

dx 1 X 

dent of X, But J^(0) = 1, so that 




= (1 + xY 


the function on the right being defined as e® and the result being 

true for |ir| < 1, all a; for a? = 1, a > — 1 ; and for a; = — 1, a > 0. 
[n particular therefore 

a(a — 1) a(a — l)(a — 2) 


1 + a + 


1 - a + 


2! 3! 

a(a -- 1) a(a — l)(a — 2) 


+ . . . - 2« (a> - 1), 
+ . . . = 0 (a > 0). 


2! 3! 

Note. The expansion is of course true for all x when a is a positive integer. 
5.73. The Expansions for arc tan x and arc sin x. 

W = 1 — . . . if |x| < 1. 

^ ^ l + x^ ' 

* Integration gives arc tan x = x — \x^ + ^x^ — . . . for \x\ < 1. 
But the series on the right converges for |a;| = 1 (by Leibniz’s Rule). 
The expansion is therefore valid for \x\ =1, 


I.e. 


^ = + + ... 
4 3 5 7 
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(h) (1 — x^)~^ = 1 + + . . ., when |cc| < 1. (§ 5,72.) 

2i Z.4: 


Integration gives the result 


1 1.3 p I I ^ I 

arc sin a; = a; + - — + —+ . . ., for \x\ < i. 


Thus 


-=1 + —4 
2 2.3 2.4.5 


1.3 ^ 1.3.5 , 

“T oT ~r • • • 


2.4.6.7 

5.8. The Area bounded by a Curve. Let/(x) > 0 in the interval 

a < a; < 6. Since the definite integral 1 f(x)dx is a number lying 

J a 


n n 

between the sums SM^{x^ — a;^_i) and — a^^-i) and is the 

1 1 

common limit of these sums, when this exists (§ 4.3), it gives a natural 
definition of the measure of the area bounded by y = 0, y =:f(x), x = a, 



In general, f{x) may have both signs in the interval and then the 
definite integral gives the sum of the magnitudes of the areas above the 
x-axis less the sum of those below the axis. 

Note. The word ‘ area ’ is often used for the measure of an area when there is 
no likelihood of confusion. 

fc 

Example. Consider I{x) ~ 1 e ^^sinxdx. ! 

J 0 

__ — 

I(x) = — Y^^Y(sin a; + 10 cos x)e lo + ^5. 

Thus/(7i) = i§f(l + e" io) = 1.71 , . ,{=A^); I( 27 t) = |g?(l - e” 5 ) 1 

= 0*46 . . . ( = Ai — ; /(oo) = = Ai — A^ + -^3 — A^ , , , {Fig. 8.) 

5.81. Approximate Integration. It is important in certain cases 
of practical interest to determine a definite integral (i.e. an area or 
quadrature) approximately. Approximate methods are required when 
f{x) is given empirically by a finite number of values in the interval or 
by an approximate graph. They may be used when the indefinite ' 

integral cannot be expressed in terms of known functions or when it is 


i 


















APPEOXIMATE INTEGRATION I6I 

too complicated for direct calculation. They may be used also for the 
approximate determination of the constants of analysis such as n or 
Euler’s constant y. We shall suppose therefore in what follows that 
n + 1 values oif(x) are given in an interval (a, b) and that it is required 

to find an approximate value for 1 f(x)dx. These values need not be 

J a 

equally spaced, but the assumption of equal intervals simphfies some of 
the results. 

5.82. Finite Differences, If ^ = f(x) and zlx is an increment of x, 
then Ay, the corresponding increment of y, is /(a? + Zlx) —f(x) and is 
called the first finite difference of f{x) with respect to the increment Ax. 
The second difference is 

{fix + 2/lx) —fix + Axi — {fix + Ax) — fix )} 
i.e. fix + 2Ax) — 2fix + Ax) +/(a;), and is vrritten A^^. Similarly we 
may obtain the third and higher differences. 

The operator F is defined by the equation Ef{x) = f{x + Ax) and 
therefore Ef{x) = {1 + A)f{x) or E is equivalent to I + Zl. Thus if we 
assume Zlx to be a constant increment, any expression of the form 
(l>(E, A)f{x) has an obvious interpretation when ^ is a polynomial with 
constant coefficients. 

ThnsAhj = (E — l)hj =f(x f 2Ax) — 2f(x + ^x) + f{x) and gener- 
erally 

A^^y = (E — l)^y =f{x + nAx) — nf(x + (^ — l)Ax) 

f + in- 2)Ax) + ... + (- lyfix). 

Now let the interval (a, b) be divided into n equal parts by the points 
Xq, Xi, . . x^ where Xq = a, x^ — b, so that x,. — x^-i =h(r = 1 to n), 
where nh = b — a\ also x,. = Xo + rh. For simphcity of statement take 
the origin at x = a and let h be the unit of the x-axis. Let the ordinates 
corresponding to Xq, x^, . . x^ be y^, 2/n respectively. 

When the values of y are given as in the following example, the 
successive differences are easily tabulated. 


X 

y = 

0 

999 

1 

1984 

2 

2919 

3 

3744 

4 

4375 

5 

4704 

' 6 
4599 

7 

3904 

8 

2439 

9 

0 

Ay 

985 

935 

825 

631 

329 

-105 

-695 

-1465 

-2439 

-3641 

Ahi 

-60 

-110 

-194 

-302 

-434 

-590 

-770 

- 974 

-1202 


A^y 

-60 

- 84 

-108 

-132 

-156 

-180 

-204 

- 228 



A^y 

-24 

- 24 

- 24 

- 24 

- 24 

- 24 

- 24 




A^y 

0 

0 

0 

0 

0 

0 






In the above, any place in the table of differences is filled up by 
writing in it the result of subtracting the number k above it from the 
number on the right of k, 

If/(x) is a polynomial of degree m, then Af{x) is a polynomial of 
degree m — 1, Zl"*/(x) is constant and A'^^^fi(x) is zero. Conversely, if 
(^ + 1) ordinates are given at equal distances apart and if the (m + l)th 
differeuces vanish [m < n), ^ polynomial of degree m can be found to 
























r 
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pass through the given points. Thus in the above example, since zl = 0, 
we may assume the polynomial to be, 

qj = + a^x + 

so that 

Ay = (Iq{^x^ -{- -f- -[- 1) -f- (iy{^x^ -j- ^x -f- 1) -j- ci 2 ,{^ 2 iX -j- 1) ~\~ ct^i 

A^y = ao(12x2 + 24a; + 14) + ai(6a; + 6) + 2a2, 

A^y = ao(24a; + 36) + 6ai, 

= 24ao- 

Putting a; = 0 we find 

24ao = — 24 ; 36ao + bai = — 60 ; 14ao + 6ai + 2^2 = — bO ; 

^0 ~f" ~f~ ^2 “h ^3 ~ 985 J = 999 

from which we obtain y = ^ x^ — 4a;^ -- ba;^ + 996a; + 999. 

A more rapid method of obtaining the polynomial is given in the 
next paragraph. 

(For a comprehensive treatment of Finite Differences, the reader shc^ild (consult 
Milne-Thomson, Calcidus of Finite Differences.) 

5.83. The Approximate Polynomial. The polynomial curve of lowest 
degree that passes through the + 1) points (r, yf) (r = 0 to n) may 
be regarded as an approximation to the curve given hy y = f(x). Its 
degree is therefore < n. 

f{x + n) = (l+ A)”^f(x) 

=f(x) + nAf(x) + - ^U j(x) + . . . H- Ai(x). 

Putting a; = 0 in this result we obtain 

yn = yo + nAy„ + ^^ Ahj^ + . . . + 

Consider the following polynomial in x 
F(x) ^y^-\r xAya + 

+ . . . + 

n\ 

When a; = r, its value is y^ (r = 0 to n). It is therefore the required 
polynomial, since it is of degree n. Thus in the example § 5.82 above 
F{x) = 999 + a:985 + x{x - 1)(- 25) + x(x - \){x - 2)(-'l0) 

+ x(x- l)(a;-2)(x-3)(- 1) 
= 999 + 996a; — ba;^ — 4a;^ — x^ as before. 

Example. Find the quintic polynomial through the points 

(0, 3), (1, - 2), (2, - 61), (3, - 240), (4, - 509), (5, - 622). 

Here y = 3 - 2 - 61 - 240 - 509 - 622 

Ziy = _ 5 - 59 - 179 - 269 - 113 

= - 54 - 120 - 90 156 

Z|3y = ~ 66 30 246 

A^y = 96 216 

= 120 

F(x) = 3 — 5x — 21x{x — 1) — Mx{x — l)(a; — 2) + ^x{x — l)(a; — 2)(a; — 3) 

+ x(x -l)(x- 2)(x 3){x - 4) 


= - 6a;^ + 3, 
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The formula for F(x) may be used for interpolating other values of 
f(x) and is called Newton's Interpolation Formula. 

5.84. The Error in the Interpolation FormuUi. Suppose that/(a;) is 
continuous and possesses a derivative of order (n + 1) in the interval. 

Let f{x) = 2/0 + H—+ • 


x{x 


1.2 

1) ■■■(»-» - ‘I ■ ■ ■ ^ 

^ n\ {n + 1)! 

Then/(r) = ?/,. (r = 0 to n). If x be some other value in the interval, 
the above equation determines G{x) in terms oif{x), y#, . . ., y„. Con¬ 
sider the following function of | 

//(I) =/(|) - 2/0 - • • • 

1(1 - 1) • • . (f 


n\ 


where x is not one of the valuevS 0, 1, 2, . . n, 

ff(0) = H{\) = H(2) = . . . = H{n) = H{x) = 0, 
and therefore by continued application of Rolle’s Theorem, 
must vanish for some number 0 in the interval. But 
//(rt+l)(|) - G(x) 

Therefore G(x) 

or f{x) = 2/o + 2 ~ 

x(x — i) . . . (x — n + l)^ 


+ . . . + 


n\ 


+ Rn 


where R„ = -^/'‘+H0). when a; is not one of the 

numbers 0, 1, . . ., n ; and the result is obviously true when x is equal 
to any of these numbers. Thus the error in taking the polynomial as 
the value of f{x) is 2?„. 

If /'‘+H®) is bounded in the interval, it follows that the error is less 

than where M = max |/('‘+i)(a')l- 

{n -t- 1)! 

Example. The followin}; table gives the value of logi„ A from A = 40 to A = 46. 
Find log 40 1, 40-2, . . ., 40-9. 

N 40 41 42 43 44 45 

logioA 1-60206 61278 62325 63347 64345 66321 

The differences are 

1072 1047 1022 998 976 

-26 - 25 - 24 - 22 

The third differences may be ignored. 

Using the formula f(x) = 2/0 + ^^2/o + Vo» we find for a; = 0-1, 

logio4-01 = -60206 -f -00107 (2) + -00001 (1) = -60314. 
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Similarly by taking 

II 

O 

o 

0*9, we obtain 



N 

40*1 

40*2 

40*3 

40*4 

40*5 

logioiV' 

1*60314 

60422 

60530 

60638 

60745 

N 

40*6 

40*7 

40*8 

40*9 


^ogioN 

1*60852 

60959 

61066 

61172 



The error due to taking the polynomial for the function is \x(x — l)(ir — 2)f'"(x) 

2 X 1*^ 

where/(») = logi,(40 + x) so that \f"'{x)\ = ^ 

The greatest value of x{x — l)(a; — 2) that occurs is 0*384 (when x = 0*4) and 
therefore the error throughout is <9 X 10“’ and does not affect the result. 

The logarithm found above are all correct to five figures except those for 40*2, 
40*6 which are wrong by one unit in the last place. This is due to the fact that the 
given logarithms are correct only to 5 places and that there are consequent errors 
in the differences. 

Note. The interpolation formula may obviously be used in the reverse direction. 
Thus in the example above 

log44*5 = 1*65321 + (0*5)(- 976) + i(0*5)(- 0*5)(- 22) = 1*64836. 

5.85. The Approxirrmte Area. If we integrate the interpolation 
formula 

= yo + xAyo + + • . . 


x(x-\ ) . . . {x-n + 1) I x{x-l) . . .{x~ n) . 

m! (w + 1)! J ^ > 

from 0 to we obtain the corresponding area 

A = ny^ + -^Ay„ ("6 “ f ~ ^ ^ ) G 


+ 

+ . 


\b T'^T"“ ^ )~W 

)rn 

j x(x — 1) ... (x — n)dx. 
•Jo 


{n + l)!j 

(i) Jjet n= 1, and we find A = |(^o + Vi) — iV/"(®)* 

If the interval is of length h{—h — a), an inspection of the dimen¬ 
sions shows that 


or 


1 , 

j f(x)dx = ^(6 - a)(/(a) +/(6)) + R 


f{x)dx = lh{y» + yi) - ^f''(0) 

b 


where R = ^-^(b - a^f^d). 

This is the Trapezoidal Rule and may be used when the curve is nearly 
straight. 

If the interval is divided into n equal parts and the rule applied tq 
each part, we obtain 


^f{x)dv ~ + .yi + Vi 


+ • • • + yn-X + 


1 \ ' 
2^7 
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(ii) Let w = 3 and we find 

r3^ QA5 

f{x)dx = ^ ( 2 /„ + + Zy, + y,) - 

Thus j f{x)dx = + 2,y^ + ^y^ + y^) - 

This is known as the ‘ Three-Eighths^ Rule 

If we write (l^ + 1) for in the interpolation formula and integrate 
from 0 to we obtain 

A = + ^Myn + ~ 

+ + . . . + R„' 

where J? ' = a:(a: — l)(a; — 2) . . . (x — n — l)dx. 

(w + 2)!Jo 

The reason for taking the {n + l)-formula is that, owing to sym¬ 
metry, the coefficient of A is zero when n is even. For this coeffi¬ 
cient is 

1 f ” 

—— a:(a; - 1) . . . (a; - n)dx 

(n + l)!Jo 

= - 2*) . . . - m^)di 

where x = m + I and n = 2m. 

Also in this case 

- 1 ^) • • • 

rm 

and the integral on the right is 2l — 1^) . . . (|2 _ 

Jo 

(iii) Let w = 2, then 

rf{x)dx = 2y„ + 2Ay, + - A/(-)(e). 

Jo 

r2h 1 15 

For an interval h, 1 f{x)dx = -h{yo + %, + y^) — 

pp j^/(3J)(fo = ^-^(ya + 4«/, + y») - 

This ig Simpson’s Rvle ; ^d if we divide the whole intepy^,! jtitQ 2n 
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parts and apply Simpson’s Rule to each successive pair, we obtain 

^{(yo + y2n) 4- 4(^1 4- ^3 + • . • + y2n-i) 


6n 


+ 2(^2 + 2/4 4" • • • + 2 / 2 H- 2 )} + 


where 


i? = _ 


2880w^'^ 

(iv) Let n = 6 and then it will be found that 

1SS 41 

^=6y„+18zly.+27zl>‘y„+24Zl='2/„+ij^Zl^„+-/l«y„+^^Vo+« 


where 


R= - 


1400 


./•(vlU)(0). 


41 


If we write as 

140 

- 6^5 + 15yi - 20^3 + 15«/2 - 6;yi + y„) - 
and substitute also for ,dy„, . . Ahj^, it may l)e verified that 

{y« + y. + 2/4 + ye + 5 (y. + y,) + ^y,)- j~zJ“y„ - 

Now zl«y„ =/<''‘>(0i) 

(since /(aj) — y« — xAy„ — ... — — - "y„ 

vanishes at 0, 1, . . n, and therefore its nth derivative, viz. 
f^”\x) — A " 2/0 niust vanish at some point in the interval), 

11 , /i’ 

i.e. .4=—{yo+y2+y4+ye+5(yi+y5)+6y3}— 


or 


I f{x)dx = ^ 2 q^ + ye + ye + 5(yi + ye) + dys} + R 


where 

^ - ay 




9(ft - a)» 


/(vUi)(g)) 


140 X 1400 X 6 »-' 

= - (2-55 X 10-8)(6 - ay - {6-37 X 10-i«)(6 - «)»/*''“¥) 

the coefl&cients being given to 3 significant figures. 

This is known as Weddle’s Rule. 

r+1 

Example, Find the area determined by J a/(4 — x^)dgi:, (The correct result 


being fjr + \/3 = 3-82644591 » . .) 
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Rule Number of Ordinates 

Area • 

Percentage Error 

Trapezoidal 

2 

3-464 . . . 

9-4 

3 

3-732 . . . 

2-4 


5 

3-8025 . . . 

0-6 


7 

3-8158 . . . 

0-3 

Simpson’s 

3 

3-8214 . . . 

0-13 

5 

3-8260 . . . 

0-01 


7 

3-8263 . . . 

0-003 

Three-Eighths 

4 

3-8241 . . . 

0-06 

7 

3-8262 . . . 

0-005 

Weddle’s 

7 

3-826426 . . 

0-0005 


5.86. The Use of Legendre Polynomials. A question of theoretical 
interest arises when we consider the case of non-equidistant ordinates. 

Let the interval be — 1 < a: < 1 and let the n ordinates be y^, 
. . corresponding to the n abscissae aa, . . a^. Then a poly¬ 
nomial curve y = of degree (n — 1) may be drawn through the 

n points (a^, y^). Let us therefore consider the problem of choosing 
so that the most general polynomial of degree m(> n — \) gives the 
same area as that given V = If polynomial be denoted by 

there are (m — + 1) undetermined coefficients since the curve 

y = must pass through (a^, y^) (r = 1 to n). Since there are n 
numbers we can therefore assume that m — n + \ = n, i.e. 
m = 2n — 1. We may therefore write 

^2m-i “ ^n-i + (^ — ^i)(^ aa) . . . (aJ 
The area determined by y = -F 2 n-i is the same as that determined by 
y = for an arbitrary Gn-i if 

r+i 

j {x — ttj)(aJ (Xa) • • * 1 

for all polynomials G^_i. 

If we denote (x - a^) . . . {x - a„) by (so that there are n 


arbitrary constants in we have 

p “i“ 1 

- tti) . . . (x - a„)fl!x 

= + . . . + (- 
and this integral vanishes for all polynomials G^-i if 

H.J, . . vanish at x = ± 1 

i.e. //aft must be a imdtiple of (x* — 1)” and therefore a^, a^, . . ., a„, 
are the roots of the equation 


dx^ 


(x2 _ 1)^ = 0 


which are obviously all real and distinct. 

1 d^ 

The function given by ” I)"" i® Legendre Poly- 

® 2 ^.n\ dx^ 


nomial of degree n and is usually denoted by Pn(^)- 
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Example. Consider I — x^)dx. 




(i) n — Pi{x) — X ; one ordinate at a; = 0, y = 2. 

Polynomial is y = 2; ^ = 4; Error 4-5 per cent. 

This has the same accuracy as any straight line through (0, 2). 

(ii) n = 2 ; P^ix) = ; two ordinates ; x^ = J\/3, Vi = a/^- 5 

ajj = — iV3, Vz = Vy • The polynomial is y = ; A = 2A/y = 3*8297 ; 

error 0*09 per cent. This has the same value as the area determined by any cubic 


pol 3 niomial through 



(iii) n = 3 ; P 3 (a;) = 0 when a; = 0, ± Vf • The three ordinates are a/-V“> 

V y* polynomial is 2 - jx^ 

error is 0*003 per cent. 

There is the same accuracy as that of a quintic through the points. 

(iv) n = 4 ; P^{x) = 0 when x = ±, 0*861136, ± 0*339981; and the area will 
be found to be 3*826450 (error 0*0001 per cent.). 

Owing to the fact that the roots of Pn{x) are not simple numbers, the use of the 
polynomial is not o f practical value. 

5.9. Definite Integrals of Frequent Occurrence. 

(1) [ sin mx sin nxdx = [ cos mx cos nxdx = 0 

Jo Jo 

where m, n are unequal positive integers. 


sin^ mx dx 

0 



cos2 mx dx — \n (m being a positive integer). 


( 2 ) 


I 


^ sin^'*^ X dx 
0 


I 2 sin 2/1 + 1 ^ 
lo 



cos'^^^xdx = 


xdx 


1.3.5 . . . (2n - 1) 7c 
2.4.6 . , . 2n 2’ 

2.4.6 . . . 2n 
“3.5.7 . . . (2n + 1) 


where is a positive integer. 

(See § 5.34, Example ; § 5.35, Example (i).) 

(3) psi: 

Jo 


_ 2^m\ 

^(n + l)(n + 3),.,(n + 2m + l)’ 

n being positive integers, 


X cos^^ xdx = 


(2m)!(2n)! 


jt 


2^^+^»mln\(m + n)\' 2’ 


si 

Jo 


gln2//i+i X cos'*^ X dx 


-f 


cos 2 wi+i X sin'*^ X dx 


These may be established by Heduction Formulae. 

J ^ ^ ^ suppose m> Ui 
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Jj’rom the result(2OT+2n)J(»re, ra)= — (sin®'"~ia:co8*”+ia;)^ +(2ot—!)/(»«—1, n) 

0 

wo deduce that *7(iw, n) = ~~ therefore by repeated 

applications 

, (2m - l)(2m - 3) ... 3.1 

= / IT- . o^wo^ : - 77rr^yJ{0, n); 


(2m + 2n)(2m + 2?i — 2) . . . (2w + 2)*‘ 


and J(0, n) = 


1.3 .. . (2n -1) 71 


2.4 . . . 2n 2 

From these the required result follows since J(m, n) = J{n, m). Similarly the 
other integrals may be determined. 




Note. The integral I sin*^ z cos® x dx can be more concisely expressed in terms 
Jo 

ot Gamma Functions (see Chapter XII), and the expression so obtained is applicable 
to all real values of q> — 1. 


(4) 


1 

Jo 


e cos bx dx 


i: 


n\ 


-bx ar 


sin ax dx = 


a2 + 62’ 


x^e^^^dx= 

0 


where a is positive in the first integral, 6 is positive in the second and c 
in the third. 

Examples V(b) 

Evaluate the integrals given in Examples 1-27. 


10 


13 


(x^ + 2y 


^(1 + x^)dx 

(1 


. r sin2 0 cos^ d dd 2. Psin^ 20 cos Q dJd 3. f —^ 

Jo Jo 

V^dx f'* dx 

r dx r x^dx fi 

•Jo(l-x^ + *^) 8- + 9-J^ 

r” ,, f 

f+^ dx 

71- o -;—14. a:'(l - x^)i 

J_j{l - 2a:cosa + *2) v 

C ” dx r 

• Jo x‘(\ + x) ^ • Jo 

— h cos x)dx 


p dx 


\dx 


(^x + I)y/(X^ - 1) 


I p^ cos2 X + sin2 X 

C^o-\-h 


7 (P > 0) 


p (a — b cos x)dx 
Jo®^ “ 2a0 cos X ^P^ + + 6^’ ^ 

. I e-^^m^xdx 20. I -— - dx 21. - --- dx 

Jo Jo 5 —4 cos a: Jo 5 —4 cos a; 

TC 

fa 3 sin ai + 4 cos a; + 5 , f 

. I -;-—^ dx 23. 1 i 

Jo 2 sin a; + cos a; + 2 J ^ 


23. sech ax dx 


A 
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psit 

■ Jo(S 

■D 


sin^ X cos X dx 
(3 + cos xY 

x^dx 


C x^dx 
r "' xdx 


28. Prove that I xf{8mx)dx=7i\ f(3inx)dx. 

Jo Jo 

X sin X 1 

29. Deduce from Example 28 that I ^ - ^-y~ dx = 

j 0 — sin a; 4 

rhrz rirr 

30. Prove that I log sin a; da; = I log cos xdx = — log 2. 

Jo Jo 

31. Find [ f(x)dx\if{x)^x^, (0<a;<l); l,(l<a;<2); (a; - 3)^, (2 < a;< 3). 

Jo 

Prove the results given in Examples 32-41, 

32. [ \x- l\dx = 1. 

Jo 

33. I f(x)dx — (x — i)f{x) — i{f(x)Y where f(x) is the greatest integer < x. 

Jo 

X dx 

Jq 4 — cos2 a; 4\/3 

r~2 ^ ^(2n!)2 o 1 111 

J 0 V(1 - e** 0082 0) = 2 ‘ 

f+ * dx (2n - 2)\71 

J -00 ~ 22«-2{(m _ I)!}2a62«-1 (®- » > U 

• Jo(2 + cosx)« “ 

dx n 

Jo ^ 

. x^(\ 

J 0 

-1) 

dx 

• I - — = cosec2^-i a I (1 — cos a cos a;)"~l dx 

J Q (1 + cos a cos xY Jo 

41. I log(l + aLC 08 x)dx — nlog {J + Ja/( 1 — a^)}, (|a| < 1) 

Jo 

f+i 

42. K = 

J -1 


37 


38 


cos xY~^ dx 


(2 4- cos a:)® 2^/3 

39. I a;^(log a;)”‘ dx = {— ly 


ml 

I 

(n + ir+i 


(m being a positive integer and 


n > — 1) 

40. 


da; 


x/{(l - 2ax + a2)(l - 26a; + b^)} 
show that tanh iu\/ab = \/ab. 


(0 <a <1, 0 < 6 < 1), 












. 1 1 1 

^ 4 + 7 10 + 


44. Show that 
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, dt JT + lf>g 2 , , , 

43. Prove that I r'T"7i =--- and deduce that 

= ^^+*"8 4 

5 + 5-n+ • • • = 

45. Prove that J ^ = 4 ^ log + l) + T Vf:: 

and deduce that §-^ + n- ]^ + ••• = ~ 

arc tan x 

46. By integrating the power series for —_j_ ■ show that when |x| < 1 

00 /II 1 

(arc tana;)^ = Z{- + - + - + 

Prove the results given in Examples 47-54, 


1 1 1 

47. 1 - 7 + 13 “ 19 + 

1 

1 ^ x^ 

1.3^5 X5J 5?r9 


= ^ + log (2 + V^) 


48 


2.3.4 3.4.5 


= Iog4 - j 


_5 

^x 


8x2 


(1 

r- ® \1 — 


50. 


1 

1.3.5 


3.5.7 5.7.9 


1 1 1 
1.3.5 ^ 3.5.7 5.7.9 


52. 


1.3.5 


3.5.7 5.7.9 


1 3! 6! 2, ^ 

3! 6! 9! “ * * * “ 3 ^ “ 6^/3 


24x 8x2 + 


J_ 

12 

7Z 1 

8 “ 3 

71 


16x' 

Sx'l 


Vx7' 

(0 <x< 1) 

arc tan \/x, 

(0 <x< 1) 


22.2! 21.6! 2M0! ‘ ' 16 ^ 8 Vli; 

Discuss the convergence of the integrals given in Examples 55-63, 


55 


58 


61 


63 


e-®* dx 

’X"* dx 

' sinh bt 
sinhai ^ 

’ x«(l 4- x^) 


x)^ dx 

x^ log X dx 

(1 + x)^ 

sin hxdx 
eo« — 1 


4 

Jo 

■f 


cosh at 


1 4! 8! 1 1 /2\ 

■ 22.2! “ 21.6! + 2M0! “■••• — ig 5 + g arc tan 

scuss 

•i: 

•i:- 

r 

1' 

7Q ■ 

-I 


• f a:2>{l - 

Jo 

f 

fX 

62. 

Jo 


fli 

cosh ht 


dt 


dx, (p, y>0) 


1 4- xy 

Prove the results given in Examples 64-7, 
+ 3x2 + a:2 — 1 

2 


X2(X2 - 1) 


dx — — 3 log 3 


J 
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fi 

66. I sini X dx lies between 1*178 and 1*321 

J 0 

dx 71 

^7. I -- , lies between 1 and 

JoV(l-*’) 2 

68. Obtain Lagrange’s polynomial for the (n + 1) points (a^, y^), (r = 0 to 


fix) =2:-, 


{x (^o){x ©i) 


{x — ar-i)(x — dr+l) » . • (x — 


Vr- 


0 (a^ — ao)(ar — ^i) • • • K — ar-l)(«r ” • • • («r — ®n) ‘ 

69. Prove that the cubic through (r, y^), (r = 0 to 3), is given by 

6 y = — (a; — !)(« — 2)(a; — 3)yo + ^x{x — 2)(aj — 3)yi — 3a;(a; — l)(a; — 3)^2 

-f x(x - l)(a; - 2 )^ 3 . 

Find the polynomial of lowest degree for the points given in Eocample^ 70-1, 

70. (- 5, 1600), (- 3, 228), (- 1, 0), (1, 4), (3, 96), (5, 900) 

71. (- 5, 1150), (- 3, 120), {- 1, - 6), (1, 4), (3, 150), (5, 1200) 

72. The divided difference [x^ x^ , . . a;„] is defined by means of the relations: 

= KX, ■ . ■ - , ^0:3 . . . *„]. 


Xl — x.y 

Prove that 

(i) [xi . . . x„] 


= 2t 


f{Xr) 


1 (»r - • • • (»r - - a:r+i) . . . (x^ — X„) 

(ii) The value of [Xj x^ . . . x„] is independent of the order of its arguments. 

(iii) f(x) =/(Xi) + S (x 

1 

where 

if„(x) = (» - XiKx -X 2 ) ... {x- X„)[xXiX 2 . 


Xl)(x — X,) ... (x — Xs)[Xi X2 


»«+!] + 


(iv) [a?! x^ , . , x^— T j l x^ <0 < max x^,. 


(v) U„(x) = (X - Xi)(x - X2) . . . (x - x„ 


/(«)(0) 


n\ 


73. Corresponding values of x, y are given in the following table 
a: 0 1 2 3 4 5 

y 30*00 121*67 249*43 419*25 637*11 909*00 


Deduce the value of y for a; = 1*3 and x = 2*5. 

74. From the following values of sin x, calculate sin 30° 10', sin 39° 40'. 


a;° 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

sin X 

*50000 

*51504 

*52992 

*54464 

•55919 

*57358 

*58779 

•60182 

•61566 

•62932 

•64279 


Also find an upper limit to the error for the first interval due to the polynomial 
approximation. 


75. Prove that 1 f{x)dx = -^OiV^ + Vf) + 32(yi + y^) + 12 y^) + 
(h— ay 

19353 ^ /^^^)(^) for 5 equidistant ordinates, where 1/0 =f(a), y^ =/(&). 
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76. Show that 

1 = i(b - a){(0-14)(y« + y.) + (0-81){yi + y.) + (M0)y,} + B 

J a 

where R = (4.6) X 10-» (b - ay f M (6^) - (6.4) (6 - a)* (6) X 10 

the numerical coefficients in R being approximate, and where = f(a + rh), 
A = (6 — a)/6. (This is O. F. Hardy's Rule.) 

77. Show that 


rZnh 


3h, 


J f{x)dx = -^{(yo + yan) + 3(yi + y 2 + yi + ^6 + • • • ysn-l) 

+ 2 (y 3 + ye + • • • + ysw-s)} 

approximately, the ordinates being equidistant. 

78. Show that Simpson’s rule may be obtained by eliminating the error term 
between the trapezoidal formulae corresponding to the sub-intervals h and 2 h. 


79. Calculate 


pio 

Jo ^ 


\0dx 

^ by (i) the trapezoidal rule (ii) Simpson’s rule, using 


in each case 11 ordinates at intervals of 1 unit. 


80. Calculate 


r 

Jo^ 


24da; 


2 QA trapezoidal rule (ii) Simpson’s rule, (iii) the 

y X“ ~P OD 

three-eighths rule, (iv) Weddle’s rule, (v) G. F. Hardy’s rule (Example 76), using in 
each case 7 ordinates at intervals of 1 unit. 

f* dx dx 

81. (i) Prove that j differs from I f ^ by less than J x 10“ 3. 

r2 

(ii) Calculate I . by Simpson’s rule, taking 11 ordinates. 

Jo^ + ^ 

fio ^ 

(iii) Calculate I ^ by Simpson’s rule, taking 9 ordinates. 

J 2 1 ^ 

(iv) Find the approximate value of 

r-- 

Jo 


^ao 

Jo J" 


dx 


82. (i) Calculate 
(ii) Calculate 


i:-- 


+ x:^‘ 

dx with 11 ordinates. 
dx with 3 ordinates. 


using Simpson’s rule in each case. 

p 

(iii) Deduce the approximate value of I dx, 

J 0 

83. The semi-ordinates of the deck plan of a ship in feet are respectively 1-25, 
5-76, 10*75, 14*00, 15*50, 15*00, 13*25, 10*00, 3*50, and they are 16 feet apart. Find 
the approximate area of the plan in square yards. 

84. The areas of the horizontal sections of a vessel floating in salt water at 
intervals of IJ ft. are 2,100, 2,080, 1,630, 1,260 and 320 sq. ft., the flrst referring to 
the water line section and the others being lower. Taking the weight of salt water 
as 64 lb. per cubic ft.. And the displacement of the vessel in tons. 

85. A curve is given between x — — I and a; = + 1 and it is required to choose 
n intermediate ordinates at x^, x^, . . •> such that the area determined by the 

2 

polynomial curve through (x^, y^) is equal to Hy^ + y 2 + • • • + yn)* Show that 
13 
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the n values Xy^, . x^ are the zeros of the polynomial T^x) which is asymptotic 

to the function 

nx + ly" 

\{x - 1)*-1V/ " 

In particular, show that (i) x^ — with zeros i 0*5773. 

(ii) = x{x^ — with zeros 0, ± 0*7071. (iii) T^= x^ — ^x^ + with 
zeros ± 0*1876, ± 0*7947. (iv) Tg = x{ai^ — -f ^), with zeros 0, ± 0*3745, 
± 0*8325. (Tschebyscheff's method.) 


SdtUions. 

71 


1 . 


6 . 


2 . 


32 

(121)71 V2 


15 


3. V3 4. -(2V2 - V3 - 1) 


5. 


32 

3003 


-I 


8 . 


71^2 


7t 


220 ( 6!)2 '*2 2 V 3 

11. i(21og2 + ^) 12. arc cos© »3. 14. 


15. 


271 

V3 


16. ? 17.-^, (|o| > 16|); 0, (|a| < |6|) 


18. *7 arc tan 
0 


2 a 

2bh 


(*o + p)^ + 




19. + C-") 


20 . 


21.0 22. 31 +log 2 23. (a>0) 24.^(24-17^2) 


-1 


26. 


Tty/2 


27. 


271 

3V3 


30. / 


=‘f 


{log sin a; + log cos x}dx 


-If 


(log sin 2a; + log J }dx 


71 1 1 

= r‘og9 + 5^ 


31. § 34. See Emmple 28, 36. Let ax — 6tan0. 

37. take (2 + cos a;)(2 — cos y) — 3, so that (2 -f cos x) sin y = \/3 sin x and 

dy (2 — cos y) sin x 
dx~~ (2 cos x) sin y* 

38. Use Emmple 37. 

40. Take (1 + cos a cos a;)(l — cos a cos y) — sin^ a. 


cos X dx 71 f 

-=—V 

Q 1 + a cos X a \ 

44'“I.r 


V(1 




dt 

+ <“• 


47. Find 


f* dl 

Jo’ +«• 


48. Integrate the integral of log (1 t). 


00 (1 — t)^ 

49, 50. Integrate the series i^(l — ^ ___ with respect to t, the 

justification of this process being a simple extension of that given for a power series. 

(1 - t)^ (1 — t) 

53. Integrate ^ Integrate ^ ~ _jr^ i* 


55. Convergent; take x — y/u and see Emmple 57. 

56. Convergent when p^ q> — 57. Convergent when a > 0. 

58. Take x^ = u; convergent if m > 0. 59. Convergent for p > — 1. 

60, 61. Convergent for |6| < |a|. 62. Convergent for a > 0. 
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63. Convergent for y — > a + 1 > 0. 66. fji: < / < ^ 

70. 2x^ - 3x^ + 5x 71. 2x^ - 3x^ + 5x 

72. MUne-TJiomson, Finite Differences, /. 

73. 155*94, 328*71 74. 0*50252, 0*63832, error < 4 x 10-7. 

76. Eliminate from the Area-formula for n = 6 by means of the relation 
= ye — 61/5 + 15^4 — 20^3 + 15^2 — Bi/i + yo* 

79. (i) 0*784983, (ii) 0*785398 

80. (i) 3*1369631, (ii) 31415918, (hi) 3 1415834, (iv) 3 1415984, (v) 31415212 

dx \ 

81. (i) The difference is < 1 ~ - x lO-^, (ii) 1*07, (hi) 0 04, (iv) Ml (the 

correct value being = 1*1107 approx.). 

82. (i) 0*882. (ii) 0*004. (hi) 0*89 (the correct value being = 0*886 

approx.). 

83. 311*4 84. 272 


85. The equations to be satisfied by x^ are — J{1 -|- (— !)”}/(w + 1), 

n 

where — The required result may be proved by using the fact that 

W=1 

S when X is large and f{x) = 11 (x — x^). 








CHAPTER VI 


JACOBIANS. IMPLICIT FUNCTION THEOREM. 
TRANSFORMATIONS. 


6. Jacobians. If yi, y^, are functions of n variables Xi, 

Xi, . . aj„, possessing partial derivatives, the determinant 


^1 


9 ^ 

dx^ 

dx2 

dx^ 

^2 

^2 


dXy 

dxz 

dXj 

^Vn 

^Vn _ 

9y, 

dxi 

dx2 

9xj 


is 


called a Jacobian and is often written 


%u yi. • • Vn) 

d(xi, x^, . , Xfi) 


Note. The funcrions may of course be functions of other variables in addition 

to X^f • •) 

6.01, A Characteristic Property of a Jacobian. Let tlie variables 
be expressed as functions of n other variables so that 

= X^ (Zi, Z2, . . •> 

where x^. on the right is a functional symbol. 


Then Y (r = 1 to «, s = 1 to w) 

where on the left, y^. is expressed as a function of Zi, 2 : 2 , . . 
fore 

d(2^i) 2^2, . . 3(^i> ^2> • • •> ^n) ®(^i> ^2) • • *5 ^n) 

by the rule for the multiphcation of determinants. 


There- 


Note. This relation may be regarded as an analogue for ‘ functions of functions ’ 
of the simple result ^ ^ ^ * function of a function ’. 

Example. If F, O are functions of x, y and x, y are changed to polar coordinates 
by the transformation x = r cos 0, y = r sin 0, then ~ ^ therefore 

d(F, 0) ^ l d(F,0) 

2/) ” ^ * 

6.1. The General Implicit Function Theorem. In Chapter II, 
we have shown that imder certain conditions the relation f{x, y) = 0 
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will determine a unique function y oi x taking the value b when x = a 
(if/(a, b) = 0 ). In particular, if fy ^0 at (a, 6 ), where f{x, y) is con¬ 
tinuous and possesses first partial derivatives, the function y exists and 

possesses a derivative given by + fy~ = 0 . By a similar proof it is 

easily shown that under analogous conditions, the relation 

/(y, Xi, x^,, . ., Xy) = 0 (when /( 6 , Ui, ag, . . . a^) = 0 ) 
determines a function y{x^, . . . x^) if /j, 0 at ( 6 , ag, . . . a^). 

Also the derivatives of y are given by the n equations. ' 


fv 


dy 


+/r^ = 0 (r = 1 to n). 

By the method of induction we can generalize this result to obtain 
the General Implicit Function Theorem. 

If/r(yi» 2 / 2 , . . •, ^n) = 1 to ^xe continuous 

functions possessing partial derivatives and if 

J _ ^(/l. U • • •. /m) ^ Q 

^(Vl, Vi, • . •, Vm) 

the equations /^ = 0 determine in the neighbourhood of 

( 6 i, 62 ) • • •?^ 2 > • • •? ^ 7 i) (where ( 61 , . . a^) = 0 ) 

a unique set of functions 

Assume the theorem to be true for (m — 1 ) equations connecting 
(m — 1 ) functions y, the theorem having been proved for m = 1 . The 
expansion of J in terms of its first row gives 


j= + + . 

3yi dy^ 


+ ^ J 

oym 


where = (— 1 ) 


r-l_ 


/sj • • •? fm ) 


2/r-l» 2/r+l, 

Since J ^ 0 , one at least of the terms 


•J 2/m) 

does not vanish and the 




order of the equations can be taken in such a way that is a term 

^ 2/1 


that does not vanish. 
3/i 


It follows therefore that -I- ^ 0 and ^ 0 . 

92/1 


Since ^ ^0^ we can from the relation 
9yi 

/i(2/i. • • •, 2/m, • • • ^n) =/i 

determine y^ as a function of /j, ya, ya, . . ., y^, cci, . 
reduces to b^ when = 0 , y^ = 62 , • • Vm = 

When this function is substituted in /.(yi, . y^^ Xi, 

(r = 2 to m), the latter become functions of /i, yg, . ., y^, Xi, . x^ 
which we may denote by F 2 , F^, . ., We have thus changed the 

variables y^, y^, . ., y^, x^, x^, . x^, to /i, yg, . ., y^, a;i, . ., 

and the m functions/u/a, . fm are changed to /j, Fg, . ., 


which 

, ^n) 


I 
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J ^ g(/i,/a. • • ;fm) _ 9(/i, ^2, ■ • •. -^m) 9(/i, y,, . ■ y^) 

3(yi, y 2 , ■ ■ ; yj) 9(/i, 2 / 2 , 2 / 3 , • • 2/m) ’%i, 2 / 3 . 2 / 3 . • • •> ym) 

_ F 3 , . . ., dfi 

9(2/2> y3, ■ ■ ; 2/m) '92 /i’ 

But J 0 and ^ 0 ; therefore ' ’’ 5 ^ 0 . 

^yi %3> 2/3.2/m) 

The theorem being assumed true for m — 1 variables y, we can deter¬ 
mine 2 / 3 , .. . y^ from F 2 = = , . . = F^ = 0 as functions of 

Xi, X 2 , . , x^ (/i being zero); and the substitution in the expression 
for yi as a function of (/i, y 2 , . . y^y x^, . . x^) determines y^ as 

a function of (Xi, X 2 , . . x^). Since the theorem is true for m = 1, 

it is generally true. 


Notes, (i) The condition J ^ 0 is not a necessary condition. 

Example. f^{u, v, x, y) ~ xu^ — — 4a; = 0, 

/ 2 (w, Vy Xy y) = yu^ — — y^ — 4y = 0. 

When x^y,u^ = a; + y + 4, = a;/y; and near a;== — l,y=—3 (for example) 

these equations determine the functions u = (x y -\- 4)^, v = (xy)^ which are 
continuous and tend to the values (^, respectively when x —>• — 1, y — > — 3. 
But J = — I5{x — y)u^v* which is zero when a;= — 1,?/= — 3. 

6.11. The Derivatives of Implicit Functions. If 

/r(yi. 2/3. • • •• 2/m. ^ 1 . * 2 , • • .,*„) = 0 (r = 1 to m), 
the derivatives, when they exist, are obtained by solving the equations 

. . I g/r Sym J ^fr _Q r=l to m 

dyidx^ dyidxg ' ' ' dym'dXg dxg ’ s = 1 to n 


Example. If w, v, w are given by the equations 

f(U, Vy WyXyy) =^0; <l>{Uy Vy Wy X, y) = 0 'y \p(Uy Vy Wy Xy Ij) == 0 

find expressions for their first derivatives. 

Taking the differentials of the functions, we have 

fudu -{-fyfiv -\-f^w +f;^x -hfydy = 0; (l>udu + <l>^v + + <l) 3 dx -|- <l>ydy=0\ 

tpudu + tpydv + ipyplw -f- tpsdx -f ipydy — 0. 


If then 


d(Uy Vy W) 


^0, we deduce that 


y) . , ^(/. 4', y>) . d{f,<i>,y)) 

d(UyVyW)' ^ d(XyVyW) ^ d(yy Vy W) 

with similar results for dv, dw. 


dy 


= 0 


9(/.^.y) w) 

du d(XyVyW) du d(yyVyW) 

dx ~ d(fy <l>y yj) ' dy ~ ~~ d(fy y) 

diUyVyW) d(UyVyW) 

with similar results for Vx, Vyy Wx, Wy. 


6.2. The Vanishing Jacobian. In this paragraph we shall con¬ 
sider the case when J = 0 identically. Since for the moment we are not 
concerned with the occurrence of the variables Xi, Xg, . . . we shall 
omit them from the functional expressions. 
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For simplicity of exposition let us take the case of four functions 
fix, y, z, u), <f>{x, y, z, u), %p{x, y, z, u), x(x, y, z, u) where 

J = = 0 identically. 

a(x, y, z, u) 

(i) Suppose that the first minors of J do not all vanish identically; 

Bid) w y) 

without loss of generality we may then assume that / 

^ S(y, z, u) 

Consider the relations 


<l> = ^{x, y, z, v), ip = xp(x, y, z, u), % = xix, y, z, u) 
where <f>, y), % are functional symbols on the right and dependent variables 

on the left. Since ^ 0, we can, by § Q.IO, express y, z, u 

- - S{y, z, u) 

as functions of x, rp, x- When these are substituted in f{x, y, z, u) 
the latter becomes a function of x, <f>, ip, x> which for clearness we 
may denote by F{x, <f>, ip, x)- We have thus changed the independent 
variables from x, y, z, u to x, <l>, ip, x obtaining the functions F{x, <f>, ip, x), 
4>> V. X- Then 


0 ^ 3(/. <i>> Vy x) ^ <f>> w, x) ^i^’ V. x) _ p ip, x ) 

d(x, y, z, u) d(x, <f>, ip, x) '3{x, y, z, u) *'a(y, 2, u)' 


Therefore F- = 0 since ~ 0, i.e. F does not contain x or 

d(y, z, u) 

f=F^>,ip,X)- . 

Thus if / = 0 but not all its first minors, there is a functional rela¬ 
tion connecting/(x, y, z, u), y, z, u), y)(x, y, 2, u), x{x, y, z, u), 

(ii) Suppose that J and all its first minors vanish but not all its second 
minors. Without loss of generality we may assume then that 

X) 

a(2, u) ^ * 


From the relations y) = xp{x, y, z, u), % = 
determine 2, u as functions of x, y, \p, % and when these functions are 
substituted in /(x, y, 2, u), <^(x, y, 2, u) the latter become functions of 
Vy W> X which may be denoted by F(x, y, rp, x)^ %)• The 

independent variables have thus been changed from x, y, 2, u to x, y, \p, x^ 

Then 0 = X) x) ^ j x) ^ 

d{x, 2, u) a(x, y), %)‘a(x, 2, u) "^‘diz, u)' 

i.e. Fj. = 0 since 0. Similarly by considering other vanishing 

a(2, u) 

first minors, we may prove that Fy = 0, 0^ = 0, Gy = 0. Thus 
/ = F{y), x)j ^ x) functional relations exist among the four 

functions. 

(iii) If finally J and all its first and second minors vanish but not 
all its third minors (in this case the sixteen first derivatives), we may 
assume that Xu ^ Then from the relation x = xi^^ 
determine as a function of x, y, 2, x when this is substituted 





















r 


180 


ADVANCED CALCULUS 


in f{x, y, z, u), y, z, u), %(x, y, z, u) the latter become functions 
F{x, y, z, x)> G{x, y, z, %), H{x, y, z, x)- The dependent variables 
have thus been changed to x, y, z, x- 

But 0 = so that F^ = 0. 

d{x, u) d(x, x) d(», m) ^ 

Similarly Fy = Q,Fg = 0, = 0, (r^ = 0, = 0, 0, Hy = 0, 

^. = 0, 

or / = ^(x)> <f> = ^ix)y V> = H(x) 

i.e. three functional relations exist among the four functions. 

Notes, (i) By generalizing the above proof, we deduce that if the Jacobian of 
m functions of m variables vanishes identically and also all its minors up to and 
including those of order s, there are (5 + 1) relations connecting the functions. 

(ii) When J = 0 identically, the functional relation that exists need not contain 
all the functions even when all the first minors do not vanish. For example, 


a/i df. 

if all the first minors of the elements x—, , 


df. 

., -.r— vanish, J = 0 and there is a 
^Vm 

relation connecting /g, /g, ..., /^. 

(iii) If/^(yi, . . ., y„) (r = 1 to m) are m functions of n variables, then for a 

functional relation to exist among them it is necessary that all the Jacobians of 
the mth order obtained by taking the m functions and the n variables y^, w at a 
time should vanish. 

(iv) The condition J = 0 has been proved sufficient for the existence of a func¬ 
tional relationship. It is also a necessary condition. For if . . .,f^ = 0, 

we can form the m equations 

dF_dA 

dfi'dx^ 




9/m 9*/ 


dF 


Therefore the determinant of the 


in which the derivatives 157 - are not all zero. 

OJs 
dF 

coefficients of ^ must vanish, i.e. J = 0 . 

^fs 

(v) In the general implicit function theorem forZ*(yi, . . . . ., x^) = 0 


(r = 1 to m)f when 


^(/l> /2> 


•./m) 


vanishes identically, the equations fj.=0 are 


terms of 
Eocample. 


d(yi, y^, . . y^) 

inconsistent (except possibly for particular values of Xi, x ^,. . . x^) or are redundant 
{see Note (iii) above). In any case they cannot determine all the functions y^ in 

iCg, . . ., 

Let / = + y® + 2® + 0 2;2 

ip—x-{-y-\-z-\-u, X ~ y^'^ + + uxy 4- xyz. 

3 x 2 3^2 3^2 3^2 

2x 2 y 2 z 2 u 

1111 
zu uy yz ux -{• ocz zu xy yu -{■ ux yz + zx xy 

Since this vanishes for x y, x = Zj x = u, y = z^ y — z — u and is only of the 

fifth degree, it must vanish identically. 

Then 

^3_|_y3_|_2;3^^3_^(x2_|_y2_j_2j2_^^2^ x+y+z+w, yzu-\-zuyWu3cy-\-xyz). 

Let w = 0, then x^ y^ + — F(x^ + + ^2, x + y +% xyz). 

But x 3 -f y® -f 22 — 3 xyz = (a; -f y + z){f(x 2 + y^ + z^) — }(x -f- y + 2)*} 
i.e. f = Sx + Wii<k - 


Then 


9( / 4>, y>. x) 

d{x, y, 2 , u) 


% 
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6.3. Identical Relations. Suppose that {m + n) variables a^i, 
^ 2 y • • •> ^m+n connected by m relations 

<f>r{^u ^2) • • •» ^m+n) “ ^ iX ^ ^)* 

These equations, in general, will determine m of the variables as 
functions of the remaining n ; and if none of the Jacobians determined 



dh 


dxi 

dx2 

' ' « 

9(^2 

d<j>2 

S<f>2 

dxi 

dx2 

■ ■ dx^ 




dxi 

Bx2 

■ ■ dXn 


vanishes, the choice of the m dependent variables may be made in 
‘ ways ; and any one choice may be regarded as a transformation 

m\n\ 

In each selection there are mn first derivatives 
(m + n)\ 


of any other choice. 


and therefore there are 


first derivatives in all. The 


(m — l)!(n — I)! 

derivatives for any one selection may in general be expressed in terms 
of the derivatives of any other selection. There are therefore 

(m + n)\ — m\n\ 

(m — l)!(n — I)! 

relations connecting the first derivatives. They are called Identical 
Relations, since they are independent of the given functions 

Example. Let there be 5 relations connecting 8 variables. Then there are 
56 ways of choosing the dependent variables. The total number of first derivatives 
is 840 and the number of identical relations connecting these first derivatives is 825. 

6.31. Method of determining Identical Relations, Suppose that there 
are p relations connecting n variables x^, Xz, . . x^ and let x,., x^, 
... be a particular choice of p dependent variables {n > p). Form 
the differentials 

dx^ = dxi + A 2 dxz + . . .; dx^ = B^^dx^ + B2dx2 + . • •; 

dxi = Gidxi + . , .; ... 

where dx,., dx^, dx^ are omitted from the right-hand sides. 


Then 


' ^ dX2 


s;' 


where x^., Xg, x^ , , , are expressed in terms of the others. 

To obtain the corresponding equations for any other selection solve 
the above system for the appropriate set of differentials. Thus if a new 
x^, . . , we should obtain, on solving 

• I dx^ = dxi ~f“ ^2 dx2 “b ... 5 

dx^ = dx^ + . . • 


set were Xp, x^ 
dXp = ai dx^ + 0 L 2 dxz + 
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where now dx^, dx^, . . . are omitted on the right and where ai, 
^2, • • •, Pi, P 2 , • • • are functions of . . . Also 


dx, 


dx, 


dx^ 


ai = ag = . where x x, 


^ 1 r\ ’ 

vtZ/j uX^ uX^ 

are expressed in terms of the others. 

If then, for example, aj = F{A^, A 2 , 
relation would be 


., B^, B 2 , . . .)> an identical 


dXp _ \ 

dXi \dxi 8 X 2 * * *’ dXi 8 X 2 ' ' 'J 

8 x 

It should be noted, however, that the symbol ~ is, in general, 

ambiguous and that it may be necessary to indicate the particular selec¬ 
tion to which it belongs. 

The above method will determine the derivatives for one selection 
in terms of any other selection ; but we can use the properties of Jaco- 
bians to determine symmetrical identities, although it does not appear 
obvious how to obtain the correct number of independent symmetrical 
identities. 

For example, suppose that there are 6 variables x^, Xg, X3, X4, Xj, x^ 
connected by three relations. 

There are = 20 selections, 180 derivatives and 171 identities. The 
following examples illustrate how these identities may be obtained. 


(i) From 


0(Xi, X 2 , Xg) 3(Xi, Xg, X4) 


= 1 where the denominator in a 


9(Xi, Xg, X4) 9(Xi, Xg, Xg) 

Jacobian indicates the independent variables, we find 

/^\ / 8 ^\ ^ ^ 

where the suffixes indicate the variables kept constant, 
(ii) From = 1 we find 

d{Xi, Xi, Xj) d{Xi, Xi, X3) 


d{Xi, Xi)}^^ \ 0 (a! 2 , Xa)}^^ 

(iii) From 3 (a;a, x,, Xt) djx^, x,, x^) d(xt, Xi, x^) ^ ^ 

d{x2, X3, Xi)'d{x3, Xt, x^ydixt, Xi, a;j)‘ 9 (a;i, x^, X3) 

we obtain 

/^\ /^\ /^\ /^\ ^ j 

\dXt/ X, X, \^Xi/ x^ X, \3^2/ X, X, \^^3/I, 

(iv) From ^3- ^B) d( x3, x„ Xtj d jx t, x„ x^) ^ 

d{x3, Xt, X3) d{x3, X3, Xj) d(xi, X3, X3) 


d{Xi,X3)\ \d{x3,Xt)\ {d{x3,X3) 


d{Xt, X3)j X, xy^j Xt * 3 )/ xi 


= 1. 
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6.32. The Inverse Relations. Suppose that there are m functions 
Ma, . . of the m variables Xi, x^-, . . ., x^. There are 

(2m!)/(w!)“ ways in which m of the variables (m„ Xg) can be expressed 
in terms of the remaining m. One of special importance consists in 
expressing x^, x^, . . ., x.^ as functions of Mi, ; and the 

functions obtained thereby may be called the inverse of the given 
functions. 

Denote • • - «m ) J(^0); then 

dipCi, X2, • . •) ^m) 

d{Ui, • • *5 ^(^i> ^2 j • • •> ^w) _ ^2 j • 


__ __ V '^m) 

a(iri, X2, . . ^ 2 , • • ^m) ^2, • • •> ^m) 


= 1 . 


dy dx p • r 

Note, This is the analogue of the result — 1 ^ function of one vari¬ 

able and its inverse. 


Again 


d(Ui^ U2, . . Um) ^('^1? ^2? • * V ^m) 

d{Ui, U2, .. '^^m) ^2j • • •> ^m) 

^ ^(^1) • • •) ^r—1» ^r+l> • • *> ^m) 

^(^ij ^2>.. ^m) 

i.e. where A^s is the co-factor of in */. 

OXo 


dUj. 


Examples, (i) Let u, v, w be functions of x, y, so that x, y, z may be expressed 
in terms of w, v, w. 


If 


then JA = 1. 

-\» 1 d{u,V,w), 


d(x,y,z) 


d(v, w) 


• 'L T ' C/) M/y 

The nine relations connecting the 18 first derivatives are given by 

and 8 similar relations giving ?/„, z^^ x^, etc. These are, of course, equivalent to 
d(u z ) 

j —' and 8 similar relations. It should be noted also that the 9 relations 

^ ® d(v, w) 

are given by equations of the type 

1 J + ^xo^y = 

(ii) If u^, Wg, . . given by the set of equations 

^ 2 > • • •> ^ 2 » • • •> = 0 (/* = 1 to m) 

„ , . ^ d{uif U29 . . ., 

find an expression lor ---—.. 

OyX^f fl/g, • • •> 

du^ 

The equation giving the derivatives ^ are 


■ ^ 

duf dxg I 
• t=i ^ 


0 (r = 1 to m, 5 = 1 to 


and therefore 


^(^19 * * •> ^rw) ^(^1> ^2> • * ** ^m) _ / 1 \m • • •> 4>m) ^ 

5(2^, U^j • • •> ^2» • • •> ^w) ^(^1» ^2» * • *> ^w) 

dy 

Note. This is the analogue of the result/,,^ +/^ = 0 for a function y given 

by f(x, y) = 0. 
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(iii) If Ml = *1 + aij + + *4» «1«2 = *2 + *3 + *4, 

. „ X--J ^_d(Xi, X3, Xi) 

U^UoU^U^ — Xm, tilicl J zzr \* 

9(Mi. « 2 . “ 3 . “ 4 ) 

Here 


i.e. J = 

(iv) If 
and 

9(w, v) 


— ^3 “h 2^4* 


1 

0 

0 

0 


1 

1 

1 

1 

^2 

Uy 

0 

0 


0 

1 

1 

1 

'W’2^3 

UyU^ 

UyU^ 

0 


0 

0 

1 

1 


UyU^U^ 

UyU^U^ 



0 

0 

0 

1 


+ 2d^(u^ + V®) = Cl® 
+ 2d^\x^ + y®) = C 2 ® 


find J = 


9(*.y)’ 


1 2?4a;® + 6a®w® 

2vy^ + 6aV I 

r 1 Su^x^ 

3i;2y2 1 

1 ZuV 

I 

1 2t4®ic + 6a®a;® 

2?;®y 1- 6a®y® | 


J = 


uVxy(vx — wy) + 3a®rc®y®(i 


V®) 


uvxhj\vx — uy) + ^ahiV(y^ — x^)' 

6.33, A Functional Relation connecting n 'Variables Xi, x^y . . ., x^. 
The dependent variable may be chosen in n ways, the number of deriva- 

• • dx 

tivesisn^ — 71 and the number of relations is (li — 1)®. The symbol — 

is not ambiguous. The functional relation leads to 

Ay dxy + ^3 daJa + . . . + dx^ = 0 

A. 


so that = 

ox. 


*-.9 

a: 


i.e. 


Suppose for example that n = 4, then 

\ B C 

dx^ = A dx 2 + Bdx 3 + C dx^ gives dx^ = ~.dx^~ -dx^ — ^ dx. 

AAA 

dx2 ’ dxz dx2 dx2 ’ dx^dx2 dx^ 


equations that connect the 3 derivatives of one selection with the 3 
derivatives of another. The 9 identities that may be obtained in this 
way may be written symmetrically: 

/l\/4i\ /9\ /‘^\ 

= 1 ; 


G)0 

II 

II 

1—1 

(X)=- 



©G)=- 

1—1 

II 



II 

1 

(.X)(;)= 



©QOC)-' 


= -i; 


where 


(0 


denotes 

dx^ 


These S 3 niimetrical results may also be obtained by using the appro¬ 
priate Jacobians. 
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Thus if we denote by we obviously have 

d(Xr, x^, xt) \r s tj 

/mnp\_lp\ lmnf\ ^ _/m\ /mnp\_/m\ 

\m n q) ~ \q}’ \n q j>) \q )\n P q) \q / 
and other similar results; so that 



6M, {n — 1) Functional Relations connecting n Variables Xi, Xz, . x^- 

The independent variables may be chosen in n ways; there are 
n^ — n first derivatives and {n — 1)^ identities; and the symbol 

may be used without ambiguity. 

If one selection is indicated by 

X 2 ^ 2 (^ 1 ) j ^3 ^ 3 (^ 1 ) > • • • > have 

dx 2 = A^idxi ; dx^ = A^idxi ; . . .; dx^^ = Am dxi so that for 
another 


dXr / r 

\ s 


dxi = -i— dxz ; 
A 21 


dxs = ^ dx2 ; 
A 21 


dx = dXi 
" ^21 



Thus if there were 4 variables, the 9 results could be written synunetri- 
cally 



These of course follow immediately from the formulae for functions 

^ dXj, dXg dx^ ^ 

dx'dx/dxr 


dXj. dx 

of one variable such as —. 


dXo dXf 


&c. 


6.35. Four Variables x^, x^, Xj, x^ connected by Two Relations. The 
independent variables may be chosen in 6 ways giving 24 derivatives 

and 20 identities. The symbol ( M is ambiguous since for example 
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. may mean either X 3 ) or —*(a; 2 , Xt). 

vX^ vX2 


We shall therefore denote 


£?•• “ (0, “ CD' 

If, for example, X 3 , x^ are the independent variables, we may write 
dxi — A dx^ + B dXi; dx^ = C dx^ + D dx^ 
and the derivatives for any of the other 5 selections may be expressed 
in terms of A, B, 0, D. 


Thus dxi = —dx 2 — 
0 


AD-BC 

C 


1 


D 


dXi ; dx 3 — - dx^ — — dx^ so that 4 of 
C G 


the 20 identities are 

0 .( 5 . " 0 / ( 5 ,( 5 .-(( 5 ' ( 5 ,( 5 . 


1 


OA-Cl- 

From these and the remaining 16 relations obtained similarly it is 
easy to establish the following symmetrical results. 

U\ /2N 


(а) 

(б) 
(c) 
id) 


X 

■X 


— 1 and 11 similar results. 


3> 

3^ 


= — 1 and 3 similar results. 


= 1 and 3 similar results. 


(3 4 ) ( 12 ) ^ ^ ^ similar results. 

These may also be proved by the use of appropriate Jacobians. 

These 23 symmetrical results are not independent. Thus one in (c) can 
be deduced from (a), (b) and the remainder in (c). If (a), (6), (c) are 
satisfied, two of the results in (d) are not independent of the third. 

6.36. Application to a Function of Two Variables. Let 2 ; be a function 
of (x, y) possessing first and second derivatives q{=Zy), 

^ (= ^ (= ^xv)i ^ (= ^yy) \ p, q, X, y are 4 variables connected 

by two relations. 

Also dp = rdx sdy \ dq — sdx 1 dy, the derivatives py, q^ in this 

example being equal. When any other selection of two independent 
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variables is made, the new derivatives can be expressed in terms of 
r, s, t. 

t 1 i^t ~~ 5^) T 

Thus since dx - dy+-dq; dp ^ — - - dy + -dq we have 

The most important relations are, however, those that correspond 

i¥) 

\dq)^ S 

it follows that = 1. Similarly the other relations can be found 

9(y?) 

and therefore the required results are 

(iv) . (v) ^ = 1 • (vi) = 1. 

The quickest method, however, of establishing (i)-(iv) is to note that 
since (i) dz = p dx q dy, then 

(ii) d{px + qy ~ z) — X dp + ydq\ (iii) d(qy — z) = — pdx + ydq; 
(iv) d{px — z) = — qdy + X dp 

and if we write z^ — px + qy — z, z^ = qy — z, z^ = px — z, we have 

*=(!)/»- (11 ’ (II 

“'''’"“■(I)/ *=(1). 


from which the required results follow. 

6.37. The Thermodynamic Case. In Thermodynamics the following 
differential relation occurs 

dE = 6 d(j> — pdv 

where p is the pressure, v the volume, 6 the temperature and <j) the entropy 
of a gas. The entropy is defined by the relation dQ — dd<f> where dQ is 
the heat supplied at temperature 6. When a volume of gas increases 
by dv at pressure p, the work done (dW) by the gas is pdv. Thus dE 
is the increase in internal energy due to an increase of entropy dcf) and 
an increase in volume dv. 
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If therefore E is assumed to be a differentiable function of two of 
the variables (say v, </>), dE the differential is given by 


so that we may take 


d 


JT? J1 J 

dE = — d(f) “b dv 
dv 

/dE\ _ /dE\ 

v^);^ U/p 


and p, V, 0, (f> are 4 variables connected by 2 relations, the relationship 
being of the type considered in the previous paragraph. There are 
therefore 6 relations of the type (i)-(vi). Thus 

dm' 


•©.-©.(■a 


Taking tp = E — (l>d we have dy) = — ^dQ — pdv and therefore 

Similarly if ^ + £', I = pv — Ocfy f E we obtain 

These relations are sometimes called the Four Thermodynamic Rela¬ 
tions, and the functions E, y), I Thermodynamic Potentials. 

The other two relations are easily proved to be 

^ S{d, if>) ^ 
d{e, 4) d{p, v) ' 

Physical interpretations may be given to some of the partial deriva¬ 
tives. For example 

d(^\ is the specific heat at constant volume (C^). 

6/^^^ is the specific heat at constant pressure (Op). 

is the coejficient of cubical expansion at constant pressure (a^). 

v\dd)p 

—jg compressibility at constant temperature (k). 
v\dpje 

An effective method of estabhshing thermodynamic results conskts 
in expressing all the derivatives that occur in terms of those belonging 
to a particular selection of independent variables. 

Thus we could take dl = d(pv — d<f) -]r Ej) = v dp — so that 
V = Ip,4 = — Iq (p, 0 being the chosen independent variables and there¬ 
fore dv = K dp S do, dcf) — — Sdp — T dO where K = Ipp, S = IpQ, 
T = 
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Exam/ples. (i) Find Cj,, a^, k in terms of K, S, T and deduce RanUne'a 
formula k(Gj, — Cf) = 

Kdp = dv- Sdd, Kd<l> = - Sdv - (KT - S^)d6. 

Therefore C* = ; and from d^,^ - Sdp-TdB we 

have Cj, = d (11)^ = —6T -, and from dv = K dp SdB we 

l/3»\ 8 ^ \(dv\ K 

have a„ = = - and k = - =-- 


(ii) Show that = 


o. (I). 




= - 0^ = 


K 

V 

volJO 


dv/ 


/dp\ T 

From (KT - S^) dp T dv S d<l> we have\^^j^ = 

From Kdp = dv — S dO we have (^)q = 

^ diKT-8^) 

Also, see Example (i) above, = — dT, — — 

I'-'i 

\dvj^ 


K 




AT 

KT 


“ KT - >^2 /^\ 

\dv/o 

(iii) If Ot,, Cj, are constants, show that a characteristic equation of a gas is of the 
form (p — a)(v — b) = RO where a, b are constants and R — Cp — C^. 

(I n)2 

We have shown that Op = — Qlm, Cp = — OIqq + d—j —• 

^3)3) 

From the first, 7 = — ^^^(loga - 1) + OMp) + p(p), by integration. Sub¬ 
stituting in RIpp-{• d(Ips)'^ = 0 we find R{QX"(p)p^'(p)}Q{^'(p)}^ = ^ 
i.e. p"(p) = 0 so that p(p) = bp b^ where 6, b^ are constants and 

Rr(p) + { A '(^>)}2 = 0 . 

R 

From this last equation we obtain X'(p) = - and therefore 

X(p) — R log (p — a) -{■ c' where a — — cR 
i.e. 7 = — C' 3 , 0 (log 0 — 1) + 0{A log (p — a) + c'} bp -\- by. 

dR 

Now V = Ip = ^ - + 6 or (^) — a)(v — 6) = RO. 

6.4. Transformations in General. In the transformations we 
have met with, three types may be recognized, the second inclusive of 
the first, and the third inclusive of the first and second. 

(i) Let M, = u,{Xi, . . x„) where Zj, . . Z„), 


Then 


dUr 


= Z 


( r = 1 to m\ 
s = 1 to j’ 

du. dXo /r = 1 to m\ 
= 1 to n y 


dX^ s=i dxs dX^ 


14 


J 
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so that the variables m„ . . Xj, . . where fra = 

dxg 

du 

are transformed into Ui, . . X^, . . X^, where P^g = 

dXg 

and we have 

n n 

— X pri dxi = — X P^i dXi, (r = 1 to m). 

t=i t=i 

Such a transformation may be called Explicit, 

Note. The number of independent variables is of course not restricted to n. 
Thus if F = V{x, y, z), W = W{x,y,z) and the independent variables are trans¬ 
formed to Uf V by the equation x = x{UfV), y=y(u,v), z=ziu,v), we have 

Vu = V^u + Vyyu + F22M,&c.,and 

dV — Vudu — Vydv = dV — Vg.dx — Vydy — V^dz 

with a similar result for d\V. When the number of variables Xj. is equal to the 

number of variables Xj., the transformation is called a point-transformation. In 
the example just considered, the transformation is restricted. 

(ii) Let Uj. = Uj.(Xi, . . x^), r = 1 to m, and let (m + n) new 

variables be taken C/„ TJ^, . . X^, . . Z„ where 

Ur Urif'i) • •> • *j ^n) X^ = Xj, . . X^). 

dXJ 

Denote ^ by pj.g and by then it is obvious from the method of 

OXg OX g 

determining the derivatives P^g {11^ being regarded as a function of 
Zi, . . Z^) that the differential expressions 

n ^ 

dU^ — X P^i dXi (r = 1 to n) 

n 

are linear combinations of the expressions dUg — X pg^ dx„^ (5 = 1 to n). 

7n=*l 

Thus Ml, . . M,„, Xi, . . x„, fra are transformed into Uy, . . ?7,„, 

Zi, . . Z„, Pra where 

n n n 

dJjy X P^l dX^ = X (X.j,g{dxlg ^ Psm ~ ^ ^0* 

t=l «=1 m=l 


Note. As in case (i) the number of new variables need not be equal to n. 
Example. Let z = z(x, y) and let the variables be transformed to X, F, Z where 
X = X(x, y, z)y Y = Y\x, y, z), Z = Z(x, y, z), so that Z is a function of X, Y 


possessing derivatives 



To obtain P, Q we have 

0 = dZ — P dX — Q dY — Z^ dx + Zy dy + Z^ dz 

- P(X^ dx -\-Xydy + X^ dz) - Q(Y^ dx + dy + F^ dz). 

Thus (Z 3 . + Z^p) = P(X^ + X^p) + Q(Y^-\- Y^p) 

and {Zy -f Z^q) = P{Xy + X^q) Q(Yy F^y) 

, dz dz 

where P = 
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It may be verified that 

d(Z, Y) d(Z, Y) d(Z, Y) d(X,Z) d{X,Z) 

d(x,y) ^d(z,y) ^d(x,z) d[x,y) ^d(z,y) ^d{x,z) 

^ ~ d(X, Y) d(X, Y) d{X, Y) ’ ^ ~ 3(A, T) d(X, Y) d(X, Y) 

S(.x,y) '^^d(x,y) '^^d(x,z) d(x,y) ^d(z,y) ^d(x,z) 

and from the equation giving dZ — PdX — QdY above it follows that when P, Q 
have these values 


dZ - PdX -QdY = (Z^ - PX^ - QY^){dz -pdx -qdy) 
and by interchanging the variables 

dz — 'pdx — qdy — {zz — pxz — qyz)(dZ — P dX — Q dY). 
It is easily verified from the above values of P, Q that the multiplier 

d(X, Y,Z) 


Z, - PX, - QY, 


d(x,y,z) 


d(X, Y) d(X, Y) d(X, Y) 


d(x,y) ‘^^0(z,y) '^d(x,z) 

Thus if X = xyZf Y — xy yz zXy Z = x^ y^ z'^, the multiplier is 

_ ~~ y)(y — + y + g) 

z\x — y) — pxHy —z) — qy^z — x)' 


+ 


Transformations of this type may be called Implicit. 

(iii) The transformation in (ii) suggests the possibility of transforming 
. . , . / duA /r = 1 to m\ 

.*•>.“■■<*. s^} (,, = 1 to »j 

( r = I to m\ 
s = I to nj 

.) (r = 1 to m) 

.) (r = 1 to n) 

/r = 1 to m\ 
\q= I to nj 


into 

VdX,, . . 

where 

== Uj.(Uly 
Xj. = 

^ rq ~ 


• • •) ^mi^i 


Xn), Pr 


Um, Xi, 


Urr 


Xi, 


•) J 


P3t> ■ 
Pst, ■ 

•> Psh 


•) 


so that the differential expressions dV^ — X Pj.idXi (r = 1 to m) are 

t=i 


linear combinations of the expressions dUj. — Z pj-^dxi (r = 1 to m). 

t=i 

Such a transformation, if it is obtained, is called a Contact Trans¬ 
formation (or Tangential Transformation) since the tangent planes (in n 
dimensions) of the one set of n-dimensional surfaces transforms into 
the tangent planes of new set In the first two t)rpes of transforma¬ 
tions, any new functions may be introduced (subject to the conditions 
of the existence theorem) but in the third case certain conditions must 
be satisfied by the functions introduced by the transformation. These 
conditions are interpreted by Lie in his theory of contact transformations 
when there is one dependent variable, and incomplete interpretations 
have been given when there are more dependent variables than one. 
Lie’s theory, modified by other writers, indicates how the functions of 
the transformation may be obtained. One of the new functions may be 
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taken arbitrarily and the others are obtained as solutions of definite 
differential equations involving that function. Transformations of this 
type are important in the theory of partial differential equations of the 
first order. For example, suppose that P{x, y, z, p, q) is any function 

3z 3z 

of its arguments where V = q = -^r-, ^ being a function of cc, y, and 

ox oy 

let Z, P, Q, A", Y be a contact transformation. Then P = 0 may be 
integrated immediately to give the general solution Z = <^( Y) where <f) 
is arbitrary: i.e. the solution of the equation P = 0 is given by 
Z = 0(Y), e = f(Y), P = 0 

(three equations from which p, q can be theoretically eliminated). 

The following simple examples illustrate this type of transformation. 

Examples, (i) Let • • •> = Pny 

dz 

Z = p^x^ + + . . . + Pn^n - - where 2 = z(x^y ajj, . . p^ = 

Then dZ = x^ dpi + dp^ + . . • + Xn dpn ; and if we take Pj. = we have 
dZ “■ P-^dX-^ . • “ Pf^dXfi {dz P\ dx^ • • ., PfidXf^. 

(ii) Let Z =x(\- vY, X = p^x + q^y — z, Y = y(\ — qY, P = , 

q(p - 1) 


Q = 


p{\-q) 


where z z(x, y), p ^ z^, q == zy then 
n —» 1 

dZ — PdX — QdY = - (dz — pdx — q dy) 


dZ dZ 

so that P — and Q = if Z is regarded as a function of X, Y. 

Examples VI 

1. If = 2a;2 -}- 3y^ + + 6a; -1- ; x — 2X + 3F + 4; y = X — Y + 1, 

a a 

show that ^u{X, Y) = 12a; + Uy + 14, ^u{X, Y) = 8a; 1 6y 1 16. 

2. If ic = ae^y + be^+y ; x — log V — show that 

0 

r\) — ae^y~^^{2y cos y — x sin y) + 6e^'+i®(2 cos y — sin y). 

3. If u = xy yz + zx; x = a sin 6 cos <t>, y = ct sin 0 sin z == a cos 6, 

a 

show that (z tan 0) ^ u(d, = 2uz — a\x + y). 

4. If F = xyz ; x = a cos at, y = a sin at, z = aat, prove that 

d 

■ coz{x^ — 2/^) + aaxy. 


5. If 2 


: 2 (a;, y)\ x = u v, y = uv, prove that 

a2 


dudv 


Z(U, V) ==Z^ + XZy,y + yZyy + Zy. 


6. If F = ^p(u, v ); <t>(u, v) = E{x, y); = F(a;, y), prove that 


. M'f” X) = p ?(Vl 
laa; ^ d{u, v) ^’d(u. 


x) 


+ P 


d(<t>, tp) 


v) ‘ ^d{u, v)‘ 

7. If V — uv; u V — x^ y^, — 2xy, prove that 
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8. If X = r sin 6 cos <l>,y = r sin0 sin <l),z — r cos 6, show that r20^(a;, y, z) = xq; 
r^By(x, y, z) = ye; r^Bz{x, y, z) = zq. 

9. If + V® + = a; + 2/ + 2, + ^2 4- w>2 _ + 1/3 _j_ 

u V w = x^ y"^ z^ 

prove that 

d 9(v + w)x^ — \2vwx — 2 

(i) 2/. 2) = - ^ 

.... 9(w. w) 

(ii) — 


6(w — v){u — 14;) 

- y)(y - - aj) 


d(x, y, z) (w -- v){v — i4;)(i4; — w) 

10. If 44® + 4;® = a:^ -h w'* + v® = a;® + y®, prove that 

0 a;2(8a; — 9?;®) 5(44, 4 ;) 2x^y^(x — 4/®) 


(i) y) = l ; (“) 


1244®(44® — 4 ;®) ’ 5(a;, y) 3uV{u^ — t;®)' 

11. If 44 ® + 4 ;® + 2444;a; + 4 / = 0, uv + {u v)y + x^ = 0, prove that 

5(44, 4 ;) 444;(44 -\- v) — X 

5(a;, y)'^ (u — v){{n + v) + ?/(! — a;)} 

, dxi dxo 

12 . If 4,(Xi, *a, . . x„) = 0 prove that • 


^ _ I 

dx^ ~ '■ 


D" 


13. If the five variables x^, X 2 , x^, x^, x^ are connected by two functional relations, 
prove that 


/i) (^A (^A (^A (^A = 1 

^dx^f Xi ^Bx^/xg x^ 

(d^\ (BxA , 

^dxjx^ Xi ^BX2 'Xi Xs ^ 53 : 5 / Xi Xt '^Bx^'Xi Xi 


where the suffixes denote the other independent variables during the differentiation. 

14. If the six variables Xi,X 2 , ajg, x^, ajg, ajg are connected by three relations, show 
that 

J5(a’3,^4)| f^(^5j_^)l _ 


(i) 


J 5(a;i, X2) \ 
I5(a;., X.)) 


d{x^, x^)} X, ^ 1 - 


r-'k (—A (^) (^) = - 1 . 

\dx^/ x^ Xi ^Bxjxi Xi ^Bxjxi Xi ^Bxjxi Xi ^BxJXi a-* 

15. If 44 ® + uvxy 4 - 4 ;® + a;H-4/=0; 2444; + uH^x^y^ + a;® + 4 /® = 0 prove that 

5(4/,, v) 2{x — y)(uVxy — u vx — uvy — I ) 

5(a;, y) ~~ 3(44® — v^){3x^yVv^ + 2) 

16. If/(a;, y, a, /?) = 0, a = <^(a;, y), P = v;(a;, y) prove that 

^ _ _ / a; + /«fe + fp^x 

~ fy -^My 

17. If/(a;, y, a, P) = 0; <A(aJ, a) = 0 = yf{y, P), show that 

5(/, y) _d . . d{f, <!>) _ 

'^®*5(y, P) ^^'d(x, a) 

18. If/( 44 , V, w, X, y) = <^( 44 , V, w, X, y) = y){u, v, w, x, y) = 0, prove that 




- —> 5r«(=»'> y) = - T 


J ’ dy 

d(f, i, v) 


_ 9(/. y) , _ r, T/ . 

' 1 3 (a:, », w)’ ^ %, w)’ 


9(/. y ) 

5(44, 4 ;, 4/;) 


where 
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19. -\- V w = X -\- z^,u w — y z^y 

u + V = x^ y^ z 

prove that 

d{Uy V, w) 1 — 4(a;y + yz zx) + 16x2/2 
d{Xy yy z) 2 — + w^) 4- 21uVw^’ 

20. A curve in the x — y plane is given by y = /(a, x) where ^(a, x) = 0. Prove 

“ di^x, a) 
d^V 

( 11 ) ~ ^oifxx^o? ^fxx^0ii*X fojx4*o?) ~~ fa{4*XX^O? ^4*aLx^(fAl>X 4*oux4>x)^ 

21. A curve in the x — y plane is given by 0 = f{x, y, a) = “)• Prove 

that (i) xfccv — fyf(xx)^~ f<xa{fxxfy^~~^fxfyfxy'^fx^fyy)^ 

d 4> 

22. If ^(Xy y, z, ocy P) =0, ^oc = 0, = 0, prove that V) = — 

If (*> y) = - 

23. If ii = u{Xy y, z) and z — z(Xy y) prove that 

^(x, y) = ^u[x, z).^{x, y). 

^ + y ^ + y y(x-\-y + z) ^ ^d(:UyV,w) ^ 

24. If =-, V =- -y w =-— show that -r = 6 and 

z X xz d{Xy yy z) 

find the functional relation connecting Uy v, w. 

25. liu = X y -{■ ZyV — xy yz zXyW = x^ y^ z^ — 2xyz, prove that 

d{Uy Vy W) ^ y n y y i • 

-^7 -, = 0 and find the relation connecting w, v, w. 

d\Xy 2/» z) 

26. Obtain a functional relation connecting X, Yy Z, U where 

U = x^z + yzu + zux + uocyy Z = x® + y® + 2 ® + F = x^ -f- -[■ z’^ v?y 

X = X“|-y-f~2'~f"W. 

27. If/(x) is defined by the equations /'(x) = 1/x, /(I) =0, prove, without 
assuming the logarithmic function, that/(x) +/(y) —f(xy), 

28. If (1 + x^)f'(x) = l,/(0) = 0, and u =f(x) +/(y), v = ^ ^ prove that 

1 xy 


iSr! ^ that/(a:) +f(y) =/(f:^)- 


29. If/'(*) = 


and /(O) = 0 , prove that 

y\ 

.iyl 


V(1 + 

j-, . , ^ +y*) + yV(^ + ^)\ 

m +f(y) =f\ - 1 -/• 

d f d "I fda 1 d(x, v) {dx 1 ® 

30. If y) = [-^^v{x, y)\ , show that |^(«, t-)}g^ = a)} . 

31. If 2 = 2 (x, y), 'P —z^y q—Zyy r — Zy.^y s = z^y t = Zyyy provo that when 
r, 8y t are expressed as functions of p, q, then 

r5p + ss^ = sr^ + trqySSj, 4- teg = rtj, 4- stq, 

32. If Z = px 4- g'y — 2 , where z — z{x, y), p —z^, q = Zy show that when Z 

t 8 r 

is expressed as a function of p, q, then R = — -r, S — — — - 75 , T = 

7b ““ «S“ 

where R = 8 s Zpqy T = Z^^, and r z. 


rt - 52’ 


rt — 8 ^ 


t = 2- 
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33. If Z = 2 >a; ~ 25, and Z is expressed as a function of p, y, prove that in the 

1 8 5 ^ 

notation of Example 51, R =—, S — T — - - — where R = Zpp, 8 == Zpy, 

T = Zyy, 

34. If in the notation of Example 31, Z = p^x + — z, X = x{p — 1)^, 

1 p 

Y = —h log (qy^), P = - y Q = qy^ and Z is expressed as a function of X, Y, 

then P = dZ/dX, Q = dZjdY and dZ — PdX — QdY dz — pdx ^ qdy = 0; 
show also that Zxx 

_ __ {l-2y)qr-y^(rt -s^) _ 

“ Ip - 1)« {{2y — l)(p - \)q + 2xqr(2y - 1) + (p — l)ty^ + 2xy^{rt — s^)}' 
Prove the results given in Examples 35-41 for the Thermodynamic case : 

3,. c. - c.=33. o. - c.. - .(Did)}’ 


39. dE — CydB -f* 


Ml), 


40. The curves of constant entropy (adiabatics) are of the form {p — a)(v — b)y 
= constant, when Cp, Gy are constant and y = GpfGy , and a, b are constants. 

41. The internal energy E = Gyd + constant, in Example 40, if a is zero. 

42. The equations for plane waves of a gas are given to be 

du du dp ^ dp dp du 

dt dx p dx dt dx ^dx 

where u, p are functions of x, t, and c is constant. By taking ^( = x — wt), t as the 
dependent variables and u, or(=logp) as the independent variables, prove that 
these equations are equivalent to the single equation ^cro- — = 0 where 

43. The equation of long waves in a uniform canal with vertical sides is given 

to be + la;)® = where | is a function of x, t, and c is constant. Taking 
the independent variables to be u{ = — 2c(l 4- la;)~^)» — + 2c(l + la;)~^)» 

and the dependent variable to he E { = xi^ + fit — I), prove that 

2(u — v)Euy == 3(Eu — Ey), 

Solutions 

24. (ti; 4- 1) = uv 


25. w — u(u^ — 3v) 


26. 6C7 = Z® - 3XY 4- 2Z 
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CHAPTER VII 


INDETERMINATE FORMS. MAXIMA AND MINIMA. 


7. Indeterminate Forms. If f(a) = 0, <l>{a) = 0, the function 
f{x)/<l>(x) is said to take the ‘ Indeterminate Form ’ 0/0 at x = a, 
although it may tend to a determinate hmit when x —a. 

Other indeterminate forms occur such as those indicated by the 

symbols oo/oo, oo — oo, 0**, 0 X oo, oo®, 1°°, 0® , oo® , &c. 

For the cases that usually arise the most practical method of evalu¬ 
ating the limit, when it exists, consists in finding the expansion of the 
function in the appropriate neighbourhood. Before illustrating this 
obvious method, however, we shall obtain two allied theorems that are 
of wider application than the method of expansions. 


7.01. Theorems on Indeterminate Forms. Theorem I. Let (i) f(x), 
<f>(x) be continuous near x = a and possess derivatives f'(x), 4>'(x ); (ii) 
f{a) = 0 = <i>{a ); then 

lim = lim 


if the latter limit exists. 

We shall assume that (f>(x) is not zero near a, and therefore that 
<f>{a -|- A) 5 ^ 0 for sufficiently small values of h. 

Let F(«) -/(*) - (‘ 

Then F(a -(- A) = 0 = F(a) and therefore by Rolle’s Theorem 

F'(a + eA) = 0 

for some value of 6 in the interval 0 < 0 < 1, 

/(o + h) _ /'(<t + Oh) 

<j)(a -b h) "b Oh) 

h-^0^ x—>a^ (®) 

Note. If takes the indeterminate form % the theorem may be reapplied. 
^'(x) 

Theorem II (a). Let (i) f{x), <^(x) be continuous and possess deriva¬ 
tives for all large x ; (ii) lini /(a?) = -f- oo (or oo) and lim <j>{x) 

X —>■ + <» ^—>' + '« 

= + 00 (or — oo), then 

v /(^) r /'(^) 
bm j7-^= lim 
ic—*—>^+00^ \x) 

if the latter limit exists. 


i.e. 


i.e. 
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It is sufficient to prove the theorem when f{x), (f>{x) both tend to 
+ 00 , since the other cases may be reduced to this by changing the 
sign of / or ^ or of both / and (f). , 

Let F(x) =f(x) -/(zi) - - <i>{x,)) where > ajj 

(pyX^) 

and where, since <f>{x) — >- + oo, ajj can be chosen sufficiently large to 
ensure that ^{x) ^ <f>(Xi), (x > a:^). Then F(Xi) = 0 = Flx^) and there¬ 
fore F'iXs) = 0 for some value x^ satisfying the inequality Xi>X 3 > a:,. 


Tims 




(Xi >X3> Xi). 


<t>{X3) — <A'(*3) 

Let lim — I; then Xi can be chosen sufficiently large to ensure 

:,_>+oo <f>'{x) 

\m 


that 


lf(*) 


I 


< E for all X > x\. 


Keeping x^ fixed and let X 3 —► -j- 00 j can be taken sufficiently 


large to ensure that 




<f>{X3) 




-f co). 


Now fe!-® 


^(ajj) <j> (a/3) 




where \p\ = 


fi^a) 

<f>’{X3) 


- I 


f{Xz) 
< £; ki| = 




(f>(X3) 


. „. |_ I _ l/W 


< e 


i.e 


fiXi) 

4>(X3) 

i.e. lim 




is small when X 2 is large. 


/(^ li*Tn if the latter limit exists. 


X —►+00 ^—>-+00 ^ (^) 

Corollary. By a similar proof, we may show that when/(x) -> + 00 
(or — 00 ) and ^(x) -> + cx) (or — 00 ), when x — 00 , then 

lim &. = lim 

a;_>_oo (I>(X) a!->-oo^(x) 

when the latter limit exists. 

Note. In some cases lim f(x) = lim f(x) = + 00 (or — 00 ) and 

X —>-+00 X —>—00 

lim <l>(,x) = lim <l>{x) = -|- oo (or - oo) 

X — >-+00 X — >-—00 

and we may then write lim = lim when the latter limit exists. 

Theorem II (6). Let {i)f(x), <l>(x) be continuous near x = a (but not 
at a: = o); (ii)/'(a:), ^'(a;) exist near x = a (but not necessanly at a; = a); 




























r 


198 ADVANCED CALCULUS 

(iii) lim f{x) = + oo (or — oo) and lim 0(x) = + oo (or — oo), then 


X — 


X — 

lim = Urn 

X —>»a y{^) X —>-a^ (x) 

if the latter limit exists. 

Let x = a + i, then 

if the limit on the right exists, 
i.e. lim 

X ->■ 

if the latter limit exists. 

m 






X —>»a 


4 >\x) 


Note. If ^ 7 ~ takes the indeterminate form the theorem may be reapplied, 

7.02. Other Indeterminate Forms. The form 0/O is theoretically equiva¬ 
lent to ~ since we may write ^ but it will sometimes be found 

00 (f> /-I 

that the application of Theorem I to yiri when \f\, |0| — > oo is ineffec¬ 
tive. Other indeterminate forms should, if possible, be reduced to 
0/0 or oo/oo, whichever is more suitable. 

Thus, if/(x) 0, ^(x) 0, y){x) —> oo, xi^) oo, X{x) —> 1 when 

X — a, 

(i) ff, (0 X oo) may be written or 


(ii) y) — X, (oo — oo) may be written ip 


/l — -) which if - 

\ ip/ ip 


I, 


takes the form oo x 0 (i). 

(iii) /'^, (0“) is and ^ log/is 0 X oo (i). 

(iv) ipf, (oo®) is and/logis 0 x oo (i). 

(v) X*, (1“) is and ip log X is oo x 0 (i). 

Suitable modifications may be found for indeterminate forms of a 
more complex type. 

For example, {//<{>}'>' is (0/0)“ and may be written e'^' 

The function y>log{f/<f>) takes the form oo x 0 if//^—>-1. 

- 2x* + + X* - 2x + I 


Examples, (i) lim 

X —►! 


- 2*3 - *2 + 4x - 2 


© 


= lim 
a>" ^ 1 


— 8a;® -f- 3a;® -f 2a; — 2 
4a;® — 6a;® — 2a; + 4 ' 


/0\ 20a;® - 24a;® -f 6a; + 2 

12*2 _ 12 * - 2 - - 2 . 
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(ii) lim 

X — 


l og (x - 
tan X 


\oo/ ^ sec^x \co/ 25_ 


X ->*^71 

= lim (— 2 cos X sin x) = 0. 

X ->-i7T 


Itz — X / 0\ 

(iii) lim (Ati — x) tan a; (0 X oo) = lim-r— Vt: / = ^ — 

' ' _cota: VO/ — ' 


= 1 . 


X —►'irt 


/ 1 \ , COS a; — sin x\( 0 \ 

(iv) [cotx- -) (00 - CO) = lim Ao; 

d) = " 


= lim 


X/ 

— X sin X 


sin a; + a; cos x 


— smx — X cos X 
lim -- . - = 0 . 


— a; sin a; 

= 1 . 


2 cos X 
log X 

(v) lim x^ ( 0 ®) = exp lim (x log x) = exp lim 777 -r 

X —>-0 

(vi) lim (cot a;)®^'' ® ( 00 ®) = exp lim sin x log cot x 

X — >-0 

tan X cosec^ 


= explimC^^*)=explim(- 
^ V cosec a;/ ^ V — 


(vii) lim (1 + tanx)«o®eo* (1”) = exp lim ( ' 4 

*—>0 ^ ®‘ 

= exp lim 


cot X cosec X 
+ tan a;)' 


-) = 

V / 


(viii) lim^ (■?) 

Now 


cos X + sin X 
log sin X — J 


X —>-o 
sin a; 


Thus the limit is exp lim - 
Theorem I. 


> 1 and therefore log sin a; — log x 
X cos X — sin X 


• 0 . 


2x^ sin X 


= e “6 by repeated applications of 


(ix) lim a:*|log^—; let u * 

L U —> + 

u —> 0 , 

KG)} 


(а) a < 0 , ^ > 0 ; then u 

( б ) a > 0 , < 0 ; then u 


+ 00 

0 , these results being obvious. 
P 


(c) a > 0 , /S > 0 ; w = 


P 

lim u = lim - 


K©}'- 


by Theorem II 


a;~« ’ . a a;-* 

and therefore by continued application of Theorem II we prove that lim = 0 by ( 6 ). 
(d) If a < 0 , jS < 0 , the limit is oo, since lim (l/u) = 0 by (c). 

Thus u —> 0 if a > 0 and u —>■ oo if a < 0. 

(x) lim lim ?/«{log = 0 if a > 0 , and oo if a < 0 by (ix). 

r_^ <•'_^-i-n ^ Vy/J 


►+0 


gmx me^ 

(xi) lim -= lim -r (Theorem II) and therefore by continued applica- 


tion of Theorem II, the limit is oo, all a if w > 0. 

7.03, Examples of the Use of Expansions. Examples (i). 
Examples, (i) Expand tana; as far as x^ (a; small). 

— a: + J*® + + O(x’). 
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(ii) Expand sin* x as far as when x is small. Either 

( x^ X^ \3 J J[3 

1 - -g + J20 + + Oix”) 

or sin® a; = | sin a: — J sin 3a; and expand sin x and sin 3a;. 

(iii) Find lim (cot® x — 

X — >-0^ ^ ' 

cot’i = J,(l - IK® + 0(K*))(l “ I*® + 0(*®)) ^ ~ 




lim I cot® X 



2 

xV 

3 


(iv) Evaluate lim 


sin sin sin x — x cos x 


/ 1 , 

1 \ 

1 / 1 , 

1 ' 


[x - 

+ - 


120 * / 

>'■ + 1-20 + 


• = a; — Ja;® ^x^ + 0(a;’). 

sin sin sin a; = a; — Ja;® + I-f 0(a;’) similarly. 

Also X cos X = X — Ja;® + 4- 0(a;’). Thus the limit is 

, , sin® a; sinh^ a; (e® — 1)® 

(v) Find lim — 

X — 


a;® 


= 1 + 0(x), 


m, 8ina;\®/ sinha;W e® — ly 

The limit is (^lim yim —-— j ^^lim —-— j — 1. 

(vi) Find lim (1 + sina;)cotxj let w = (1 + sin 

x—^o 

, {1 — ia;® + 0(a4)} {sin a; — ^ sin® x + 0(a;®)} 

“ = -- x-ix^ + 0{ii) - 

i.e. u —>■ e. 

7.1. Maxima and Minima of Functions of One Variable. A 

function f(x) is said to have a 'tnaximum {minimum) value dX x = a, if 
f{a) is algebraically greater (less) than all the values of/(a;) near x = a, 
Whenf(x) is defined for all values near x = a (including x = a), then 
f{a) is a maximum (minimum) if an interval can be found 

\x — a\ <d (^0) 

for which/(a;) <f{a), {f{x) > /(a)). Thus x = 0 gives a maximum value 
to 1 — and a minimum to |a;|. 

Note. We omit the case when/(a;) =/(«) over an interval, and/(a) a maximum 
(minimum) in the broad sense. For example, if f{x) == |a; — 1| + |a; + 1|, f(x) 
has a minimum 2 for all a; in — 1 < a; < 1. In many cases/(a;) may not be defined 
for all values of x and may not possess a maximum or minimum. For example, 
x^(x ~~~ 2) 

- :rr is defined for all x except a; = 1 and has no maximum nor minimum. 

~ . 

The definition we have given of maximum is strictly that of a maximum relative to 

values in a neighbourhood; and therefore in this sense a function may have an 
unlimited number of maxima and minima. 

Notes, (i) The problem of determining maximum and minimum values is con¬ 
cerned with real variables; and in problems where complex values arise through 
analytical conditions, the function may possess a maximum or minimum in a less 
restrictive sense. Thus V ~ 5)(a; — 8)} has a relative maximum 6 when 
X = 2 obtained analytically from the equation (x — 2)(3a; — 20) = 0. The value 
X = does not give a real value to the function, which has, however, an obvious 
minimum 0 when a; = 0, 5 or 8. 
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(ii) Values obtained analytically may be inadmissible in practical applications 
oven when they are real. 

For example, if a number of spheres are projected at a certain instant from given 
points under a given law of attra»ction the distance between the centres of two of 
them is a function of the interval of time t after the instant of projection. This 
function may possess maxima or minima when t satisfies some numerical equation 
obtained by analysis. Such a value of t will, however, be inadmissible when 
(a) it is complex, (b) it is real and negative, (c) the corresponding distance d is complex 
(e.g. when 6^ is negative), (d) 6 < + r 2 where r^, rg are the radii of the spheres, 

(e) a collision has taken place before t reaches the value found. 

7.11, Analytical Conditions for Maxima and Minima {One Variable). 
The conditions obtained here and in subsequent paragraphs imply the 
existence of the derivatives that occur. In general, also, we shall obtain, 
for simplicity, conditions that are sufficient. 

It f{x) possesses a second derivative near a (including a), then 

f{a + h) -f{a) = Ilf {a) + |-/"(a + 6h). 

The sign of/(a + h) —f{a) is that of hf{a) if h is small and therefore 
cannot be invariable unless f'{a) = 0. 

Thus \tf\x) exists, a necessary condition is f'{a) — 0 and the possible 
values of a are obtained by solving the equation f{x\ — 0. If in addition 
f\x) is > 0 at and near x = a, f{a + h) —f{a) > 0 showing that/(a) 
is minimum ; whilst if f"(x) < 0, f{a) is a maximum. 

In particular if f'(x) is continuous and /"(a) > 0 ( < 0), (where 
f'{a) — 0), then f{a) is a minimum (maximmn). 

If/"(a) = 0 andfx) possesses higher derivatives, let f{x) be the 
first that does not vanish when x = a; then 

f{a + h) -fia) = ^/W(a + Oh), (0 < 0 < 1). 

It f^\x) > 0 (< 0) near a, f{a) is a minimum (maximum) if n is even. 
But if n is odd, f {a) is not a maximum nor minimum. 

Notes, (i) If n is odd,/'(a;) has a minimum or maximum and the curve y =f{x) 
has an inflexion at a; = a. 

(ii) It is often simpler to consider the approxirmtion to f'(x) near x — a (where 
f'{a) = 0), in order to discriminate between the values. We may assume that 
f\x) -= {x — ay^<l>(x, a) where a) 0. If <i>(x, a) is of constant sign near x = a 
(when it is continuous for example), then/(a) is a minimum when a) > 0 and 
n is odd ; whilst f(a) is a maximum when <j>{a, a) < 0 and n is odd. Otherwise there 
is an inflexion. 

Examples, (i) f(x) = 2x^ + 7a:« - 2\x^ - \^x^ + 2\x^ + 28a; + 14. 
f(x) = 14(a; - l)2(a; + lf{x + 2). 

Near a; = 1, f'{x) = ( + )(a; — I)^; inflexion. 

Near a; = — 1, f'(x) = (4-)(a; -}- 1)® ; minimum. Similarly a; = — 2 gives a 
maximum. 

(ii) The distance between the centres of two solid spheres of radii a, 6 is c. A 
point source of light is placed on the line of centres between the two spheres. Find 
the position of the source that will illuminate the greatest total surface. In this 
example c > a + 6. 

Let X be the distance of the source from the centre of the sphere of radius a 
measured towards the centre of the other sphere and let a > h. 
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The sxirface illuminated is ——) + 2nb^(l -^)anda 

' X' ' C ““ 2// 


< X <, c — h. 


There is a maximum when = 


x^ (c — x)^" 


cal 

di + hi 


(since the other 
ah 


value of X is greater than c). This value of a? is > a but < c — b only if c > 6 + ^ 
al 

If c < 6 + ^, the maximum area is obtained by taking x c — h, since the 

rate of increase is positive if x increases. 

al cal 

Thus if c> 6 + X = — ,3 

01 d i Q i 


Ojr 

Area = 2n{d^ + h^) — “(«» 4 blY 


al 

and if c < ^ x = c — b. 


Area = 


27za^c — a — b) 
c — b 


7.2. Maxima and Minima of Functions of Two Variables. If 
a function f(x, y) is defined at all points near (a, h) (including (a, 6)), 
then /(a, b) is called a relative maximum {minimum) of/(x, y) if 
f{a, b) >f{x, y) (<f{x, y)) 
for all {x, y) in the neighbourhood. 


7.21, Analytical Conditions for a Maximum or Minimum of f{x, y). 
Taylor’s Expansion gives 
f{a + A, 6 + A:) —f{a, b) 

= Ma + ¥6 + \{h%a + 2M/«. + k%f) + 0(p3) 

where 

The sign oi f{a h, b k) —f{a, b) is the same as that of 4 kf(j 
when h, k are small and therefore cannot be invariable unless both 
vanish. 


Note. That the conditions = i) =fi, are necessary follows also from the fact 
that/(a;, y) must be a maximum (or minimum) when y is fixed or when x is fixed. 

When fa = 0 =Z,, the sign of f{a + h, b + k) — f{a, b) is the same 
as that of h'^faa + when A, k are small. 

Suppose that the second derivatives do not all vanish. Then this 
quadratic in (A, k) can be of invariable sign only when its factors 
are not real, i.e. only when f^^^ < faafbb- But if the factors are real 
the quadratic is positive for some displacements and negative for others ; 
for it may be written (AiA — //iA)(A 2 A — ja 2 k) and this has one sign when 
A/A hes between and the other sign when h/k lies outside 

these limits. 

In this case/(a;, y) is said to have a saddle point (or minimax) at (a, b). 

Finally, if the quadratic is a complete square, it may be written 
± {Kk — ; and is therefore of invariable sign for all displacements 

except those that satisfy the equation XJi — pjc. Since further investi¬ 
gation is necessary to determine the nature of the point (a, b), this is 
sometimes called the ‘ Doubtful Case ’. No useful purpose, however, is 
served by elaborating the analytical conditions that discriminate between 
maxima and minima in the doubtful case. For a case arising in practice 
it is sufficient to draw the contour/(a;, y) =f{a, b) {see next paragraph). 
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in the neighbourhood of (a, b), making use of the Analytical Polygon 
for that point. 

Summarizing : (i) Values a, h are determined by solving the equations 

/* = 0 =/„. 

(i|) > 0 (< 0), an(i/<rf,2< faafbbyfi^i 6) is a minimum {maximum). 

(iii) If faj? > faafbbJ point (a, b) is a saddle point (i.e. /(a, 6) is 

neither a maximum nor a minimum). 

(iv) If fab^ =faafbbi ^^e case is doubtful. Draw the contour 

y) =/(«. b). 

7.22. The Use of Contours. When /« = 0 =/&. the contour 

f{x, y) =f\a, b) 

has a singular point at (a, b). If this contour has real branches at (a, b), 
then/(a?, y) = f{a, b) not only at (a, 6) but also at real points near (a, b), 
and therefore/(a, b) cannot be a true maximum nor minimum in the 
strict sense. It will usually happen that/(x, y) —f{a, b) is positive on 
one side of a branch and negative on the other ; and in that case/(a, b) 
is neither a maximum nor a minimum, the point (a, b) being a saddle 
point. The saddle point in the general case may be of a multiple type 
such as that given by (x^ — y^)(x^ — iy^) x^ + y^ at (0, 0). 

It is, however, possible for/(a;, y) —f(a, b) to have the same sign on 
both sides of every branch so that/(a, b) is a maximum (or minimum) 
in the broad sense. Thus in this sense (x^ + 2/^ “ ^ minimum 

at (0, 0) although the critical contour x^ y^ = x is a real circle. 

If, however,/(a;, y) —/(«, 6) = 0 has no real branch we infer that 
(a, 6) gives a true maximum or minimum; for let 

/(®. y) -/(«. b) = F(x-a, y-b) + R 
where F{x — a, y — b) are those terms that give the first approximation 
to the curve at (a, b) ; and let (0, 0) be isolated for the curve F{^, rj) = 0. 
If possible let F(^i, rji) be > 0 and F{i 2 , ^ 2 ) < 0, the points (i^i, 7 ^ 1 ), 
(^ 2 , V 2 ) being anywhere within a small circle of radius > 0 and of centre 
0. The function <f){t) = F{tSi + (1 — 1)^21 ^^2 + (1 — 0 ^ 2 ) has opposite 
signs for ^ = 1, ^ = 0; and if, as is normally the case, F is continuous 
it follows that 0(^) must vanish for some point joining (fi, rji), (^ 2 > ^a)- 
This contradicts the hypothesis that (0, 0) is isolated for F{^,rj) = 0. 


Examples, (i) z = ax'^ + 2hxy hy^ + 2grx + 2/y + c ( = /(a:, y)). The pos¬ 
sible values are Xq, y^ where 


+ %o + 17 = 0 = +/. 


Denote the co-factors oi A — 


a h g 
h b f 
g f c 


by the corresponding capital letters. 


(i) Let O ( = a6 — ^2) ^0; then x^ = G/Cj y^ = F/C and the corresponding 
value of z is A/C. 

Therefore z — A/G ^ a(x — x^Y + 2A(a; — XQ)(y — y^) + h(y — y^)^. 

(а) If (7 > 0, a > 0, 2 = -d/0 is a minimum. 

(б) If O > 0, a < 0, 2 = A/C is a maximum. 

Since O > 0, a, 6 cannot be zero and must have the same sign. The neigh¬ 
bouring contours are ellipses and (Xq, y^) is isolated. 
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(c) If C <0, (a^o, yo) is a saddle point. The critical contour consists of two 
straight lines. 

(i) Let C ( = ah — h^) = 0. Take a = h = a/5, 6 = /5^ (a 0), for definite¬ 
ness, the other possibilities being of a similar type. The equations giving (Xq, y^) are 

a% + + S'= 0 = +/ 

which have no solution unless / = Pg/oc. In the latter case there is a line of 
minima olx Py g /ol = 0; i.e. there is a minimum for any displacement away 
from the line, whilst z is stationary for disjilacements along the line. 

(ii) z = 3a;2 - 2/2 + a;3 ( =f{x, y)), 

= 3a:2, fy — — 2y so that the possible points are (0, 0), (— 2, 0). The 

contour for (0, 0) is 3x2 — = 0. Saddle point. 

The contour for (—2, 0) is y^ = {x 2)\x — 1) and near (—2, 0) on this 
contour y^ = — 3(x + 2)2 which gives an isolated point (— 2, 0). 

Here 2 — 4 = — 3(x + 2)® — ^/^ + (^ + 2)® so that z = 4 is a maximum. 
(See Fig. 27 (a). Chap. III.) 

(iii) z =/(x, 2 /) = x 2 + 2/2 _ 

— 2x — 2x2 . — 2y ; possible points are (0, 0), (± 1, 0). 


y 

0 

0 

0 


2 - 6x2 
2 

- 4 

- 4 


fxy 

0 

0 

0 

0 


fyy 

2 

2 

2 

2 


fxy^ ~~fxxfy'i 

- 4 
8 
8 


Result 

minimum 

minimax 

minimax 


(See Fig. 27 (6), Chap. III.) 

(iv) z — (y — x2)2 + a:®; (0, 0) is the only point. (Doubtful Case.) 

The contour (y — x^)^ + x® = 0 is isolated at (0, 0) (minimum). (Fig. 28 (a). 
Chap. III.) 

(v) z — (y — x2)2 — x^: saddle point at (0, 0). (Doubtful Case.) 

(See Fig. 28 (6), Chap. III.) 

(vi) Find the shortest distance between the two curves y^ = 4ax, y^ = 2a(x — c), 
(a, c > 0). 

Let a point on the first be taken as (at^, 2at) and a point on the second as 
(c + 2au^, 2au). Then F(t, u), the square of the distance between these points, 
is given by 

F(t, tt) = (a/2 — 2au^ — c)2 + 4a2(/ — u)^. 

Fi = 4a/(a/2 — 2au^ — c) + ^\t — u ); 

F^ = — Sau(at^ — 2au^ — c) — 8a2(/ — u). 
Therefore for a maximum or minimum we must have (i) a/2 —- 2a ?/2 c — {) — t — u, 
or (ii) t — 2u. 

(i) leads to complex values (the curves do not intersect). 

(ii) leads to 2 a ?^2 _ ^ ^ or ?^ = 0. 

If (a) c < a, there is one real solution given by / = u — 0. 

If (6) c > a, there are 3 solutions / = ?4 = 0 ; or / = 2 m, u — + | * | • 

It will be found that for / = -m = 0, Fu = — 4ac, Ftu ~ — 

F^y, = 8a2 + 8ac and therefore Ffy} — FuFyu = 32a2c(c — a). 

When c < a, the one solution / = m = 0 gives a minimum (since F^ > 0). 

When c > a, this solution gives a minimax. 

For the other solutions, F^ = 4a(4c — 3a), Ftu = 8a(a — 2c), Fuu — lfi«c and 
Ftu^ — FttFuu — fi4a2(a — c) < 0 and therefore these give minima since 4c > 3//. 

When c = a, the shortest distance is a, and this is an example of the doubtful 
case. The distance must be a minimum since the function is unbounded above 
and is positive. Actually F(/, -m) may be written a2 {1 + 2(t — 2m) 2 f (/2 — 2 m 2)2 } 
from which it is also obvious that t = u —0 gives a minimum. 

Thus the shortest distance is (i) c when c<, a, (ii) V {a(2c — a)} when c'^ a. 

7.3. Maxima and Minima of Functions of Several Variables. 
By an obvious extension of the method for two variables we find that 
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the possible values of Xi, x^, . . that will give a maximum or 

minimum value to x^ are obtained by solving the equations 

= 0 = -^ = .. . = 

9^2 * * * 

When («!, ag, . . is a solution of these equations, the nature of 

the solution is determined by considering the sign of the expression 


f 




where p = + , . . + h^^)K 

When the second derivatives do not all vanish at (ai, . . 
nature of the solution (except in the doubtful case) may be determined 
by finding the conditions under which the quadratic form 


J the 



is of constant sign. 

An indication of the character of the results to be expected is 
obtained by considering the case m = 3. 


For a discussion of the general case, see Bromwich, ‘ Quadratic Forms and their 
Classification hy Means of Invariant Factors,^ Cambridge Tract No. 3. In the general 
case the results are more quickly obtained by the use of invariants, but here we shall 
deal with the question directly. 


7.31. The Sign of ax^ + by^ + cz^ + 2fyz + 2gzx + 2hxy (= E). 
The numbers a, b, c,f, g, h are real constants and x; y, z are real variables. 
Let A, B, C, F, G, H be the co-factors of a, b, c, /, g, h in 


d h g 
A = h b f 
9 f c 

If a, 6, c are not all zero, we may with 
that a ^0. 

Then aE = (ax + by + gz)^ Cy^ — 2Fyz + Bz"^. 

If B, C are not both zero, we may without loss of generality assume 
C 7 =^ 0 ; then 


lout loss of generahty assume 


-E + hy + gzY + ^{Cy - FzY + 


Ifa^iO, £ = C = 0; E — -(ax + % + gzY — 2Fyz. 

(t 

If a = b = c = 0, E = 2hxy 2fyz + 2gzx (/, g, h not all zero). 
Then 

(i) a = 6 = c = 0, (A = 2fgh) ; E is not invariable in sign whether 
A vanishes or not, since (when h ^0) (xq, y^, 0 ), (Xq, — y^, 0 ) give 
opposite signs to E. 

(ii) a^O, B = C = 0, A 0 (so that F ^0); E is not invariable, 
since (xq, yo, Zo), (xq, — yo, ^o) where axo + %o + 9^0 = 0 give opposite 
signs to E. 

15 


A 
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a ^ 0, 5 = C = 0, Zl = 0 (so that F = 0), E is invariable for all 
displacements eoccept those in the plane ax + hy + gz = 0 where E = 0. 

(iii) a ^ 0, C 0, Zl ^ 0 ; £ is invariable if either a > 0, C > 0, 
Zl>0ora<0, (7>0, Zl<0 but not otherwise. 

a 0, C ^ 0, Zl = 0 ; -B is not invariable if 0 < 0, since E has real 
factors; but E is invariable if 0 > 0 for all displacements except those 
along the line ax hy gz = 0 = Cy — Fz. 

7.32. Conditions for a Maximum or Minimum off{x, y, z). Let {a, 6, c) 
be a solution of the equations f^ = 0=fy =f^. Then if the second 
derivatives of/(x, y, z) do not all vanish at (a, 6, c), the sign of 
f(a h, 6 + A, c + ?) f{a, b, c) 
is that of the quadratic form. 

hJaa + Wbb + l%o + ^Wab + ^Wbc + ^Wca when h, k, I are 
small. 

Whether this is invariable in sign or not can be determined by the 
results of the last paragraph. The only cases that are doubtful so far 
as the terms of the second degree are concerned are (i) zl = 0, C > 0 
(ii) A —0 and all its first minors zero where 


C = 


faa fab I 

fab fbb \ 


A = 


faa fab fac 
fab fbb fbc 
fac fbc fee 


(with the appropriate modifications in (i) when the first minors do not 
all vanish). 

In the doubtful case, the terms of higher order must be considered. 
7.33. The Conditions for a Function of m Variables. By similar 
reasoning to the above, if (a„ . . ., a,f) is a solution of the equations 

0 = -^ = . . . = ^ where /(aji, . x„) is a given func- 

dXi dx^ 

tion of m variables and if 


dy 

sy 

dy 


da^da^ 


dj 


ay 


daf^ 

da^^a.fYi 


d^l_ _ 



da^a^fi 

. 


is not zero, it can definitely be estabhshed that (ai, . . ., gives either 
(i) a maximum, (ii) a minimum or (iii) a minimax; whilst if Zl = 0, it 
can be estabhshed that (ai, . . ., a^) gives a minimax or that the case 
is doubtful. 


Examples. 

(i) Let f(x, f/, z) = 2xyz - ^xz - 2yz x^ y^ z^ - 2x - ^y 4^. 
/, = 22 / 2 - 4 z+ 2 a;- 2 ; fy=2xz-2z-\-2y-4:; f^=2xy-^-2y-\-2z-^4:; 
fxx~^* fxy^^* fxz—^y~^* fyy —^9 fzz^^* 
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Thus 


X 

y 

2 ^ f{^> yy -) 

fxx 

Jyy 

fzz 

fyz 

fzx 

fxy Result 

1 

2 

0 - 5 

2 

2 

2 

0 

0 

0 minimum 

0 

3 

1 - 4 

2 

2 

2 

- 2 

2 


2 

1 

1 - 4 

2 

2 

2 

2 

- 2 

2 1 . . 

0 

1 

- 1 - 4 

2 

2 

2 

- 2 

- 2 

2 > minimax 

2 

3 

- 1 - 4 

2 

2 

2 

2 

2 

-2 J 


The quadratic for (1, 2, 0) is -|_ ^2 _j_ ^2 qj 

The quadratic for (0, 3, 1) is 

/i2 ^ ^2 _ 2U + 2lh ^-2hk^(h + k^ l)^ + (A; - If - (k + l)\ (> 0) 

and similarly for the others. 

(ii) V = x^yH\20 - 2a; + 6y - 42). 

The co-ordinates of any point on one of the planes a; = 0, y=0, z=0 satisfies 
the equations F^. = F^ = 0 and F is zero throughout each of these planes. 

But no point on any of them can be a maximum or minimum ; for any displacement 
in one of them does not alter the value of F, and points exist in each of them, in the 
neighbourhood of which F is not invariable in sign for displacements in three 
dimensions. 

Fjp = 2xyH\2^ — 3a; + fiy — 42); Vy = ^x^yH\lQ — x ^y — 2z); 

Fg = 4a:2y323(20 ^ 2a; + 6y - bz) 
and these vanish when a; = 2, y = — 1, 2 = 2. 

Take x — 2-\-h, y = — \ -\-k, z=2-{-l and we find that 
F = - 128 + ^{(3^ - 6A; + 4/)^ + (6A; - 2lf + lOP} + 0(h^ + k^ + 

Thus F has a relative minimum value — 128. 

(iii) F = x*y*z*u^ — 4(a; y + z u). 

Fjb = 0 = F^ = F 2 = Ft* when a;=y= 2 =w = l. 

Take a; = l+^, y = l+A;, 2 — I+Z, ^ = 1+ ^ and we find that 

F = - 15 + ( 6^2 + . . . -f \%hk + ...) + 0(p3), (p2 = ;!^2 + ^2 /2 + ^2), 

The quadratic terms may be written 

6(^ + P + 4 ; + 4^)2 _ 4- 4 / + 4^)2 _ + ^^)2 _ ^^2 

and therefore F = — 15 is a minimax. 

7.4. Restricted Maxima and Minima. A problem of a more 
clifl&cult type arises when we wish to determine the maxima and minima 
of a function 7 of m variables these variables being 

connected by the s {<m) relations 

• • •> ^?n) ~ • • •? ^/n) “ • • •> • • •> ~ 

Even when it is possible to express 7 as a function of {m — s) variables, 
the maximum and minimum values of 7 may not always be correctly 
obtained by this procedure, since the (m — s) variables are not inde¬ 
pendent variables in the ordinary sense. They may not be free, owing 
to the restricting equations, to take all real numbers for their values. 
Also when an arbitrary choice is made of the so-called independent 
variables, the determination of the others may not be unique and in 
some cases may be impossible. 

Example. Let V — 4iX -{■ y y^ where (a;, y) lies on the circle 
x^ y^ 2x + y = 1. 

Actually F = 1 -f 2a; — a;* and if we regard this simply as a function of x, we find 
that F has apparently a maximum value 2 when a; = 1. But when a; = 1, 
y2 + y + 2= 0 and there is no real value of y to correspond. Thus F does not 
appear to have a maximum or minimum from this point of view, although actually, 
as we shall show below, F has the maximum value J when a; = J, y = — J. 
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7.41. The Method of Lagrange. In this method, equal importance is 
given to the variables ccj, . . but to obtain the required result we 

assume that a correct choice is made of the independent variables. The 
method will be sufficiently indicated if we consider the problem of deter¬ 
mining the maxima and minima of V{x, y, z, u) subject to the conditions 
y, z, u) = 0 , ip(x, y, z, u) = 0 . 

SJtv) fM) s&ij 

d(x, y) d(x, z) d(x, u) d(y, z) d(y, u) d(z, u) 
all vanish identically^ <j> is not functionally distinct from y ); and we may 

d{<f>, ip) 


therefore assume that at least one of them, say 


d(z, uY 


IS not zero. 


Note. The six Jacobians may all vanish for a particular value (Xq, y^, Zq, Uq) 
which is therefore a ‘ singular point * for the relation (f) = 0 = y). It will be assumed 
in what follows that the point determining the stationary values of V is not singular. 
If such points do exist, however, in a particular case, there is no reason to suppose 
that they do not provide actual maxima or minima, although the ordinary analytical 
conditions are not satisfied there. 


Taking therefore x, y as the independent variables, the differentials 
dV, dzy du that correspond to dx, dy are given by 
dV = V^dx -f Vydy -f V^dz -f 

0 = ^^dx + (j>ydy + (j>^dz -f- du, 

0 = y)^dx -f tpydy + rp^dz + xp^du. 

For a stationary value of V we must have dV = 0 for arbitrary dx, dy 
(regarding F for the moment as a function of y). But since ^ 0, 


numbers A, [i can be found such that 

+ ^Z + I^Wz = + mi = 0 

from which it follows that 


0 = dF = (F^ -f- + I^Wx)dx + (Vy + 

i.e. -f A</>^ + /axp^ = 0, Vy + A^„ -f f^xpy = 0. 

The equations 

(i) F^ -f A^^ + fixp^ = 0 ; (ii) Vy -f ^y fiipy = 0 ; 

(iii) F. + A^^ + = 0 ; (iv) V^ + 2xf>^ + jaxp^ = 0 ; 

(v) 0 = 0; (vi) = 0 

determine the possible values of x, y, z, u, A, /a. They are the same 

equations that would be obtained if any other (correct) selection of 

independent variables had been made. Thus if a solution of the above 

equations gives a point for which = 0, there must be some other 

Jacobian that does not vanish (since we have assumed that they do not 
all vanish at the same point). 


Note. The elimination of A, pi from these equations (three at a time) gives 
a (F, <l>y rp) ^ d(V, xp ) _ d(V, <!>, rp) ^ d(V, <^, xp) ^ 
d{x, y, z) * d{Xy y, u) ’ d{Xy z, u) ’ d(y, z, u) 

These Jacobians taken in pairs correspond to the six possible selections of inde¬ 
pendent variables ; and they should all vanish at a stationary value. But although 
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•-A 


4 


it is usiLolly the case that the vanishing of two of them implies the vanishing of the 

w) 

remaining two, this is not always true. For example, if = 0, 
dUj w) dU, w) 

- -- = 0, -.= 0, the first three Jacobians vanish but not the last unless 

0 \Xf Zf 

some other condition is satisfied. Thus any method that involves a particular 
selection of independent variables only may not provide the correct solution. 
Example. Let V = where <l> = x^ + = 0, 

y) = y^ + 2z^ 3^2 _ 62 = 0 . 

If we regarded F as a function of x, y merely we should obtain only the solution 
a;=:0, y=0, w=ib “■ 2^2), z = ± does not give 

all the possibilities. By Lagrange’s method we find 

2x + 2Aa; = 0, 2y + 2juy = 0, 2z(A + 2fj,) — 0, 2w(A + 3/i) = 0 
from which we find 

(i) a: = 2 / = 0, A = = 0, w = zb \/(^^ — 2 a 2 ), z = zb V(3a^ — 6^), 

(ii) a; = w = 0, A = 2, /i = — 1, z = zb a, y = zb — 2a2), 

(iii) y = z = 0, A = — 1, = J, a; = ± \/{a^ — J 62 )^ u = ± 6/\/3, 

(iv) z = ZA=0, A = — 1, — 1, a;— zba>y = zb& 

where we assume 3a2 > 62 > 2a2. 

The other two possibilities a; = z = 0, y — u — 0, lead to imaginary values of 
y, X respectively. 

I„ tMs case = - 2i^z, =- 32=cyu, 


d(V, <!>, xp) 


d{x, y, z) 


d{x, y, u) 


d(x, z, u) 


= Syzu and we can make the first three Jacobians vanish (taking 


a; = 0) without making the last vanish. By assuming that they all vanish, we 
obtain the six possible solutions. 

7.42. Lagrange's Method for the General Case. To determine the 
stationary values of F(cci, X 2 , . . when 

(f>l(Xly . . X^) = <f>2{Xly . . Xjf) = ... = (l>s{Xl, . . Xjf) = 0 

(s < m), 

form the function E = V + + ^ 2^2 + • • • + write down 

the m equations for determining the maxima and minima of E, as if it 
were a function of m independent variables (and constant). 


VVe obtain ^ + . . . + 

oXr ox. aXr 


0 (r = 1 to m). 


These m equations together with the s equations = 0 (^ = 1 to 5 ), 
determine the possible values of Ai, X 2 , . . Ag, x^, x^, . . x^. 

7.43. Discrimination between the Stationary Values. The quadratic 
form that gives the first approximation to 

7(ai + Ai, . . am + hm) — V(a^, . . aj 
near a stationary value («!, . . ., a,is most simply obtained by expand- 
8 

ing E = V + E which of course has the same value as F. 


\ ^ ^ \ 2 

This quadratic form is -( h^- — + . . . + h^,- — ) E, but in this 
2\ da^ daj 


case 


the displacements hj. are not independent but are subject to the con¬ 
ditions ^ 

S hjp = 0 (^ = 1 to 5 ). 

f=i day 


.A 
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Sometimes the quadratic form is of invariable sign (positive or negative 
definite) whether the restricting equations are satisfied or not; but we 
cannot conclude that the point does not give a true maximum or mini¬ 
mum when the form is not definite. 


Examples. Let the quadratic be -f Bh^ + with one condition 

uhi + 17^2 + ^^3 = 0 ; and suppose that ABC ^0, it; 52 ^ 0 . 

(i) If .4, j5, C > 0 there is a minimum, and there is a maximum if A, 5, C7 < 0 . 

(ii) If A, -B > 0, C < 0, the quadratic is 

~ {hT^^(Aw^ + Cu^) + 2Cuvh-Ji2^ + h^(Bw^ + Cv^) }. 

^2 rv mi 

There is, therefore, a maximum (or mimmum) “ [q" + ^ ^ < 0. There is a 


minimax if-r+Dd" 7 T >0 and the case is doubtful if -j 
ABC -A 


.3 t;2 

+ B + ^ 


(iii) Find the maximum value of x^i . . . x^m where 

+ iCg + . . . + = c 

the numbers x^, . . ., x^, c being, for simplicity, assumed > 0. 

dE ocj. 

If E = log(a:i«i.+ ■^(*1 + • • • + - c) we find ^ ^ ^ ^ 

(r = 1 to m). 


The only solution is therefore given by Xr 


ccr 


oti -f 


. -l-a„ 


Again — 0. The quadratic is therefore negative (without 

reference to the restricting condition), and the value obtained gives a maximum. 
We therefore find that 


{X.+X2+- . . + X^Y 

_ ... a, 

where 5 = + ag . . . + 

This result may also be written 

^iZi + P2^z + • • • + Pm^m > • . . X^Pm 


m m 

where Xpr = 1, (by writing Xr = oLfXr and PriXoLg) = a^). 

1 1 

(iv) Discuss the stationary values of V — 4:X y where 

+ 2a; + 2 / — 1 = 0. 

E =4:X + y + y^ + A(a;2 y^ 2x y — 

= 4 + A(2a; + 2) = 0; = 1 + 2y + X{2y + 1) = 0. 

A = — 1 gives a; = 1 and the value of y is imaginary. 

y = — i gives a? = — A = ^, F = — or a; = ^, A = — ^, F = 

The quadratic is Kh^ + (1 + X)lc^ where ^ = 0. 

Thus (A = ^), F is a minimum when a; = — f, y = — i 

and (A = — J), F is a maximum when a; == -J, y = — J. 

This example illustrates how it is not sufficient to express F as a function of a;, 
viz. 2a; — a;2 + 1. 

(v) Find the stationary values of F = a;^ + y^ + 2 ^ when lx + my + nz = 0 
and ax^ + hy^ + cz^ = 1. 

(F in this example is where R is the length of a semi-diameter of the section 
of ax^ + hy^ + cz^ = 1 by the plane lx + my + wz == 0. The stationary values of 
F determine the principal axes of the section.) 

^ = F + A(^a; + my + wz) + p(ax^ -|- hy^ + cz^ — 1). 

= 2a; + AZ + 2//aa; = 0; = 2y + Am + 2fihy = 0; 

= 2z + An + 2pcz — 0. 










EXAMPLES VII 


211 

2y(\ + f-fh) = — mA; 


Therefore 2F -f 2/^ = 0; 2a;(l + /wa) — —IX', 

2z(\ 4- yuc) = ^ wA. 

Substituting in lx 4- my nz — ^ we find 

\ ^ fxa^ \ \ ■\- fic 

i.e. the stationary values of F are given by the quadratic 
P rP 

r^V 1 - hV + 1 - c7 ^ “• 

(vi) A closed rectangular box is to be made from 300 sq. cm. of sheet metal in 
such a way that the perimeter of its base is 25 times the height of the box. Find 
the dimensions that give maximum capacity. 

If X, y are the dimensions of the base and z the height of the box, we require the 
maximum value of F = xyz where xy yz zx — 150; 2x 2y — 25z. 

In this example F may be expressed easily as a function of z, but if this is done 
only the absolute maximum (or minimum) is obtained. 

Thus a; 4- y = ^z, xy = 150 - '^z^ giving F = I50z - The stationary 

values are z = ib 2, so that F = 200 (maximum); whilst z = — 2 gives the 
analytical minimum — 200. 

When z = 2, a; = 5 (or 20), y = 20 (or 5). 

However, by the method of Lagrange 

E = xyz 4- X(yz zx xy — yw(2a: 2y — 25z), giving 

(i) yz 4- X(y 4- z) 4- 2^ = 0; (ii) zx X(z x) 2 [jl = Q; 

(iii) xy 4- A(a; -\- y) — 25^ = 0. 

From (i) and (ii) we obtain (y — x)(z 4- A) = 0. 

(a) z = - A gives z = 2, yw = 2, rry = 100, a; 4- .V = 25 (ignoring negative z) 
which is the solution obtained above. 

Here the quadratic is (Xq 4- X)kl 4- (yo + X)lh 4- (Zq 4- X)hk where 

( 2/0 + ^ 0 )^ + (^0 + ^ 0 )^ + {^0 + 2 / 0 )^ =0, 2h -h 2k — 251 = 0. 

Thus at (5, 20, 2), the quadratic is 3kl 4- 18^^ where 22^ -j- 7k + 251 = 0 and 
2h -[■ 2k — 251 — 0. From these we find ^/15 = A;/— 40 = Z/— 2, giving the 
value — 75P to the quadratic and verifying that the stationary value is a maximum. 

(h) y =x', 4a; = 25z; x^ 4- 2a;z = 150; and if we consider positive values 
only, we obtain 

® = 25>/ (^) = 2/: A = - gV (^)- 

In the quadratic ^ = 0 and k — — h, and its value becomes showing 

that the stationary value (193*8 c.c. approx.) is a (relative) minimum. 


Examples VII 

Evaluate the limits in Emmples 1-24. 


1 . lim 


arc tan x 


2. lim 


Q-x _ 2 tan X 
sin® X 


a4 — 5a;® 4- 4- 4a; — 8 

^'^^2 + 18a;2 - 20a; + 8 


4. lim (2x tan x — n sec x) 

X —>■ Jtt 


5. lim 


(cot a; — 

, N X/ 


6. lim 

X —>2 


2 — a; 4- log (x — 1) 
1_ V{(a;-l)(3-a;)} 


7. lim - 

X— >- 1 + 


~ 1 4- *v/(a: - 1) 
V(a;® - 1) 


8. lim 


tan a;(cos a; 4- sin a; — 1) 
a 1 — cos a; 


9. lim (tan a; — sec a;) 10. lim a4(loga;)^® 11. lim a;“^(log a;)^® 

X—>-iT: X—>-0-h ^ —>+«> 
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xWi^x - 4) - a;8/5 


1 - a;2 


12. lim 

X —>-1 

15. lim (cos X + 2 sin a;)cot x 

X —>-0 


17. lim 

a —> 

20. lim 


— 6 + \/(b^ — 4ac) 


, TCX 

13. lim (2 - Ja;)**" T 

X —^3 

16. lim (cos 2x)V^* 

X —M) 
g-l/^ 

18. lim - 

X —>-0+ ^ 


.0 2a 

21. lim (cosec^ x — cot x cosec^ x — ix~* tan^ a;) 


19. lim 


14. lim 

X —>-04- 


.-1/® 


22. lim ^V(l 


• 8a; + 4a;2 — 4a;^) — — 


23. lim [(a;^ + a;^ + Cia;^ + c^x + c^)i — (x^ + x^ + c^x^ + c^x + Cg)i] 


24. lim [(a;® + + 12a;* + 1)1 — (a;* + 4a;^ + 6a;2 + 1)1] 

X -^CO 

Find the expansions near a; = 0 of the functions given in Examples 25-9, 

25. e*®(3 — 2a;) — 8a;e2® as far as x^. 

26. log J (1 + e®) as far as a;®. 

27. ^ as far as a;*. 28. as far as a;*. 

29. 4- log(l 4- sin a;) as far as a;^ 

Discuss the stationary values of the functions given in Examples 30-6, 
x^{x - 2)2 

30. 31. a;® + a ;8 - 2a;’ - 2a;S + + a;* + 2 

a ;2 

32. 3e2«5 _ 4^3* 33 ^ - 34 ^ ^ 6 ^-® 

log X 

35. sin2 X cos^ x 36. 2a; — tan x 

37. A top-shaped solid consists of a hemisphere and a right circular cone, the 
base of the latter coinciding with the plane face of the hemisphere. If the volume 
V of the top is given, find the radius of the spherical part when the surface of the 
solid is a minimum. 

38. On a triangular piece of cardboard ABC lines are drawn parallel to the sides 

at distances x from them so as to form within ABC a triangle A^B^C^ similar to 
ABC, From A^ perpendiculars A^L, A^M are drawn to AB, AC respectively and 
the quadrilateral AMA^L is cut away. Quadrilaterals formed in a similar way are 
cut away from the other corners. The remainder is folded along Aj^B^, C^Aj^ 

so as to form an open triangular box of base A^Bfi^ and of height x. Show that 
the capacity of the box is a maximum when x \r where r is the radius of the 
in-circle of ABC; and that the maximum capacity is A^/{a -f 6 + c) where 
A is the area of ABC and a, b, c the lengths of its sides. 

39. A particle P is allowed to slide from a point 0 down a smooth inclined plane 
making an angle a with the horizontal and at the same instant a second particle Q 
is projected horizontally from O with initial velocity V in the vertical plane through 
the line of motion of P. Prove that the distance between the particles increases 
steadily if tan a ■< 2\/2 and find the instant when the distance is a relative minimum 
when tana > 2 \/ 2 . 

40. ABCD is the plan of a smooth horizontal table in which AB = 3 ft., AD = 9 ft. 
From the midpoint of AD a particle is projected along the table at right angles 
to AD with a speed of 3 ft./sec. and at the same instant a second particle is projected 
with a speed of 2 ft./sec. at right angles to AB from the midpoint of AB. Find 
the minimum distance between the particles whilst they are on the table. 

41. The centres A, B of two circles of radii 18a, 9a respectively are 5 a apart. 
A particle P describes the larger circle with angular velocity co, and a particle Q 
describes the smaller circle with angular velocity 2ft) in the same sense. Initially 
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P is at the point G where AB meets the larger circle, and Q is at the point D where 
the perpendicular to AB from B meets the smaller circle. The change of direction 
from BG to BD is the same as that of the angular velocities. Find the maximum 
and minimum distance between the particles. 

42. A window consists of a rectangle a X b and a semicircle on the side of length 
a as diameter. Show that, for a fixed perimeter, the maximum amount of light 
is admitted when a = 26. Find also the corresponding results when 


(i) there are two semicircles, one on each of the sides a; 

(ii) there are two semicircles, one on a side a and one on a side 6; 

(iii) there are three, semicircles, two on the sides 6 and one on a side a ; 

(iv) there are four semicircles, one on each side. 

43. A picture of length a has its lower edge in contact with a vertical wall at a 
height h above the ground. The picture is inclined at an angle a (< ^n) to the wall. 
A man, whose eye is at a distance c(<h) from the floor, stands opposite the middle 
of the picture at such a distance that the angle subtended at his eye by the picture 
lengthwise is as large as possible. Prove that his distance from the wall is 

sec a{(^ — cf + CL(h — c) cos a}l — — c) tan a. 

44. Show that the overflow y caused by lowering a sphere of radius x into a 

hollow circular cone filled with water, the cone being held with its axis vertical and 
vertex downwards is given by y = — l)2(5a; — 1), 

i< a; < f); \n{2x^ — (x^ — l)H2x^ + l)}, (x> f), where unity is the height 

dy 

(of the cone, and its semi-vertical angle is arc sin J. Show that y and ^ are con¬ 


tinuous for all x (> 0). Find the value of x that gives maximum overflow. 

Discuss the stationary values of the functions given in Examples 45-71, 

45. 34^2 — 24:xy + 41y^ 46. 3x^ + 4xy — 4y^ 47. x^y — 4x^ — y^ 

48. x^y + 2x^ — 2xy + — 4a; + 7y 49. 2x^y + x^ — y^ -i- 2y • 

50. xy^ — 2xy ^ 2x^ — Zx 51. 6a; + 3y + 3a;2 — 2xy + 2y^ — x^y 
52. x^ + 4a;2 + 3?/^ + 5a; — 6y 53. x^y(x + 2y — 4) 

54. a;^ — 4a;® + 4a;2 — 3y® + 6y 55. y® — x^y — 2a;® + 3y® + 2xy + 4a; + 2y 

56. — 2a;®y + y® 57. a;® — 4a;® + 4a;®y — y® 

58. a;® — a;-* + 2a;®y — y® 59. 2 sin (x + 2y) + 3 cos (2a; — y) 

60. sin® a; cos y + sin® y cos a; 61. a;®y®(12 — 4a; — 3y) 62. ^ ^ ■ ^ , /(0,0) =0. 

a; -j- y 


63. log (a;® + y®) — a; — 2y 64. 2 a;y 2 -f a;® + y® + 2 ® 

QX+rj+z 

65. a;®y® 2^(20 - 2a; + 6 y - 4^) 66 . - 

xyz 

67. x^yz — 2xyz + x^z + a;® -h y^ + 2 :® + y 2 ; — 2 a;z — 2 a; -f 2 y + 2 
g2x+2/-3z 

^ 8 - 2 , 2 _ r-- a 69. 3 log (a;® + y® + 2 ®) - 2a;® - 2y® - 22 ® 

X -T y ~r 2 

70. xyzu + + 4y + 62 + 924 

71. 8 a;y 2 ® — Z2xyz — Syz^ + 8 a; 2 ® + x^ y^ — Iz^ + 24 ® + 32a;y — 32a;2 

+ 32y2 + 30a; — 30y + 282 -f 224 

72. Find the minimum value of a;® + y® + 2 ®, (i) when a; + y + 2 = 3a, 
(ii) when a;y + y 2 + 2 a; = 3a® ; (iii) when ocyz = a®. 

73 . Find the maximum and minimum values of a;® + y® — 3a; + 15y when 
(x + yf = 4(a; — y). 

74. Prove that the distance from a fixed point Po(^o> Vo) ^ variable point P 
on the curve F{x, y) == 0 is stationary when PPq is normal to the curve at P. 

75. If (xi, yi, 2 ^), (arg, y^, ^ 2 ) points on the curve of intersection of 

Za; + my + 742 = 0 and aa;® + 6 y® + C2® = 1, the distance r between these points 
is stationary when 

Z® m® A 

1 — ar® ^ 1 — 6r® ^ Ij— cr® 
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76. If (xi, Zj), (ajg, y 2 > points on the curve of intersection of 

lx + wy nz = p and ax^ + fty^ + cz^ = 1, the distance r between these points 
is stationary when 




1 - akr^ 


+ 


•hkr^ 


+ 


• ckr^ 


= 0 


where = (- +-j-+-j/(-+-j-+ -- 


77. Find the maximum and minimum values of xy when + a;y + y^ = a^, 

78. Find the point within the triangle ABC, the sum of the squares of whose 
distances from the sides is a minimum. 

79. If aa;2 + 6y2 cz^ 2hxy + 2fyz + 2gzx (= <l>{x, y, z) —\,lx + my + wz = 0, 

prove that the stationary values of F = + y2 + are given by 


y2 


a h g I 
h b f m 
gfcm 
I m n o 


+ F{(a + 6 + c)(l^ + m2 + n^) — m, n)} 


(^2 -f m2 4- 7 i2) = 0 


Solutions, 


1. I 2. ~i 3. 3 4.- 2 5. 0 6 . -i 

7.^ 8.2 9.0 10.0 11.0 12. 

13. e2/" 14. 1 15. 6 “ 16. e-* 17. - c /6 18. 0 

aA (aA + pB) 

19. - CO 20. ^ (m > 1); ^ (»» < 1); ^ = 1), if not 

indeterminate and aA{a — p)/cC(c — q) if aA + pB = 0 = c(7 + qD. 

21. - 22. - 2 23. J(Ci - C 4 ) 24. - 1 

25. 2a; + 3 + 0{x^) 26. ^x + ia;2 + 0(a;^) 27. 1 -f a;2 + Ja;^ + 0{x^) 

28. 1 - Ja ;2 + ia ;4 + 29. 1 + 2a; + 0(a;4) 

30. a; = 0 (inflex .); x = 2 (min.); a; == 1 (max.); a; = — ^ (max.) 

31. a; = 0, 1 (min.); x = 0-72, — 0-61 (approx.), (max.); a; = — 1 (inflex.) 

32. X — — log 2 (max.) 33. a; = (min.); a; = 0 + (max.) 

34. X — 5 (max.); a; = 0 (inflex.) 

35. 2n7t, (2n + l) 7 r i arc tan vd) (min.); {2n 4- 1)^, ± arc tan ^(f) 

n 

(max.); {2n + 1)2 (mflex.). 


36. (n 4- ^)7i (max.); {n 4- i)n (min.). 

37. (0-67) Fi, approx. 

38. Incentres of ABC, A^BiCi are the same. Area of is 2 d(r — x)^fr^. 


V f V 

39. -^(3 tana 4- ol — S)y< —2 tana, when Q reaches 

40. Anal 3 dical minimum when ^ = |i^ but particle leaves table when ^ = 1; 
actual minimum is \/(-V-) ft. 

41. 10-3a (min.); 29-7a (max.). 

42. (i) 6=0. (ii) a = h, (iii) a = 0. (iv) a = b. 44. x = 0-3. 

45. (0, 0) (min.). 46. (0, 0) (minimax). 

47. (0, 0) (max.); (±2^2, 4) (minimax). 

48. 1) (min.); (1 ± VO, — 2) (minimax). 

49. (0, 1) (minimax) 50. (1, 1) (min.); (0, 3), (0, — 1) (minimax). 

51. (—1, — 1) (min.); (3, 3), (—5, 3) (minimax). 

52. (— 1, 1) (min.); (—1) (minimax). 

53. {2, J) (min.). 54. (1, 1) (max.); (0, 1), (2, 1) (minimax). 

55. 1)> (1 ± V3, — 2) (minimax). 56. (0, 0) (min.). 

57. (0, 0) (minimax). 58. (0, 0) (minimax). 
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59. yV^(1 4 - 4m + 12n), J 7 r(l + 4m + 2n) (max.); 

+ 4m + \2n), %7i(\ + 2m + w) (min.); 

^n(S + 4m + 6 w), -l 7 r (3 + 4m + n) (minimax.). 

60. (Jm + n)7T, imji (minimax); 

( 2 m — ^{n — l)) 7 r, ^rm (max.); 

(2m — i(n — 3))jr, ^rm (min.). 

61. (1, 2) (max.). 62. (0, 0) (min.). 63. (f, f) (minimax). 

64. (0, 0, 0) (min.); (1, - 1, 1), (- 1, 1, 1), (1, 1, - 1), (- 1, - 1, - 1) 

(minimax). 

65. ( 2 , — 1 , 2 ) (min.). 66 . ( 1 , 1 , 1 ) (min.). 

67. ( 1 , - 1 , 0 ) (min.); (1 ± V 2 , - 2 , 1 ), (1 ± V 2 , 0 , - 1 ) (minimax). 

68 . (f, h — f) (minimax). 

69. (0,0,1), (0,1,0), (1,0,0), (0,2-1/3,2-1/3), (2-1/3, 0, 2-1/3), (2-1/3, 2-1/3,0) 
(minimax); (3—1/3, 3—1/3, 3 - 1 / 3 ) (max.). 

70. (— 6 , — f, — 1 , S) (minim^). _ 

71. ( 1 , - 1 , 2 , - 1 ): (1 ± iV2, -IT iV' 2 , f or f, —I) (minimax). 

72. Min. for (i) (a, a, a); (ii) (a, a, a), (—a, — a, — a); (iii) (a, a, a), 
(— o, — a, a), (— a, a, — a), (a, — a, — a). 

73 . — 68*5 at (1*5, — 7-5) (min.); 6*5 at (1*5, 0-5) (max.); 4 at (4, 0) (min.). 

77. — (min.) at (a, —a), (—a, a); (max.) at {a/\/3, aj\/3) 

(-a/V3, -a/V3). 

78. The circumcentre. 
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CHAPTER VIII 

VECTORS. TWISTED CURVES. TENSORS. 


8. Displacements and Vectors. If P, Q are two points in Eucli¬ 
dean space, the position of Q relative to P is assumed to be known if we 


are given the absolute magnitude of PQ and the direction PQ. This 
relative quantity is called a displacement and may conveniently be written 

^ PQ. The absolute magnitude of PQ is 

called the modulus (or module) of PQ. 
If P, Q, R are three non-coUinear points 
(Fig. i), it is assumed in this space that 
there is only one parallelogram PQSR 

whose coterminous sides are PQ, PR ; and 

since PQ, RS have the same modulus and 

direction, PQ = RS. Similarly PR = QS. 

The operation indicated ^by PQ + QS is 

defined to be PS and is therefore equal to PR + RS which is the 



same as QS + PQ. This operation defines the sum of two displace¬ 
ments and imphes that the commutative law of addition is obeyed. 

Any quantity that has direction and magnitude and obeys this law 
of summation is called a vector ; and the displacement vector provides 
a suitable geometrical representation of other vectors (such as relative 
velocity or force). 


Note. It is not implied in the above that all physical vectors are completely 
specified by their magnitudes and directions. Thus the effect of a force on a rigid 
body, for example, depends on the line of application of the force as well as its 
magnitude and direction. 


In printed work it is customary to use Clarendon type to represent 
vectors such as a, b, F, but in manuscript it will be found more con¬ 
venient to place a bar or arrow over the symbol representing the vector. 
The definition of the sum of two vectors a, b implies that 

a 4' b = b -f- a 

and by repeated appHcations of this result it follows that 

aj 4- ag 4- . . . 4“ 

is independent of the order of summation. 
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8.01, Subtraction of Vectors. The vector whose modulus is the same 
as that of a but whose direction is opposite to that of a is written — a ; 
and the expression a — b, which defines subtraction is defined to mean 
a + (— b). 

8.02. Scalars and Scalar Multiplication. A quantity (such as mass 
or modulus) which is completely specified by its magnitude only, is 
called a scalar (or invariant) and if Z; is a scalar, A:a is defined to be a 
vector whose magnitude is k times the modulus of a and whose direction 
is that of a. It is convenient in practice to use both positive and negative 
scalars although these are strictly directed quantities. Thus whilst such 
a vector as — 2a is strictly 2(— a) where i (= 2) is a signless number, 
it is more useful to regard it as (— 2)a where ifc (= — 2) is an algebraic 
quantity. In using the term magnitude, therefore, we shall assume that 
this is an algebraic magnitude and may be positive or negative. When, 
for example, the modulus of a is a, the magnitude of 

*ia . . . + kr,2i 

is (^Ji + ^^2 + . . . + kn)a. 

8.03. Position-vectors. Co-ordinates. Components. Let three mutually 

perpendicular lines X'OX, Y'OY, Z'OZ be drawn through a point 0 

- > - > 

(the (yrigin of reference) and let the directions of these fines X'OX, Y'OY, 



- > 

Z'OZ {axes of reference) be specified by the unit vectors i, j, k respectively. 
Let Q be the projection of any point P on the plane XOY and S the pro¬ 
jection of Q on OY. {Fig. 2.) Then OS — xi, SQ = y], QP = zVi, where 
X, y, z are scalars (any real numbers positive or negative). If the vector 

OP be denoted by r, we have 


OP = r = OS SQ + QP = x\-\- y] + zV.. 

The numbers x, y, z are called the Rectangular Cartesian Co-ordinates 
of the point P, referred to these axes ; and (xi -f y] + is called the 
positim-vector of the point P. The planes XOY, YOZ, ZOX are called 
the co-ordinate planes. 
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In Fig, 2 a point P is shown not on a co-ordinate plane and the 
rectangular parallelepiped is drawn, one corner of which is formed by 
the co-ordinate planes at 0, the opposite corner being P. The dimensions 
of this sohd are |x|, \y\, \z\. 


Notes, (i) In the above formula for the position-vector the axes need not be 
rectangular, but the assumption of rectangular axes will usually simplify metrical 
results. Let a, b, c be unit vectors whose directions are not all parallel to the same 


plane ; then the position vector OP can be represented by x 2 l 
->- > - > 


yh -|- 2C, the axes 


X'OX, Y'OYf Z'OZ being specified by the vectors a, b, c respectively and (ir|, \y\, \z\ 
being the distances of P from the planes YOZ, ZOX, XOY respectively, measured 
parallel to the axes OX, OY, OZ. 

(ii) If Pi, Pg have co-ordinates (aji, y^, Zj), y^, z^) respectively, the displace¬ 
ment P1P2 = OP2 — OPi = {x^ — Xi)i + (2/2 — 2 /i)j + (22 — 2i)k. Thus Pj^P^ is 
the position-vector of the point (x^ — x^, y^ — yi, 22 ~ ^i)* These co-ordinates 

- 

(a ;2 — a^i), (y^ — y^), (z^ — are called the components of P^P ^; thus any vector 
is specified if its components are given. 

(iii) In n dimensions, a vector may be specified similarly by means of n co¬ 
ordinates (or components) x^, x^,. . .,x^ and may be indicated by the comprehensive 
symbol x^ (where it is understood that r takes the values 1 to n). The sum of two 
such vectors x^, y^ is then x^ + y^, 

8.04. Direction Cosines. Let the angles between OP and OX, OY, 

OZ {Fig. 2) be 61 , d^, respectively; then cos 0^, cos 0^, cos 63 (which 

are not ambiguous) are called the direction cosines of OP with respect to 

the rectangular axes OX, OY, OZ. 

Obviously x — r cos di, y = r cos z = r cos where (x, y, z) are 

the co-ordinates of P and r is the modulus of OP, 

i.e. OP = r{li + mj + ?ik) 


where (I, m, n) are the direction cosines of OP. 

Since OP^ = OR^ + RQ^ + QP^, we have 

^2 _ J .2 (cos^ 61 + cos^ 02 + cos^ 03 ), i.e. = I, 

an identical relation connecting I, m, n. 

Again, if Pi, P 2 have co-ordinates {Xi, y^, z^), {x^, y^, z^) respectively 
- > 

PiPi = {^2 - Xj)i + ( 2/2 — 2 /i)j + (22 - 2 ,)k 
= ruiU + mj i- mk) 

-^ ^ 

where ri 2 is the modulus of P 1 P 2 and I, m, n the direction cosines of P 1 P 2 , 
i.e. the direction cosines of the line joining P^ P^ are proportional to 

{ x ^ - Xi), (?/2 - 2/1), (2^2 - 25 i). 

8.05. Vector-projection. Let a given direction be specified by a unit 
vector c. The vector projection of a in the direction c is defined to be 
{a cos 0)c, where a is the modulus of a and 0 the angle between a and c. 
This definition is not ambiguous since cos (— 0 ) == cos0. The magni¬ 
tude of the projection is a cos 0 which may be positive or negative, the 
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positive direction of the line c being that of c. The projection of a point 

on a line is defined to be the foot of the perpendicular from the point 

-> 

to the linGj and therefore if PjPg {Fig- 3) is 
denoted by a, and Qi, Q2 are the projections of 

Pi, P 2 respectively on a line of direction c, then 
- > - > 

the projection of PjPg on c is Q 1 Q 2 (= (a cos 0)c). 

-> - > ->- 

Again if PqPi, P 1 P 2 , • •, Pn-i^n denoted 
by ai, ag, . a^ and if Qu • Qn are the 

projections of Po, Pj, . . P^ on c, then the 
projection of 

FqF^ = QoQn = QoQi + Q1Q2 + • • • + Qn-lQn‘ 

-^ ^ - > - 5 ^ 

But PoPn = PqPi + P 1 P 2 + . . . + Pn-iPni ^6. the projection of 
(ai + ag + . . . + a„) is equal to sum of the projections of ai, ag, 

• • •) a^. 

Thus the projection of the sum is the sum of the projections. 

Note. The vector projections of OP on the co-ordinate axes are a;i, t/j, 2 k where 
(x, y, z) are the co-ordinates of P. 

8.06. The Equations of a Straight Line. A straight line is specified 
if we are given its direction and the position vector of a point A on it. 
Let c denote a unit vector in one direction of a line and let a be the 




position vector of A, a point on it. (Fig. 4.) If P is any point on the 

line, AP = tc where t is a scalar (+ or —). Thus if r = OP, we have 
r = a + ^c, the vector equation of the line. 

If (Xq, 2 /o> 2 ^ 0 ) are the co-ordinates of A and (I, m, n) are the direction 
cosines of the line (in the direction of c) 

a = a?oi + yoj + 2:0k ; c = H + mj + nk. 
so that the co-ordinates (x, y, z) of the variable point P are given by 
xi + y]+zk = (xo + lt)i -f (y^ + mt)] + (z^ + nt)Vi 
Thus x = x^ + lt, y = y^ + mt, z = z^nt (these being the Car¬ 
tesian equations of the line). 
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The variable scalar t is the magnitude of AP, and may be positive 
or negative, the positive direction of the line being that of c. 

Conversely, the equations x — bfi, y = b^O, 2: = ag + b^d, 
where 0 is a variable parameter, represent a straight line through (ai, 
^3) whose direction cosines are 'proportional to (6i, 62? 63)* 


Notes, (i) Let Pg be two points on the line, where OP^ = a, OP 2 


b. 


Then P^P^ = b — a; OP — OP^ + P^P = a + 0(b — a) where 0 is a variable 
scalar. Thus the equation of the line joining P 1 P 2 is given by r = ^^a -f 
where 0 ^ + @3 = 1 * 

If the co-ordinates of P^, Pg are z-^), (x^, y^, respectively, then 

a = + yj + h = x^i r = -f yj + 2 ;k so that 

X = dxi + (I - d)x2, y = 0yi + (1 - 0)y2, 2 = 02:1 + (l - 0)^2 


y-Vi 


^2 - 2/2 - 2/1 ^2 - H 

otherwise obvious). 


- give the equations of the line joining P^, P 2 (as is 


(ii) Since P^P = 0(b — a), P 1 P 2 = b — a, the position vector of the point 

dividing P 1 P 2 in the ratio 0: (1 — 0) is (1 — 0)a + 0b. Thus the point dividing 

-a -f A:b / ^ ^ 

P^Pg in the ratio A;: 1 is ^ ^ ^ (^where 0 = y)' 


8 . 07 . The Equation of a Plane. A plane may be specified by three 
non-collinear points Pi, P2, P3 on it. (Fig. 5 .) 

Let the position vectors of Pi, P2, P3 be a, b, c 
respectively and let r be the position vector of a 
variable point P on the plane. 

Since the displacement P^P is in the same plane 

as PiPi, P3P1, it follows that P^P = tP^P^, + uPJP^ 
where t, u are variable scalars (positive or negative), 
i.e. r = a + ^(b — a) + u(c — a) 

or r = ^la + ^2^ + 1^,0 (where ^i + ^2 + ^3 = 1) is the 
vector equation of the plane. 



Examples, (i) The Cartesian equation of the plane through (x^, y^, 2 i), (Xg* ^ 2 * 
Vzy 2 ^ 3 ) is obviously 


X 

y 

z 

Xl 

2/1 


X2 

2/2 

2^2 

^3 

2/3 

23 



and this follows also from the vector equation by noting that x = ^i^i -f + ^3^3> 

y ~ “h ^22/2 "t ^ 32 / 3 » ^ ~ ^^1 "h ^2^2 "b ^3^3> i- ~ ^1 “h ^2 ^3* 

(ii) Prove Ceva’s Theorem—that if three lines AD, BE, CF, concurrent in P, 
are drawn through the vertices of a triangle ABC to meet the opposite sides in 


BD CE AF 

D, E, F, then 


1 . 


Let a, b, c, be the position vectors of A, B, C; then the position vector of P 

, cca + yb 

is a;a + yb + zc where a; + y + 2 = 1. The point d given by ——— divides 

X ~T y 
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AB in the ratio y/x ; but OP = (a; + y)d + 2C, where {x-\-y)-\- z — \y and therefore 

AF y 

the point given by d lies on PC', i.e. d is the position vector of F, Thus = “ J 


BD z CE X . , , - , ... 

similarly = — and the product of the ratios is unity. 


8.1. Products of Vectors. From two vectors a, b we can form 
two kinds of products that occur in applications. One of them is a 
scalar and the other is a vector. 


8 . 11 . The Scalar Product. The scalar product of a and b is defined 
to be ah cos 6 where a, b are the moduli of a, b respectively and d the 
angle between a, b. It will be written a. b (pronounced a dot 6), although 
other notations are used by some writers. 

It is the product of the modulus of the one vector and the magnitude 
(positive or negative) of the vector projection on it of the other; and 
the commutative law a. b = b. a is obviously obeyed. 

The distributive law a.(b + c) = a.b + a.c is also obeyed since the 
projection of the sum of two vectors on any line is equal to the sum of 
the projections of these vectors on that line. 

If a is perpendicular to b, a.b = 0 and if a = b, we write a.a as a^. 

Thus p = p = li^ = l; j.k = k.i = i.j = 0. 

Again, if (Xi, y^, z^), (xg, 2/2* ^2) ^^e the components of a, b respectively, 
we have 

a.b = (xji + yA + z^Vi).{x^i + y^] + z^^. 

= + yiy^ + 2;i2;2 

and this may be called the Cartesian form of the scalar product. 

Note. In n dimensions, the scalar product of two vectors A^, (expressed in 
rectangular components) is defined to be A-^B^ + A^B^ + . . . + A^B^. 

8 . 12 . The Angle between Two Directions. Let (ij, mj, ni), (I2, m2, ^ 2 ) 
be the direction cosines of two lines (drawn in specified directions). 

Unit vectors along these directions are 

iji -|- mi] 4 " ^ik, ^2! 4 “ '^2] 4 ~ n^. 

Therefore cos 0 = I1I2 4- ^1^2 4- ^1^2 > where 6 is the angle between the 
directions. 


Examples, (i) Let a be the displacement of the point of application of a force 
F. If F, a are the moduli of F, a respectively and B the angle between F and a, 
then W, the work done by the force is defined to be Fa cos 6, i.e. W = F.a. 

It follows that if F,. (r = 1 to n) is a system of forces acting at a point which is 

n n 

moved through the displacement a, then the total work done = E F,..a = (27Fy).a, 

r—l r—1 


n 

i.e. is equal to the work done by the resultant 27 F^. 

r=i 


(ii) If two pairs of opposite edges of a tetrahedron are orthogonal, so also are 
the remaining pair. 


Take the tetrahedron to be OABC and let OA = a, OB = b, OC — c. If 
OC lAB, c.(a — b) = 0; and if OBlCA, b.(a — c) = 0. Therefore 
a.c = b.c = a.b, i.e. a.(b — c) or OA iBC. 


16 




222 


ADVANCED CALCULUS 


(iii) The Normal to a, Plane, Let unit-vector along the normal from 0 towards 

a plane be c and let the normal meet the plane in A where the modulus of OA = p. 
(If O is in the plane, p = 0 and c may be taken along either normal to the plane at 0.) 
If r is the position vector of P(a;, y, z), any point on the plane, then r. c = p. 

If (I, m, n) are the direction cosines of c (i.e. of OA), the Cartesian equation of 
the plane is lx my nz = p. Conversely, the equation Ax By Cz D — 0 
represents a plane whose normal has direction cosines proportional to A, B, C. 

8,13, Vector Areas, Let a plane area of absolute magnitude h be 
determined by a point P that describes a closed path which does not 

- > - > ->• 

cross itself, by displacements PjPg, P 2 P 3 , . . P^^i- {Fig- 0.) We 

can construct a vector A whose modulus is h and whose direction is that 

normal to the plane from which the boundary PjPg . . . P,„Pi appears 
to be described counter-clockwise. The vector A is called a Vector Area, 
It is usually more convenient, however, to 'prescribe one of the normals 
to the plane by means of a unit-vector p along that normal. Thus the 
vectors determined by areas described in the plane are of the form Ap, 



Pn•^ 


FIG. 7 


PIG. b 


where A is the magnitude of the vector and may be positive or negative : 
positive, if the area is described counter-clockwise from a point on the 
prescribed normal and negative, if the description is clockwise. The 
prescribed normal is often called the positive normal. It is useful to 
note, however, that the direction of the vector area is completely indi¬ 
cated by drawing arrows in the boundary to show in which direction the 
boundary is described. Thus if a boundary is described once in each 
direction, the vector area indicated is zero. Also if a line be drawn from 
a point R of the boundary to a second point S {Fig, 6) and RS is described 
once in each direction, the vector area is unaltered ; and the sum of the 
two vector areas corresponding to the two subdivisions is correctly given 
as the total vector area. More generally, the given area may be divided 
up into a network {Fig, 7), and the total effect of the circuits round the 
various meshes is equivalent to a circuit round the boundary. 
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8,14, Vector Projection of a Vector Area, Let A be the vector area 
described by a point P in the plane a for which the prescribed normal 
is determined by the unit vector p. Then A = where A is the 
magnitude of A. Let be a second plane for which the prescribed normal 






Fia. 8 


is determined by the unit vector q. Let Q be the projection of P on 
Then as P describes A in a, Q describes an area B in /S which is called 
the vector 'projection of A and B = where B is the magnitude of B. If 
0 is the angle between p and q, then \B\ = \ A cos 6\ and the aspect of the 
description of B from a point on the prescribed normal of is the same 
as the aspect of the description of A from a point on the prescribed 
normal of a if cos 0 is positive ; whilst the aspect is the opposite if cos 6 
is negative, (Fig, 8,) Thus B = ^ cos Oq, so that our definition of the 
vector projection of a vector area is consistent with our previous definition 
of vector projection. 

8.15. The Vector S'urface of a Closed Polyhedron is Zero. The vector 
surface of a polyhedron is defined 
to be the sum of the vector areas of 
its faces, the prescribed normal to a 
face being the outward normal, and 
the boundary of each face being 
described counter-clockwise to that 
normal. If the areas of the faces are 
projected on any plane, the sum of 
the vector projections is indicated by 
a network of fines each part of which 
is described once in each direction. 

The sum of the vector projections is 
therefore zero, from which it follows 
that the projection of the vector 
surface is zero. Since the plane of 
projection is arbitrary, we deduce that the vector surface is zero. 
(Fig. 9.) 

8.16. The Vector Product. The vector product of a and b is defined 
to be the vector area of the parallelogram formed by a, b, the boundary 
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of the parallelogram being described so that the vector b follows the 
vector a. [Fig, 10.) This product will be written a x b (pronounced 
a cross b), although other notations are used by some writers. 


It follows from the definition that a 
The area of the parallelogram is equal, 
where a = mod a, b = mod b and 
angle between a and b. Therefore 
a X b = (a 6 sin 0 )n, where n is the 
correctly chosen unit vector perpendicu¬ 
lar to the plane of the parallelogram. 



Xb = — bxa; axa = 0 . 
in absolute value, to ab sin 6, 
6 (between 0 and n) is the 



8.17, The Distributive Law for the Vector Product. Let OA, OB, BP 
in Fig. 11 be represented by the vectors a, b, c respectively; then 

OP = b 4 - c. A triangular prism may be obtained by completing the 
parallelograms OBQA, OPRA, BPRQ (the figure, however, being plane 
if the vectors are parallel to the same plane). The vector surface of 
the prism is zero, 

i.e. OBQAO + BPRQB - OPRAO + AQRA - OBPO = 0. 

But OBQAO = bxa; BPRQB = c x a ; OPRAO = (b + c) x a ; 

AQRA = OBPO = J(b x c). 

Thus bxa-fcxa = (b-f-c)xaor 

ax(b + c) = axb + axc 
so that the distributive law is obeyed. 

The above proof is still applicable when the figure is plane or more 
simply from the fact that 

OBPRAO = OBPO + OPRAO = OBQAO + BPRQB + AQRA. 

Note. In Fig. 11, the arrows are used to denote the vectors, and should not 
be confused with the use of arrows for indicating the direction in which a boundary 
is described. 


By repeated applications of the distributive law, we find 

m. n 

(ai + ao + . . . + 2 iyn) ^ (^1 + t )2 + . . • + b„) = a^ X b.j. 

r=l«=1 


8.18. The Cartesian Form of the Vector Product. Let OX, OY, OZ be 
chosen as the positive normals of the planes YOZ, ZOX, XOY respec- 
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tively ; and consider the vector area of the triangle ABC, where OA = i, 

OB = OC = k. The direction cosines of one normal to ABC jare all 
positive and the direction cosines of the other normal are all negative. 


Therefore the magnitudes of the projections of ABC on the co-ordinate 

planes have the same sign. 

-> - > 


These vector projections are obviously OBC, 

OCA, OAB, i.e. J(j x k), ^(k x i), i(i X j). Thus the magnitudes of 
j X k, k X i, i X j have the same sign. But j x k = ± i, k x i = =b j, 
i X j = ± k (from the definition of vector product), and the signs are 
all + or all —. If they are all -f, the direction of rotation from any of 

the axes OX, OY, OZ to either of the other two as viewed from a point 
on the third is counter-clockwise and the system of axes is called a ^positive 
system. Otherwise the system is neyative. 

For a positive system, therefore, j xk = i, kxi=j, i xj = k, 
and for both systems ixi = j xj = kxk = 0. 

If a = x^i -f 4- 2 ik, h = X 2 i + then for a positive 

system 

a X b = (y^z^ - y^z^)i + (z^x^ - z^x^)] + {x^y^ - Xiy^)Vi. 

Notes, (i) The vector product of (x^, y^, z^), (x^, z^) could therefore be defined 

simply as the vector (y^z^ — y^x^ z^x^ — z^, x^y^ — x^^). 

(ii) The absolute magnitudes of the projections of the triangle formed by (0, 0, 0), 

(^i» 2i), (x^, 2/2, H) are 

i 12/1^2 - y^iV i I i I - ^2i/il* 

(iii) This representation of vector product as a vector area is peculiar to three 
dimensions. In n dimensions, the analogue of the vector product is a skew-sym¬ 
metric tensor of the second order. 

Example. The angular velocity of a rigid body rotating about a 
fixed axis ON (Fig. 12) may be regarded as a vector to whose modulus 
is the measure of the ordinary angular velocity and whose direction is 

ON, the rotation being counter-clockwise 
to an observer on ON looking towards 0. 

Let P be any point of the body and let d 
(between 0 and n) be the angle between 

ON and OP. The speed of P is co.OP 
sin 0 where co = |to| and its direction is 

pbviousjy that of to X r where r = OP, fig. 12 

i.e. V the velocity of P is actually to X r. 

If (a>i, 0 ) 2 , coz) are the components of to and (x, y, z) are the co-or¬ 
dinates of P (referred to a positive system of axes through 0) then 

v = (coii + cogj + cogk) X (xi + y] -f zk) 

so that the components of v are 

{a)2Z — o)^y), (o)^x — o)^z), (o)iy — o)2x). 
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8,19. Scalar Triple Products. From the vectors (a x b) and c, we 
can form the product (a X b). c and this is called a scalar triple product. 

The modulus of (a X b). c is Ep where 
E is the area of the parallelogram formed 

by OA {= a), OB (= b), and p is the 
perpendicular distance from C to the 
plane OAB. Thus the modulus of 
(a X b). c is the volume of the parallel¬ 
epiped whose coterminous edges are 



OA, OB, OC. (Fig. 13.) The scalar pro¬ 
duct is positive if c makes an acute angle 

with that normal to OAB from which the change of direction from OA 


to OB appears counter-clockwise. 

If a = (xi, y^, Zi), b = (x^, 2/2, ^2), c = (x^, y^, 23), then 
(a X b). c {(^i2^2 2/2^1)! (^1^2 ^2^i)j 

+ (Xiy2 - a:2yi)k}. {x^i + y^j + z^k} 


Xi y^ 

^2 1/2 ^2 

Vz ^z 


from which it appears that (a x b). c == (b x c). a = (c x a). b as is 
obvious from the above geometrical interpretation of the triple product. 
The product is of course equal to 

— (b X a).c = — (a X c).b = — (c X b).a 

and therefore without ambiguity may be denoted by the symbol [abc], 
if it is understood that the interchange of any two of the letters changes 
its sign. 

Thus [abc] = [bca] = [cab] = — [acb] = — [cba] = — [bac]. 


Note. The volume of the tetrahedron formed by (x^, y^, z^) (r = 1 to 4) is 


:U 


^4 2/1 “2/4 ^1“^4 
^2 ^4 2/2 2/4 ^2 ^4 
^3-^4 2/3-2/4 23-2:4 


— ± i 


x ^— x ^ 2/ i “2/4 24—2:4 0 
^2 -^i 2/2“2/4 22-2:40 
^*^ 3-^4 Vz-Vi 23 - 2:40 
^4 2/4 24 1 


— ib J 


2/i 2i 1 

a^2 ^2 22 1 

a^3 2/3 23 1 
^4 2/4 24 1 


8.191. Vector Triple Products. Vector Triple Products may be formed 
in various ways. Consider, for example, a x (b x c). 

Let a = (xj, 2 / 1 , z^), b == (x^, y^, z^), c = (x^, y^, z^). 

Then by using the Cartesian form of the product (b x c), we may 
easily verify that 

a X (b X c) = + jBj + Ok 

where A = X 2 (x-]X 2 -j- y\yz “h ^i^z) X 2 (x -^2 “l~ ViVz “b ^ 1 ^ 2 )) with two 

similar expressions for B, G. 

Thus a X (b X c) = (a.c)b — (a.b)c. 

Similarly 

b X (c X a) = (b,a)c — (b.c)a ; c x (a x b) = (c.b)a — (c.a)b. 
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8.2. Curves in Space. If the co-ordinates x, z o{ b, point P are 
functions of a parameter t, the locus of P is called a twisted (or tortuous) 
curve. Under certain conditions the 
curve may be plane. 

8,21, The Arc, Let x, z be con¬ 
tinuous functions of t and let A^B be two 
points of the curve given respectively by 
the finite parameters, t^, T {T > to). Let 
(n — \) parameters % be chosen so that 
to<h<t2< . . . < < T 

and let t^ correspond to the point P^ where Pq is A and P^ is B (t^ = T). 
Then PJPs+i = {(iCs+i — + {y^+■^ — y^Y + (z^+i — Let us 



assume 


also that x y z are continuous and that 


they do not all vanish for the same value of t. Then, given e, the length 
of each sub-interval can be taken sufficiently small to ensure that the 
oscillations of x^, y^, z^ are all < e in each sub-interval. 

By the mean value theorem, x^+i — Xg = {x)t^^{tg^i — tg), 

Vs + l Vs ~ (^s + 1 ^s) 

where tg', tg", tg” are values of t in the interval (^ 5 , ^s+i), 


i.e. PgPg^, = (tg^, - tg) {{x),^^ -f (y),/ + {i)t + R 

where \p\ <3e. 

Thus PgPg^, = + l - ts) + K{tg^l - tg) 

where \k\ < Me, M being the maximum value of ^[x^ + 2 /^ + 

When each sub-interval tends to zero EK{tg^x — tg) < Me{T — to) and 
therefore tends to zero. 


Also I{{x)t^ + {y)t^ + (z)</}H<«+i 



{x^ + + z^)^ dt. 


Therefore the sum of lengths of the chords tends to the value of the 

rT 

integral I (x^ + y^ + z^)^ dt, so that the integral provides a natural 
J«o 

definition of the length of the arc from A to B, If we take the upper 
limit to be the variable t (corresponding to the variable point P), we 

can form the function s= 1 {do^y"^z^)^ dt which measures the 

J<o 


arc AP. 


Differentiating, we find — = (^2 _|- ^2 This result is often 

dt 

written ds^ = dx^ + dy^ + where dx, dy, dz are the differentials 
corresponding to the same increment dt. Since (dx^ + dy^ -f cZz^)^ is 
the length of the chord joining (x, y, z) to (x -f dx, y -f dy, z -f dz), it 
follows from the above that lim (chord AP -r arc AP) = 1 when P —> A, 
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Notes, (i) The formula for the arc ABi^ obviously applicable to the case when 
either or both of the points B. 

(ii) The integral for s will exist under less restrictive conditions than those given 
above. For example y, z may possess a finite number of finite discontinuities 
(i.e. the curve may have a finite number of comers). 

(iii) The function s increases steadily with t and is finite; therefore t may be 
expressed as a function of s in an interval within which s is not zero (although s may 
tend to zero at the ends of the interval). It is therefore convenient in theoretical 
work to regard x, y, z ss fimctions of the arc s, 

8.22. Derivatives of Vectors. A vector is said to be a function of 
scalar variables, u, v, ... its components are functions of these 
variables; and is said to be continuous and possess derivatives if its 
components possess these properties. 

Thus if a = Ai + Yj + 2k and X, Y, Z are functions of the variable 
u, (5a is defined to be dXi + ^Yj + ^Zk and 

^ 4- 4- ??k 

du du^ du^ du ‘ 


Since the distributive law is obeyed for products, we easily deduce 
the results 


d . - . dh dsi . 


d, - . 0b , da , 

^(a xb) = ax — + a-xb; 
du du du 


^[pqr] = [p„qr] + [pq„r] + [pqr„]; 
du 

X q) X r} = (p„ X q) X r + (p X q„) X r + (p X q) xr„. 

8.23. The Tangent to a Curve. Let P, Q be two points of the curve 
X = x{f), y = y{t), z = z{t), determined by the 

values t, t dt. Let OP be denoted by r and 

OQ by r + dr. Then PQ = dr. 

When Q — P, the limiting position of the 
chord PQ is defined to be the tangent at P. 

dr 

Thus the direction of the vector is that of 

. . ds 

the tangent and since lim,^{^ord arc) = 1 

when Q P, the modulus of the vector ^ is 

ds 

unity. If T is unit vector along the tangent 
at P (in the direction of increasing s) it follows 

that T = ^. 

ds 

If (?!, mi, ^i) are the direction cosines of the tangent 

7 . , . , 7 ^ dr dx. dy. ^ dz. 

Ill + = T = — = + —k 

cts cts ds ds 



i.e. Zj, mi, ni 


dx dy dz , /dx\^ , fdy\^ , /dz\^ , 

[sj + [ij + [sj - *• 
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8.24. The Spherical Indicatrix. Take a unit sphere with its centre 
at some fixed point (0, for example) and draw the vector T from 0 
meeting the sphere in the point T. 

As the point P describes the given 
curve, the point T describes a curve 
on the sphere (the sphere being called 
the spherical indicatrix). {Fig. 16.) 

8.25. The Principal Normal. Let 
OT, OTi be parallel to the tangents 
at P, Q respectively to the given 
curve. Then since OT = OT^ = 1, 
the arc TT^ is equal to the angle dxp 
between the tangents at P, Q. When 
Q —> P, the hmiting position of TT^ 
is the tangent at T to the curve 
described by T on the sphere. Since 
this tangent is perpendicular to OT, 

it is parallel to a certain normal to the given curve. This normal 
is called the principal normal. Since TTi = ^T, it follows that — 

in the direction of the principal normal and its modulus is where ^ 

is the angle through which the tangent has turned from some initial 
position. 

If N is unit vector along the principal normal 



IS 


ds 


kN, where /c = ^ (a positive scalar). 
ds 


The number k is called the circvdar curvature of the given curve and 
p =z\/k is called the radius of circular curvature. 

If igj ^2 ^re the direction cosines of the principal normal 


^ 2 ! ni2,i “h n^ — 


K ds 


K ds^ 


1 /d^x. d^y. dh 
K ds^^ ds^ 




where 


,, . 1 /d^x d^y dh\ 

i.e. {k, m„ n,) - 

\ds^) \ds^) 


+ 



8,26, The Osculating Plane. The plane containing the tangent and 
the principal normal is called the Osculating Plane. 

If L, My N are the direction cosines of either normal to this 
plane we must have Lli + Mmi + = 0 = Pig + Mm^ -i- Nn^ and 
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therefore the equation of the osculating plane is 


= 0 



v-y 

f- 

dx 

dy 

dz 

ds 

ds 

ds 

dH 


dH 

ds^ 

ds^ 

ds^ 


where rj, C are used for the current co-ordinates on the plane. 

Notes, (i) A plane can be drawn through the tangent at P parallel to the 
tangent at Q. (This plane is parallel to OTT^, in Fig. 16). The osculating plane 
is the limiting position of the above plane when Q —>• P, and may therefore be 
described as the plane containing the directions of two consecutive tangents. 

(ii) If I = a;( 5 ), rj = y{8), f == z(s) is substituted in the equation of the osculating 
plane at 5 = 5 ^, the resulting equation in s has a triple root at 5 = since 

= {s - «,)(+ O {{s - «,)»} 

with similar equations for y{s) — y{Si) and z{s) — z(5i). 

The osculating plane may therefore be described as the plane through three 
consecutive points; it is the limiting position of the plane through P, Q, R when 
Q,R-^P. 

(iii) Let c^{> 0) be the limiting value of the radius of the circumcircle of PQR 
when Q, R —>• P, and Cj the centre. Then by (ii) above is in the osculating 

plane at P( 5 i). The equation (r — 3^)2 = where = OC^ must have a triple 
root 5 = 

Therefore (r^ - 3^)2 = ^2; (r^ - ai).Ti = 0 ; Ti2 + (r^ - ai)./cN = 0. 

From the second it follows that ± c^N since is in the osculating 

plane and by substitution in the third we find that = \/k — p (since it is positive). 
The radius of curvature is therefore identified as the limiting value of the radius of 
the circumcircle of P, Q, R when Q, R —> P. 

8.27. The Binormal. The Binormal is that normal to the osculating 
plane (and therefore to the curve) which is such that the tangent, the 
principal normal and the binormal (in this order) form a positive system. 

If B is unit vector along the binormal, we have 

[TNB] = I, T.B = 0, T.N = 0, B.N=0, T x N = B, etc. 


Since B^ = I, 


B.f = 0, 

as 


and since 

dB 


B.T = 0, ^.T + B.(«rN) = 0. 

ds 


But B. N = 0; therefore — is perpendicular to B and T and must 

ds 

be of the form — XN (where X is a scalar, positive or negative). Since 
\dB\ measures the angle de through which the binormal turns when P 

is displaced through the arc ds, the magnitude (— X) of ^ (in the 

direction of N) measures the twisting of the curve from the osculating 
plane. The scalar X is therefore called the torsion and I/X the radius 
of torsion. In Fig. 16, the extremities of the unit vectors T, N, B are 
shown and also the extremities Tj, Ni, B^ corresponding to T + dT, 


IS+ dN, B + dB. 


Since ^ = = - IN, the arcs TT„ 

ds ds 
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lie respectively along the great circles TV, NB. If Zg, m 3 , are the 
direction cosines of the binormal 

nizl + nak = B = T X N 
dhj 

ds^J ^ \ds 

8.28. The Frenet-Serret Formulae. Since N = B x T, 
dN 


_\{ldy dH dz d^y\../dz dH dx d^z\ /dx d^y dy d^x\ 

ds dsy \ds ds’^ ds 'dsy \ds'ds"^ ds 'ds^) 


ds 


= (- XN) X T + B X (/cN) = XB - kT. 


The three equations : 


dT 

ds 


= kN: 


^ = XB - kT ; ^ = _ XN 
ds ds 


comprise what are known as the Frenet-Serret Formulae, They are 
equivalent to the equations 


dll i d/2 f dl^ 

— = KI 2 ; -y- = Xt3 kIi ; — 

as as as 


= -X«2 


«rT) + :^.n1 = K^. 
ds J 


with similar equations involving mj, m 2 , m^ and Ui, Uz, n^. 

8.29. The Torsion Formula. The scalar triple product 

r* d^ ^“1 

Lds’ ds'^' 

is equal to 

j^T, /cN, /f(XB 

dx/ds dy/ds dz/ds 

i.e. /c^X = d^x/ds^ d^y/ds^ dH/ds'^ 

d^x/ds^ dhj/ds^ dH/ds^ 

Notes and Examples, (i) The Condition for a Plane Curve. If the curve lies 
in the plane Ax By + Cz -{■ D 0 (A, B, C not all zero), then for all values of 5 , 

^ ^ .dx dy dz 

0 == Ax + By + Cz + D = A-^ + + Cj^ 

.d^x d^y dH d^x d^y dH 


d^x/ds^ 

d^y/ds^ 

dH/ds^ 


= 0. 


A necessary condition is therefore dx/ds dH/ds^ 

dy/ds d^y/ds^ 
dz/ds dH/ds^ 

This condition is also sufficient. For let 

dy dH dz d^y ^ dz dH dx dH dx d^y dy dH 

^ ds ds^ ds ds'^ 


rJo P rJ o 


ds ds^ ds ds^ 


ds ds^ ds ds^' 


If any one of these expressions a, y vanish, the curve is plane. For example, 
dy dz 

if a = 0, ^ where k is independent of 5 . (In the trivial case when a first 

derivative vanishes the curve obviously lies in a plane parallel to a co-ordinate 
plane). Therefore y = kz -{■ I, a plane. 

If two of them vanish, so must the third (except possibly in the trivial case), 
and the curve reduces to a straight line. 


A 
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If none of them vanishes, we have 


dx dy dz d^x Ji^y dH 


d^x d^y dH 
'^ds^ + 


. , . dctdx dB dy dy dz docd^x dB dhj dy d^z 

Differentiation gives 0 = ^ ^ ^ ^ i.e. 

I doc I dp I dy 

^ds ~ ^~ds ~ y "da* which it follows that p = k^oc, y = k 20 c where k^, k^ are 
dx dy dz 

independent of 5 ; i.e. ^ + ^ 2 ^ = 0 or a;, ?/, z must lie on a plane 


X -{■ k^y k^ = k^, 

(ii) Formulae in Terms of a Parameter t. In applications x, y, z are usually given 
in terms of a parameter t, and the formulae we have obtained may bo express^ more 
conveniently in terms of x, y, z and the derivatives with respect to L Let dots be 
used to denote these derivatives. 

(a) The Arc, s is obtained from s^ = x^ y^ -{■ z^. It should be noted that 
s s =: XX -i- yy -h zz. 

dx X d^x xs — xs 


(b) Circular Curvature. 


ds 


ds^ 


with similar results for 


dy d^y dz d^z 
ds* ds^* ds* ^2* 


We may then easily obtain the formula 


, 1 a52 ^2 4 . 252 _ 5*2 

——n = --* 

p2 S* 

(c) Tangent and Normals. 

s (Zi, Wi, ny) =x, y, z; 

KS^il^i Wg, n^) = xs — xs, ys — ys, zs — zs; 

Ks\l^, mg, Wg) =yz -~yz, zx — zx, xy — xy ; 
and it may be verified that 5 ®fc 2 = (yz — ijzY + (zx — + (xy — xyY. 

(d) Torsion. Since f = sT, f == 5 T + ks^N and 

r = sT + {SKS + + ks’(AB - kT) 

and therefore [r f r] = 


or 


K^S^ = 


X 

X 


y z 
y z 
y z 


and the vanishing of this determinant is the condition (necessary and sufiicient) 
that the curve should be plane. 

(iii) The Circular Helix. The curve given by x = a cos 0, y — a sin Q, 
z = ad tan a is called a circular helix. It obviously lies on the cylinder x^ y^ ^ a^. 
It cuts the generators at a constant angle (Jjr — a), a property that may easily be 
seen by cutting the cylinder along the generator in XOZ and developing the cylinder 
into a plane. (Fig. 17.) The curve then becomes a set of straight lines inclined to 
AA at angle a. 

X =( — a sin 6), y = (a cos Q),z — a tan a. 

s^ — a^ sec2 a and therefore s = (a sec a)0 if s is measured from 0 = 0 in the 
direction of increasing 0. This is obviously verified by inspection of the developed 
curve in Fig. 17. 

T = (— sin 0 cos a)l + (cos 0 cos a)j -j- (sin a)k. 

cos a , coB^ a 

/cN = {(— cos 0 cos a)i — sin 0 cos aj} ^ , i.e. k — —» and the principal 

normal is along the radius of the circular section through P. 
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B = T X N = (sin 6 sin a)i — (cos 6 sin a)j + (cos a)k, thus showing that the 
binormal makes a constant angle with the generators. 


fPr ^ cos^a d^r , . 

(is^ = ^ {(sine)i ■ 


Therefore 


^ ds^/ 


d^r\ dr 
ds 


a 

cos® a 


sin a = ff^A, i.e. A 


(cos 0)j }- 


sin a cos a 


In par- 


a 

ti(;ular: a = 0, the helix is a circle, /c = 1 /a, A = 0. 
a = 71/2, the helix is a generator, /c = 0, A = 0. 

oi = 71 / 4 :, /c = I/2a =A, and this is the helix of maximum torsion on this 
cylinder. 



If the spherical indicatrix {Fig. 16) has + 2^ = 1 for its equation, the 

paths of T, N, B are the circular sections 2 = sin a, 2 = 0, z = cos a respectively. 

Note. The general helix is defined to be a curve that always makes the same 
angle with a fixed direction. 

(iv) The Intrinsic Eqvntioyis of a Curve. Let the axes of reference be the tangent 
(OX), the principal normal (OY), the binormal (OZ), where 0 is a point on the 
curve. The co-ordinates of any other point P (where arc OP = s) are then functions 
of 5 and can be expressed in terms of k, A the curvature and torsion at 0. Since 
any point O may be chosen, these axes may be regarded as moving with the point 
O on the curve; and since k, A depend only on s, the co-ordinates are described 
intrinsic. The Frenet-Serret formulae show that the derivatives can be expressed 
by equations of the type 

d'^y ^ d^z 

= lyCLj, + + l^Cj ,; ^ = m^aj, + mf)j, + ^ = n^Uj, + nf)j, + n^Cj, 


where a^,, hp, 


c« are certain functions of s. 


By differentiating these equations and using the formulae, we obtain 

dxhp dhp dCp 

(ip-f-i = KOp ; Op-j-i — ACj,; 


ds 
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Also, since 0 is on the curve, 

(^o> yo> ^o) ~ (^> ^}o ~ “ (^» ^)» 

(/gj ^2> ^2)0 ~ (^> ^) » (^3> ^3> ^^3)0 ~ (^> ^9 !)• 

Thus taking all the values for (0, 0, 0), we have (a^, c^) = (1, 0, 0); 

(ctg, 62* ^2) ~ (^> ^9 fl) 9 (®3> ^3> C3) ~ ( 9 K , A/c) ^ 

(«4» ^4» ^i) = (— S/ck', k" — — kP, kX' + 2ac7), &c. 

where accents denote differentiations with respect to s. 


Thus X = s — —s^ — 
o 


y = ls^ + + (/c" -K^- /cA*)^ 


5* 




(v) Example. Show that the shortest distance between the tangents at 0, P is 
approximately ^^kXs^, when 5 (= OP) is small. 

The direction cosines I, m, n of the tangent at P are 



KS + ' 


+ (/c" - /c3 


■KA^)g 




The direction cosines of the line perpendicular to this tangent and the x-axis 
(tangent at O) are i (0, n, — m)/(m^ + 7 ^ 2 )l/ 2 , and the shortest distance D is 
I ny — mz\ 

(m^ + • 

The numerator of Z) is + O(s^) and the denominator is ks + O(s^) 

and therefore D = + 0(5^)|. 

(vi) Curvature and Torsion of an Involute. A thin string has one end A at the 
point 0 of a given eurve and lies along the curve in the direction of 5 -increasing. 
The string is unwound from O, the unwound part being kept taut. The path of A 
is called an involute of the given curve. If the length s is unw^ound, where the arc; 

= ^9 the point A is on the tangent at P at a distance s from P in the direction 
opposite to T. 

Thus if OP — r, then OA = = r — 5 T, where the suffix 1 denotes that the 

quantity refers to the involute. 


dr^ 


ds 


ds 


1 


= 57- = i-®- Ti = - N and = — 


'ds-^ 


ds^ KS ’ 


(AB - kT) 

--> i.e. so that p, the radius of circular 


curvature of the involute, is where p, cr are the radii of circular curvature 

v(P + o^) 

and of torsion of the given curve. 

Also Nj = T cos a — B sin a where tan a = A//c = p/u. 

Therefore B^ = x = B cos a + T sin a ; differentiation gives 

— AjNj = — I — AN cos a + /cN sin a + (T cos a — B sin a)^| =-— ^ N, 

^ ds} KS ds ^ 


ie A _ Xda 1 (a'p - ap') . ( ^ s( p^ + a^) 

^ KS ds KS Aj/ p(a'p — ap'Y 

(vii) Rate of Change of a Vector F referred to Moving Axes. Let a system of 
rectangular axes be rotating with angular velocity co (= cq, cug, rog, referred to these 
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axes). The unit vectors i, j, k that determine the directions of these axes are 
functions of the time t. Let F = (F^, Fg, F^. 

= CO X i = cogj — Wgk; similarly ^ — Wgi, and 

dk 

It = 

Therefore ^ + J"!!] + -Fsk) 

= (2^1 — 0 ) 3^2 + ^ 02 -^ 3 )^ + (-^2 ~ ^1^3 + 

+ (f'z ~ ^2 ^1 2 )^ 

giving the components of i'. 

In two dimensions, if co is the angular velocity of the axes, and F = (F^, F 2 ) 
referred to these axes, then the components of are — coFg, 2^2 + 

(viii) Example, A particle moves on a certain curve. Find the components 
of acceleration referred to the moving axes T, N, B. 


Here -r = kvS, - j - = — kvT + AvB, -3— = — A^?N, from the Frenet-Serret 
at at at 

formulae if v is dsldt; so that the components of angular velocity of the axes 
are (o^ = Av, cOg = 0 , (U3 = kv. 

Thus the components of ^ are /cv^, 0, since the components of v are (v, 0, 0). 


8.3. Scalar and Vector Functions. A function F(xi, ccg, . 
that is completely specified by the values of {x^, x^, . . is called 

a scalar function or invariant. A vector function V(xi, x^, . . xf) is 
one that requires (in m dimensions) m components for its specification, 
i.e. is a vector whose components are scalar functions. For simplicity 
in exposition, we shall often take m = 3, and consider functions of 
three (or fewer) variables. 

If V{x, y, z) is a single valued function defined for all x, y, z, then 
through any point (Xq, y^, Zq) there is a single surface given by 
F(x, y, z) = F(xo, 2 / 0 , 2;o). 

It is often convenient, however, to drop the suffixes in Xq, 2/o> ^0 to 
refer merely to the F-surface through the point (x, y, z). 

8,31. The Normal to a Surface. The straight line through the point 
P {^07 Voy ^ 0 ) of direction-cosines I, m, n is given by 

X — Xq + Ir, y = yo + mr, z = Zq + nr 
where r is the distance of the point (x, y, z) from P. It meets the sur¬ 
face F(x, y, z) = F(xo, 2 / 0 , 25o) in points determined by 

F(xo + Ir, 2/0 + — F(xo, 2 / 0 , 2Jo) = 0 

( dV dV dV\ 

I - [. m — + n — I + 0{r^) = 0, if F possesses bounded second 

3xo dyz dzo) 

derivatives at P. 

One root is obviously zero, and one (at least) of the other roots tends 
to zero when the line approaches a direction that satisfies the equation 

4- + n— = 0. If therefore the first derivatives do not all 

axo dyo dzo 

vanish at (Xq, 2/o> ^o)y lines whose direction cosines satisfy the above 
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equation are tangents to the’surface. Thus all the tangent lines to the 
surface through {x^, y^, z^) lie on the plane 


dV dV dV 

+ — Hoh - 1 - (* - = 0 

oxo dy„ dzo 

which is therefore called the Tangent Plane at (xq, yo, Zq), The normal 
to this plane is called the normal to the surface and its direction cosines are 


K^, 

dxo dyo dzo 


xlK. ,p:, i - 


avy 

dxo) 




+ 


\dzo) ■ 


Notes, (i) The ambiguity in sign corresponds to the two directions in which 
the normal may be drawn. In applications the normal chosen is either stated or 
implied, and in the case of a simple closed surface is usually taken as the outward 
normal. It is often the case also that this corresponds to increasing V. 

(ii) If the first derivatives of V all vanish at (iCo, t/g, Zq), this point is said to be 
singular for the surface. 


8.32. The Directional Derivative for V{x, y, z). Let P be a given 
point, through which a straight line is drawn, and Jet Q be a variable 
point on this line distant s from P. Then lim {(Fq — Vp)/PQ} when 
Q —> P may be called the rate of change of F at P with respect to s. 

This limit is lim = LF,. + m,F„ + WjF^ 

where l^, n^ are the direction-cosines'^or PQ and x, y, z are the 
co-ordinates of P. This may be called the derivative of V in the 
direction {l^, m^, 7ii). 

8.33. The Gradient of a Function V{x, y, z). Since l’^ + n'^ ^ 

where (i, m, n) are direction-cosines, the directional derivative 

ly. + mV, + nV, 

has obviously a maximum (and a minimum) determined by the equations 
Vx + jul = + jum = + lun = 0 


I _ m __ n __ 1 

VOV'TlvTlV)’ 

The maximum value is therefore (Vx ^ + Vy^ + yz^)K and the corre¬ 
sponding direction is along the normal to the F-surface through (x, y, z) 
in the direction of increasing F. The gradient of V{x, y, z) is defined to 
be the vector function whose direction is along the above normal and 
whose magnitude is the maximum derivative. In terms of the unit 
vectors i, j, k, it is equal to F,ri + VJ + F.k and is usually written 
VF or grad V. 


Note. In n dimensions, grad V(Xi, x^) is defined to be the vector function 

of components dV/dx^. 

d d d 

8.34. Vector Operators. The symbol V = —i H-j + —k may be 

dx dy dz 

regarded as an operator that gives the gradient when applied to a scalar 
function F. That it is vectorial in character may be verified directly 





VECTOR OPERATORS 


237 


by making a co-ordinate transformation. If the axes are rectangular 

the formulae of transformation are of the tyjpe 

x' = liX + niiy + ; y' = + ni2y + n2Z ; z' = l^x + m^y + n^z. 

X = lix' + l2y' + Izz '; y = m^x' + mg?/' + m^z '; z = /iix' + 

If i', j', k' denote unit vectors along the new axes, we have 
i' = III + mj + ^ik ; j' = ^ + rngj + ngk ; k' = + m^i + n^k. 

i = lii' + I^y + ; j = + ^aj' + mjk'; k = nji' + ngj' + nak'. 

Now (VF)' = gi' + +^k' = Z(VJ, + F,m, + V,n,)i' 

= ZV^.i' + hi’ + kk') = FJ + F„j + F,k = VF. 

We can give an obvious interpretation to the operator a.V; 
for (a.V)P may be defined as 


(a,i + aj + + jJ + |k^F 


Thus 


aiV^ + a 2 Vy + (where a = (a^, eta, as)). 
(a.V)7 = a.VF. 

av . av . av 


We may also take (a.V)V to mean + ^ 2 ^^ 


'dz 


and no 


difl&culty arises if we write (a. V)V as a. VV, since VV has not been given 
a meaning. 

Notes, (i) If a is unit vector in the direction (Z, m, n), then 
^,S7V = lV^ + mVy-^nV^ 

the directional derivative. j 

(ii) If r is the position vector of {x, ?/, z), then OJC r 

dr.\/V =^V^dx-\-Vydy-\-V^dz = dV ^ X *2^ 35 

the differential of V. * 

8.35. The Operators V., Vx. Divergence and Curl. If 
V^F.i + FJ + Fsk 

is a vector function, then V-V is defined to be 


Jx + ^ 


:)-(Fxi 


i + F,j + F,k). 


Since V is given to be a vector and V is vectorial in character, V. V is a 

aF aF aF 

scalar (invariant for change of axes). Its value is 

and it is called the Divergence of V and sometimes written div V. Again 


V X V is defined to be 
must be a vector. Thus 

The vector V X V is called the curl (or rotation) of V and is sometimes 
written curl V (or rot V). 

Note. The reader should verify directly that for a transformation of axes, the 
•expressions given for div V and curl V are invariantive and vectorial respectively. 
17 
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8.36. The SyMs (a x V).^, a.(V X V), V.(V x a). Here it is 
assumed that a is a constant vector. 

It follows from the formal expansion of the scalar triple product that 
these symbols all represent 



and so this expansion is equivalent to 

(a X V). V = a. curl V = div (V x a). 

8.37. The Symbols (a x V) X V, a x (V X V), V X (V x a). As 
above, we can find expressions for these from the formulae for vector 
triple products, if it is remembered that the symbol V must precede V. 

(i) (B X C) X A = C(A.B) - (C.A)B gives 

(a X V) X V = V(V.a) — (V.V)a = grad (V.a) — {div\)a. 

(ii) A X (B X C) = B(C.A) - (A.B)C gives 

a X (V X V) = V(V.a) - (a.V)V 
or ax curl V = grad (V.a) — (a. V)V. 

(iii) A X (B X C) = (A.C)B - (B.A)C gives 

V X (a X V) = (V.V)a - (a.V)V 
or curl (a X V) = (div V)a — (a. V)V. 

It may be noted from the above that 

(a X V) X V = a X curl V + curl (V x a) 
or V X (V X a) + a X (V X V) + (V X a) X V = 0. 

8.38. Operations on Products of Functions. We can also determine 
expressions for 

(i) VU7; (ii) V.(UV); (iii) V x (UV); (iv) V.(U x V) ; 
(v)Vx(UxV); (vi) V(U.V). 

The obvious method of determining these is to add the expression obtained 
when U or U is constant to that obtained when F or V is constant. 
Thus (i) VUF (= grad TJV) — UVF + FVU (vector). 

(ii) V. (UV) (= div C7V) = UV. V + V. VU (scalar). 

(iii) V X (UV) (= curl UV) = U(V X V) + (VU) x V (vector). 

(iv) From § 8.36, V.(a x V) = — a.(V X V) when a is constant. 
Therefore 

V.(U X V) (= div U X V) = V.(V X U) - U.(V X V) (scalar). 

(v) From § 8.37, V X (a x V) = (V. V)a - (a.V)V. 

Therefore 

V X(U xV)(=curlU xV)=(V.V)U —(U.V)V-(V.U)V + (V.V)U 

(vector). 

(vi) From § 8.37, V(a.V) = a x (V X V) + (a.V)V, 

Therefore 

V(U.V) = U X (V X V) +V X (V X U) + (U.V)V + (V.V)U(«;ector). 
i.e. (i) grad (UV) = U grad F + F grad V. 

(ii) div (Z7V) = U div V + V. grad V. 

(iii) curl (UV) = TJ curl V + (grad V) X V. 

(iv) div (U X V) = V. curl U — U curl V. 
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(v) curl (U X V) = (div V)U - (div U)V -f (V. V)U - (U. V)V. 

(vi) grad (U. V) = V x curl U -f- U x curl V -f (V. V)U -f (U. V)V. 

8.39. Second Order Operators. By applying the operators V, V-, 

V X twice on suitable functions we may obtain the following expressions: 

(i) V.(VF) (= div grad V) ; (u) V X (VF) (= curl grad F); 

(iii) V.(V X V) (= div curl V) ; (iv) V X (V X V) (= curl curl V); 
(v) V(V.V) (= grad div V). 

Thus 

(i) V.(VF) = V.(F,i + F„j + F,k) = F,, -t- F^, + F,,. 

This is written V^F (and called the Laplacian of F). 

The symbol (V. V)V may also be written V^V where this is taken to 
mean (V*Fi)i + (V*F 2 )j + (V^F 3 )k, (Fi, V^, V 3 being the components 
of V). 

(ii) Since a x a = 0, we deduce that V X (VF) = 0. 

(iii) Since a.(a X b) = 0, we deduce that V.(V X V) = 0. 

(iv) , (v) Since a X (a X b) = a(a.b) — (a.a)b, we deduce that 

V X (V X V) = V(V. V) - V"v. 

Thus (i) div grad F = V^F = F,^ F^„ -f F,, ; 

(ii) curl grad F = 0; (iii) ^v curl V = 0 ; 

(iv), (v) curl curl V = grad div V — V^V. 

Examplea. (i) Find V r™, V .{r’"r), V X (r”*r), where r is the vector OP and OP is r. 

Vr*" = -j -f -k)= 

\r r T f 

Sj\r^T) = (Vr"‘).r + V .r) = mr^^-2r2 + 3r^ = (w + 3)r^. 

V X (r^r) = (V r^) X r + r^( V X r) = 0 since 

(Vr^) X r) = mr»w-2(r x r) = 0 and V X r = 0. 
(ii) If wv = prove that v.curl v = 0. 

curlv = v(-^) X SJio +^V X = v(~) X SJw, 

Therefore v.curl v = X = 0. 

8.4. Transformation of Co-ordinates. A vector has a meaning 
that is independent of any particular co-ordinate system ; and therefore 
a study of the relationship between its components in one system with 
those in another may be expected to give an indication of the essential 
characteristics of a vector. In order to deal satisfactorily with the effect 
on vectors of a transformation of co-ordinates, it is necessary to introduce 
the special notations and conventions that are used in this analysis. 

8A1, The Summation Convention, Kronecher Deltas. In the Tensor 
(or Absolute) Calculus, quantities occur with various affixes, some of 
which may appear above the main symbol (or symbols) as in A'^, a^b^ 
or below the symbols as in A^, A^.^. In the former case the affix is called 
a superscript and in the latter a subscript. Sjmabols occur having both 
types of affixes, as for example A^^ or a^b^c^. If a symbol contains 
an affix that is not repeated, this affix is called free and is supposed to 
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take all values from 1 to V (where N is the number of dimensions under 
consideration). 

Thus Aj. is a symbol denoting the N values Ai, A^, . . A^ ; whilst 
Al denotes the values A\, Af, Al, . . A%, 

A re'peated affix impHes a summation. Thus means the 'N 

N 

expressions (s = 1 to N). 

r=l 

A repeated affix is sometimes called umbral since it may be changed 
to any other affix not appearing in the symbol. For example: 

; X,,Z^ + = X,,Z^ + 

An illustration of the type of quantity that occurs is provided by the 
Kronecker Delta 6 ^ which is defined to be 1 when r — s and 0 when 
r :p^s. Thus N of these quantities are equal to unity, viz. d\, (5|, . . ., 
and the remaining — N are zero. 

Also d; = N; and d^A^ = A^. 


Note. Kronecker Deltas of higher order may also be constructed. Thus 

is defined to be zero except when (i) m = p, n = q {m :p^ n) its value then being + 1 
and (ii) m — q, n=p (m^n), its value then being — 1. It follows that 

== (^«i + . • . + = 0 if r ^ 5 and — N — \ ii r = a (since d}} = 0, for 

example) 

i.e. l)Sl; also 6^ = (A - l)d- = N{N - 1). 


8.42. Linear Transformations. A displacement vector may be indi¬ 
cated by the symbol where in anticipation of a result to be proved 
later, the affix is written as a superscript. 

A linear transformation is given by the equation 

(= a\x^ + . . . + r = 1 to A) 

where the determinant of the coefficients, sometimes written \al\, is 
finite and not zero. 

By solving these equations, we express x^ in terms of ^ in the form 
x^ = where Acx.^ is the cofactor of a^ in the determinant A = lajj. 

By the substitution of = ol^x^ in the equation for x^ (or by 
using the properties of a determinant), we see that aloL% = 1 when 
r — m and zero when r ^m, 


i.e. and similarly a^cLf = 

In view of more general transformations, we can write these results as 


x^ = —.3f;x^ 
dx^ 


1 dx^ dx^ dx^ dx^ 

where —. —, = —.— = d,. 

dx^ dx^ dx^ dx^ ^ 

Note. A special case arises when the two sets of axes are orthogonal. Suppose 
for example, N — Z and m^, n^, Wg, n^, (Zg, mg, Wg) are the direction cosines 
of OXy O?, OZ with respect to OX, OY, OZy and that the two systems are of the 
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same species. Then (l^, l^)y (mi, m^), (w^, n^, n^) are the direction cosines of 
OX, OY, OZ with respect to OX, OY, OZ. 

Th^ X =liX -\- rOiy riiz; y —l^ n^; z = l^x m^y + n^, and 

X ^ liX + + l^z ; y = rriiX + + m^z ; z = riiX + n^y + n^z. 

Typical relations satisfied by these coefficients are = 1 ; 

+ ^1 + /| = 1 ; li— — m^7io; and the determinants of the coefficients 
are both equal to 1. 

This is a special case when aj = aj! and |aj|| = |a*| = 1 . 

8.43, Functional Transformations. When is a function of (not 
necessarily linear), the differential displacements dx'' are connected linearly 
with dx^ at x% provided d{x^, x^, . . x^)/d(x^, x^, . . ., x^) is finite 

and not zero. The new framework of reference consists of the loci x^ = 
constant (which in 3 dimensions are surfaces) and the tangents to the 
various loci obtained when all but one of the variables x^ are constant 
form the axes of reference at the point x^. The equations connecting 
the two displacement vectors dx\ dx^ are obviously given by dx^ = 


dx^ 

daf 


dTf or dx^ 


dx 


where, as in the last paragraph, 


dx^ 


dx^^ 

dx^ 


dx^ dx^ 
dx^ dx^ 


= <5J. 



8.44. Covariant and Contravariant Vectors. The 
V(x^, x^, . . ., x^) (an invariant) is defined to be the vector ^ 

when the variables are changed we have 

dx'" dx^' dx''' 
dx''' 

Also we have shown that dx'’ = — .daf. 

daf 

Thus vectors appear to be of two kinds, one which is transformed 
like the gradient and one like the displacement vector. The former is 
called Covariant and the latter Contravariant. Thus if X''' is a vector 
that obeys the law 

dr’' 

dx^ 

it is called a Contravariant Vector, a superscript being used to denote 
contravariance; whilst if X,. is a vector obeying the law 

z, = I^Z* 

dx'' 

it is called a Covariant Vector, a subscript being used to denote covariance. 

8.45. Tensors. If the n^ quantities X^.^ obey the law of transformation 

A. 


dX^ 


X^f^ is called a Covariant Tensor of the second order. 
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If the quantities A’’® obey the law 

Xrs = 

dx^’dTfl 

is called a Contravariant Tensor of the second order. It is possible 
also to have a mixed tensor if it obeys the law 


z.: 


^ dx^ dTfl 
dx^'dx^' 


Similarly, we may have tensors of any order having contravariant 
and covariant properties. Thus we should write a tensor of the fifth 
order as if it obeyed the law 

VP<7 _ VO^ 

docf^ dx^ dx^ dx^ 

and there is of course a similar equation for the inverse transformation : 

dx^ dx"^ dxy dx^ dx' 




dx^ ’dx^ 




Notes, (i) A vector is a tensor of the first order. 

(ii) It is important to note that any free affix appearing on the left of such an 
equation as the one above should appear in the same place on the right; and that 
any umbral affix appearing on one side of the equation only should occur once as a 
superscript and once as a subscript ; this is a characteristic feature of Tensor 
Equations. 

8,46, Addition and Multiplication of Tensors, Two tensors of the 
same order and species may be added to form another of the same order 
and species. 

Thus Xj.g + is a covariant tensor of the second order if 

are covariant tensors of the second order. 

The prodwA of two tensors of orders k 2 is a tensor of order ki + Ajj. 

T ^7. dx'^ dx' 
and Yi 


Thus if 

dx^ dx'i dx' 


then Xt r? 


^qr 


dx^ ‘ dx^ 

is obviously a tensor of the fifth order that might be denoted by 

dx^ dx^ 

8,47, The Substitution Operator, Since 
• dx^ dx^ 

= A(t) 

dx^ dx^ 

where A{t) is any expression involving the affix t. The operator 

dx^ dx^ 
dx^' dx^ 

is therefore called a substitution operator. Similarly 

(= 5') 
dxf'dx' ^ 


is a substitution operator. 
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The operator is a mixed tensor of the second order. 

Oju ox 


__ Sx^ dx^ _ 
^ dxf^ 'dx^ dx'^'dx^ 


Eor 


8,48, Contraction of Tensors, From such a tensor as we can form 
a tensor of lower order by writing a superscript identical with a subscript 
and obtaining for example 


Now A^^^ — — — — — — 
Now A^, dx-' dx^' dxy' dxP‘ dx^^ 


dx'’ dx^ dx^ 


dx^ dx^ 


= -since 


dx^' dx^' dxP 


dxy 


so that Ap^ is a tensor of the third order. This operation is called the 
contraction of tensors. 

Similarly by further contraction we obtain the vector A^ff, 


Note, Contraction is obtained by making a contravariant afi&x identical with a 
covariant affix and no significance is attached to the expression obtained by making 
two affixes of the same kind identical. 


8.49, The Quotient Law, Suppose we are given that 
A{r, s, t)B^^ = 

under transformations, where is a certain vector and is an arbi¬ 
trary tensor of the second order. 

dx'^ 


Then A{r, s, = (^-^ = ^0“ =^A{ol, p, q)B^ 


dx' dx^ dxi .. ,p , 


But if R*' is arbitrary, we must therefore have 

dx’- dxP dxi , 


SO that A{r^ s, t) is a tensor of the third order that should be denoted 

by Al^. 

Similarly if (7^;5^;; are tensors, the latter being arbitrary, and if 
A{r, ., a.., X..) B^^ ' = show that ^ is a tensor of the 

type A^f ^;;. 

8.5. The Fundamental Double Tensors. When the ‘distance’ 
ds between the points 

(IS l^ . . I""), (1^ + d^\ f + d^\ . . 1"^ + d^^) 

is (as in rectangular Cartesian co-ordinates) given by 

ds^ = d^^ d^^ + d^^d^^ + . . . -f d^^ d^^, 
the space of N dimensions is said to be flat. 

Notes, (i) More generally, a space is flat if by transformation of co-ordinates it 
can be reduced to the above form. 

(ii) The symbol is used for the square of so as to avoid ambiguity of 


JL 
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the index symbols. There is, however, little likelihood of confusion in the use of 
ds^ for the square of ds. 

In a transformation, the invariant ds^ becomes ds^ = dx^ 

where = ——. 

If, however, we define the invariant ds^ by means of this general 
quadratic form, it cannot in general be transformed into the sum of n 
positive squares with constant coeflftcients. Space in which ds^ is defined 
by the general quadratic form is therefore, in general, curved. One of 
the investigations occurring in tensor analysis consists in determining 
the conditions for which the space is flat. 

Since dx^^ may be regarded as an arbitrary tensor in the expression 
for the invariant ds^, it follows by the quotient law that dx*‘^ is a 
covariant vector ; and, by a further application of the law, that is 
a covariant tensor of the second order. The position of the affixes in 
is therefore justified. 

Let g = \g,^^\ (the determinant of the ^’s), where = g,,^, and 
let the cofactor of g„^^ be divided by g and the quotient be denoted by 
grnn (thus anticipating its contra variant character). 

Consider g,nr9''''- By the properties of the determinant this is zero 
when m ^n and 1 when m = n. 

Thus is the mixed tensor so that 

\ ox^' ox^j 

= Mn) 

and if is any contra variant vector g^^g^^A^^^ = A^. 

This mixed tensor g^rg^^ is here usually denoted by Again, 
since gmr^^ be regarded as an arbitrary covariant vector and 
g'^^{g^^^) = A^, it follows that g^^ is a contravariant tensor of the 
second order. 

The tensors g^^, g^, g^^^ are called the Fundamental Double Tensors, 

8,51, Raising and Lowering Affixes. From the vector A^ we obtain 
another A^ by means of the relation A^ = g^^A„^. This is called 
‘ Raising the Affix \ Similarly from A^ we obtain A^ by the relation 
An = gmn^^ this is called ‘ Lowering the Affix \ Although the/om 
•of the vector is altered in this way, the two forms should be regarded 
as equivalent ways of representing the same vector. For this reason a 
vector and that obtained by raising or lowering an affix are sometimes 
called Associated Vectors. 

Similarly, we may raise or lower affixes in tensors of any order and 
obtain associated tensors. For example 

fjmnJPQ _ APQm 

y ^rsn • 

It is sometimes necessary to indicate which particular affix has been 
raised or lowered and this can be done by allotting a certain place for 
each affix in the lower and upper positions. 
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Thus if denoted by we may write 

fjH APQ " A POT • • 

9 ^ ..tsn — ^ ...sn- 

This is unnecessary in certain cases of symmetry, for if Aj.s = then 
g^^Aj.g = = g^^^Aj.g and both can be written A'^, 


Notes, (i) If there is an umhral affix, it may be raised in one place if it is lowered 
in the other. 

Thus = g-^rg^rA,-Bv= (gmrA^-){g^rB^) 

= A^,Br = A^,B^. 

(ii) In a tensor equation, a free affix may be raised (or lowered) throughout the 
equation. 

Thus if 

then or A-B^^^'p = ^pr • 

8.52. The Christoff el Symbols. In the further development of tensor 
analysis, two expressions (which are not tensors) occur which are of 
fundamental importance. 


(ii) {(.n X) = + £' - If) =Pi- 

They are called the Christoffel Symbols (or the three-index symbols) of the 
first and second kind respectively. 

We have seen that when the space is flat, we 

OX ox 

can find expressions for the symbols, in this special case, in terms of 
the derivatives of with respect to x^K 


For = 
dx'' 


dx^dx'' dx^ 


d^r g2tr 

-— — -with two similar expressions for 

dxf^ dx^dx^ 


^ 9 vk ^ 

dot ’ dx’'' 


Thus 


d^' ar ^ ^ 

dx** dx" dx’^ dx" dx^' dx'' dx^ dx** ’ dx"J dx^ dxf- dx" 


and [nv, X] = 


dxf dx” ’ dx^' 


Examples (i) [pv. A] = {pv, A} = 0 when the gr’s are constant. 

(ii) QKfiiM'V, p} = gx^i-iixv, a] = [fiv, ;]. 

(iii) \pv, X] = [v/i, X]; {pv, X} = {vn, X}. 

(iv) [pv, X] + [rX, p] + [Xp, v] = j(^ + + ^): 


= N. /*] + [Xp, V]. 
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(v) Show that {mp, m} = 

Since dg = where (?”*" is the oofactor of g^^ in g, we have 


y = g”"'d^„n> also {”*p, m} = ig'‘”‘^§^ 
since gi‘”'^ = by symmetry of g^p 

^9mv 

= interchange of umbral affixes 

} = ii=:^(iog vg). 


^ymv 

dxP 


li£_=_L, 

2gr dxv dxV' 


Note. The results in these examples are of course true for any set <7^„ of funda¬ 
mental tensors. 

8.6. Covariant Derivatives. If A’’ is a constant vector in flat 
.space, the corresponding displacement vector at a point P moves parallel 
to itself as the point P moves. The vector A' is therefore said to repre¬ 
sent a uniform field. If P moves along a curve, the vector A’’ represents 
a uniform (or parallel) field of vectors along the curve. When a trans¬ 
formation is made to the system x^. A' is transformed into B' where 

Jr _ (i^ being the original Cartesian system). 

If is constant along a curve (specified by a parameter t) "jf 




i.e. 


giving 


or 


More generally, if represents a uniform field throughout flat space, 
since the above equation is true for all curves passing through any 
point P, we have 



If is a given covariant vector, then X^B °^ . is an invariant and its 
partial derivative a covariant vector. 

This partial derivative is 
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But since may be taken arbitrarily, it follows that 

g=-W,»)Jr. 

is a tensor. It is called the Covariant Derivative of and written 

The covariant derivative of X^ may be obtained similarly, but it is 
more instructive to obtain it from the above result. The covariant 
derivative of X^ is written Z®, ^ and may be defined simply as 
Now Zp = 5 ^pgZ^ and therefore by covariant differentiation 
^Z^ , ^ 9Z® . 


X 




+ Xi'^^ - B}g,^X<i 




^9pq 


since = [# p] + [?/?, q\ and PsqivP, s} = [p^, ?]. 

3Z« 

i.e. Z“ ^ 

dX^ 

^o<e. Although we have used the properties of flat space to obtain these deriva¬ 
tives, the expressions are tensors in any space for which ds^ = dx"^ dx^. It is 
possible to choose a flat space for which the values of and their flrst derivatives 
agree with a given space at a given point. The Tensor law is satisfied, the value of 

dx^ dx^ 

9mn under a transformation bemg 

8,61. Tensor Derivatives. The covariant derivative of a tensor 

dX 

Z“^; may now be obtained by writing down the ordinary derivative 

and adding (i) — {fin, r}Xy for every covariant affix fi, (ii) {rn, a}Z^;; 
for every contravariant affix a. 

It is sufficient to prove this for a particular case such as Zp since 
the method indicated is general. 

Let A^, Bp be two arbitrary uniform fields; then is 

invariant and its ordinary derivative is a covariant vector. This deriva¬ 
tive is 


dx- 


dA^ 

I z? 

“1 TT’dj'n 


dx”' 


dx^ 


dX. 


p}ArB^ + X^{mn, r}A^B, 
ox^ 


= (^ - {F». iWa + {?«. m}Xl^A^B^. 

i.e. —^ — {pn, q}X^ + {qn, m}Z® is a tensor of the third order 
dx^ 

that may be written Zp^^. 
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8.62. Rules for Covariant Differentiation. The ordinary rules for the 
differentiation of a sum or a product are conserved in covariant differ¬ 
entiation, 

i.e. > 

(z; + r;)„ = (z;)„ + (f;)„ ; [(z.ky;)]„ = (z.ur;) +(z;)(y;)„. 

The first result is obvious and the second is obvious for at least a 
free index appearing in the product. If, however, there is a repeated 
aflSx a as in the case then in there is a term {m, a}Z^;, 

and in {Y^ )^ there is a term — {an, r}Y;;. These two terms in the 
expression for the derivative give 

{rn, ol}X^//Y- - {an, r}X^'[Y;[[ 
which vanishes by the rule for repeated aflixes. 

8.63. The Covariant Derivatives of are zero. 

9mn, r = 

_ ^mn_ _ _ Q 

ox'^ 

The fundamental tensors may therefore be regarded as constants in 
covariant differentiation, and affixes may be raised or lowered before or 
after differentiation. 

Note. This result is, as shown above, true for any space, but is obviously true 
for flat space, since the variables may be changed to give a value for ds^ in which 

is constant, and therefore the ordinary derivatives of and the ChristofiFel 
symbols vanish. 

8.64. Gradient, Divergence, Laplacian. We have already seen that 
the gradient of an invariant is a covariant vector which we may denote 

^ or 

The tensor formed from Z^ by covariant differentiation is Z^,^ and 
the contracted tensor Z^,^ is therefore invariant. This invariant is 
called the Divergence (and agrees with the corresponding definition in 
Cartesian co-ordinates). 

Since Z^ = g^^^X^, div Z" = 

The divergence of the gradient (0)^^ may be written ^ or V*(^) 
and is called the Laplacian. 

Thus V V = 9 ”‘"<l> 7 n, n- 

8.65. Magnitudes of Vectors and Scalar Products. Since the magni¬ 
tude of ds is dx^^ dx^)^, the magnitude of the contra variant vector 
A'^ is A where 

A = (g,,,,A-^A^)i = (g'--A„,AjK 

The scalar product of A^^, is defined to be and this is 

equivalent to A^B^ = A^B^ = g^'^A^^^B^. 

Note. The scalar product (which is sometimes called the inner product) obviously 
agrees with that defined in terms of Cartesian co-ordinates; for when the axes are 
rectangular, the invariant becomes AB cos Q where 6 is the angle between the vectors. 
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8 .66, Orthogonal Co-ordinates. The magnitude of the single displace¬ 
ment dx^ is ^g^dx^ and therefore the angle 6 ^^ between the displace¬ 
ments dx^, dx^ is given by \/grrV9ss dx^ cos 6^^ = g^s dx^ dx\ where 
from now until the end of the paragraph we drop the summation con¬ 
vention for a repeated affix (unless otherwise stated), 

i-e- COSdrs = 9rs/V(9rr93s)- 

The co-ordinates are therefore orthogonal if g^.^ = 0 , (r 5 ), 

i.e. ds^ = gi^dx^dx^ + g^^dx^ dx^\ 

If we write g^^ — K (fhe square of then 


g = K\Ki . . . Ji%, g 



It may easily be verified that 


[rr, r] = h 


dh^ 

dx^ 


[rs, ^] = 0 (r, 5 , t all different) ; 


[r., 



- [ss, r], (r ^ s ); 


{rr, r} = 


1 dhf. 

dx^ 




‘“•'■’"-IS' = 


Example Determine the Divergence and Laplacian for orthogonal co-ordinates 
in three dimensions. This is merely taken as an illustration and is, of course, not 
the best method of obtaining the formulae in three dimensions. 

div + {rp, r}XP = + g;(log Vg)^v, 


dX^ 

~dx^ 


9(log Vg)^ 1 d 


a formula applicable to the general case and the summation convention being used. 
For orthogonal co-ordinates in three dimensions 

cLs^ = Eh^^idxn^. 

1 

A unit displacement along the a;^-axis corresponds to an increase otl/hi in x^. 
A displacement Ui along x^ corresponds therefore to an increase of Ui/hi in x^, 
A vector A** of components of actual magnitudes Ui, C/g, t/g is given therefore 
by = Ur/hr. 

Thus, in three dimensions. 


div (Ui, V^, Ui) - + g^ 3 (M 2 t^ 3 )}- 

Again V V since (summation), 

_ 1 j d Mg^g d<l>\ d Ag^i d<l>\ d 

hjh^^\dx^ \ dx^J ^ dx^\ Ag dx^/ ^ dx^/j 

For example, in spherical polar co-ordinates, where 


ds^ = dr^ -h r* dd^ -j- sin^ 
I d 1 d 


div(U„ t/g, U,) + 


1 dU, 


:(sin 6 U^) -f 


~r^dr^ ^ r Bind dd^ ^ r mid d<t>’ 

where t/j, f/g, C7g are the physical components of a vector and 




r* dr\ dr/ 


+ 


sin d dd 


:(-g) 


1 dW 
r® sin^ e 
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8.67. The Second Covariant Derivatives of X^. The Riemann- 


Christoffel Tensor. Since g = — {rs, p)Xp, then 

OOu 

^ }^m, s ^ m 


Y _ s 

^r, St — 


i.e. Xj.^gf = 


d^X, 

daf dx^ 




_ {rt, m)(^-^ - {ms, j>}X^ - {st, - {rm, p}X„'j 


d^Xr , ,dx„ ,, ,az^ ,, .az, 

3 —-^ — {rs, p}-:^ — {rt, — [st, m}—^ 

dTf dx^ dx^ ^ dx^ dx^ 


Similarly 


(s' 


p} ~~ ^ P} ~ ^ 




’’’ ^ aa:® aa:* 


a^z. ,. .az. , .az 




{st, 

' ^ax”‘ 


— ^’} ~ m}{mt, p}— {st, m}{rm, p}^Xp. 

But {rt, m}-^^ = {rt, p}^ and {rs, ^>}^ = {rs, m}^. 
Therefore 

p}-^t {rs, p} 

+ {rt, m}{ms, p} — {rs, m}{mt, p}JZp. 

But Xp is any vector and — Xj.^ is a tensor. Therefore the 
coeflSicient of Xp is a tensor of the type R^^rst- If is called the Riemann- 
Christoffel Tensor, 

d d 

i.e. RP^st T) — {rs, p) + {rt,m}{ms, p } — {rs, m } {mt, p }. 

The associated tensor Rprst is QvJ^.rst- 
-^so gpq{rt, q} — \rt, p], and therefore 

9 9 

?} = ^frt, p] - {rt, ?}([ps, q\ + [qs, pfj 
9 9 

and similarly {rs, q} = ^[rs, p] - {rs, q}{[pt, q\ + [qt, 5 )]). 

Therefore 

9 9 

^wst = -^{rt, p] - —^[rs, p] + {rs, q}[pt, q\ - {rt, q)[ps, q\. 
Since Rp^st = 0 for Cartesian co-ordinates, it follows that Rp^si = 0 
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for any transformation. Thus the vanishing of Rp^si is a necessary 
condition for flat space. 

Notes, (i) The condition R^rat = 0 may also be proved to be sufficient for 
flat space. 

(ii) The form of shows that 

~ ^rvst f -^©rsf ~ > Bq^rst = Boi 


Bprst “1“ ^vstr “1“ ^'ptrs — A* 


^stpr f 


The component is zero, when p = r ot s == t. There are m (= different 
pairs of different affixes. The number of ways of selecting 2 pairs (repetition 
being allowed) is m (when there is a repetition) + ’"Cg (when the selections are 
different). Finally there are relations involving three components (n > 3). 
The number of independent components is therefore "Og + — 1) — 

which will be found to be — 1). For n = 4, there are 20 independent 

components. 

For n- = 3, the 6 components may be taken with the following arrangements of 
affixes 1212, 1213, 1223, 1313, 1323, 2323. For w = 2, there is one component B^^iv 
In this case 

= ^,[22, 1] - ^,[12, 1] + {12, 1 }[12,1] - {22, 1 }[11, 1] 

+ { 12 , 2 }[ 12 , 2 ] - { 22 , 2 }[ 11 , 2 ] 

and the first two terms are — ^ ^ 2 ^ + a 1 %^i ~ 

2 ox^ dx^ dx^ dx^ 2 dx^ dx^ 

For example, if ^ du^ + 0 dv^. 


1 d^E 1 d^G 1 fdEV 


4:E\dv ) 


^cKdu) 4LE\du)\du' ^ ^cKdv'\dv' 


Rm2 = - 2 + 

since {12, 1} = ; [12, 1] = ; {22, 1} = - ; [11, 1] = Ie„ ; 

; [ 12 , 2 ] = \q„ ; { 22 , 2 } = ; [ 11 , 2 ] = - ^E^. 

The tensor vanishes if 

'Mg ~ Mg ^ ® 


E~ 


dv\^(EG)/ ^ du\V{EGy ~ " 


-( 

dv\ 


/ d^\ 

In particular, log h = 0, if ^ = h. 


dx'^ 


(iii) Since (the tangent vector) is constant for a straight line in flat space, 
the co-ordinates of a point on a straight line must satisfy the equation 


d /dx^\ 
ds\ da ) 


dx^ dx^ 


. dx”> da:” 

i*e. + {mn, r }-^ — == 0 is the equation of a straight line in curvilinear 
co-ordinates. 

When the space is not flat, it may be shown that the above equation represents 
a geodesic, where the geodesic curve through .4, .B is defined to be that for which 




ds is a minimum. 
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In flat space the system X’’ that satisfies the equation - 3 -—|- {mn, r}X”‘-j- = 0 

(It (tt 

and has given values at a point -4 of a curve -45 is a system of parallel vectors, and 
the values at B are independent of the curve joining AB, In curved space, the 
equations may be used to define parallelism along a curve ABy but the values at B 
then depend on the curve chosen. Thus whilst the description of a closed path 
by a point P in flat space does not alter a constant vector drawn through P, the 
corresponding result is not necessarily true in curved space. 

(Refs, Eisenhart, Riemannian Geometry ; Eddington, The Mathematical Theory 
of Relativity ; McConnell, Applications of the Absolute Differential Calculus.) 


Examples VIII 


1. Show that the vectors a — b + c, 2a — 3b, a + 3c are parallel to the 
same plane. 

2. If a, b, c are mutually perpendicular vectors of equal magnitude, then 
a + b 4 - c is equally inclined to a, b, c. 

3. Interpret geometrically the equation (r — a).(r + a) =0. 

4. If (c — ia).a = (c — ib).b = 0, prove that (a — b) is perpendicular to 
c — J(a 4 - b) and interpret the result geometrically. 

Prove the results given in Examples 5-9, where the centroid 6 ^ of a system of 
particles of weights Wr at Pr is given by the position vector (SwrSir)/(^‘^r )9 the 
position vector of Pr being ay. 

5. G is independent of the origin of reference. 

6 . The centroid of at Pi and at Pg divides Pj, Pg in the ratio : w^. 

7. The centroid of equal weights at Pv P^. Pg is the intersection of the medians 
of the triangle Pj, Pg, Pg. 

8. If is the centroid of Wr at Pr (r = 1 to n) and Q' the centroid of w/ at P/ 
(r = I to m), then the centroid of the combined system is the centroid of Zwr at G 
and Ew/ at G'. 

9. The centroid of the area of a quadrilateral A BCD is the same as that of 
particles of weights 1 , 1 , 1 , 1 , — I, a>t A, B, C, D, E respectively where E is the 
intersection of AC, BD. 

10 . The eight vertices of a imit cube, referred to rectangxilar axes OX, OY, OZ 
specified by unit vectors i, j, k are 0, A, B, C, P, Aj^, B^, C^, where A, B, C, P 
are given respectively by i, j, k, i 4 - j 4 - k and A^, Pj, C^ are the projections of 
P on YOZ, ZOX, XOY respectively. Find the position vectors of the midpoints 
of OB, BC^, CJP, PPi, BfJ, CO and show that these points form a regular hexagon 
in a plane perpendicular to the vector i — j — k. 


11. The points P, Q, R divide OA, AB, BO in the ratios 1, 1 , k^ \ 1 , 


respectively. Find OP, OQ, OR in terms of a ( = 0^), b (= OB) and show that 
P, Q, R are collinear ii k^ k^k^ = — 1 . (Menelaus's Theorem.) 

12 . If a, b are two vectors of different directions, prove that the points whose 
position vectors are p^ 2 i 4 - ^ib, + 72 ^» + 73 *^ ^^e collinear if 


Pi 

7i 

Pz 

72 

Pz 

73 


13. If a, b, c are three vectors not parallel to the same plane, show that the 
points given by p„a + g„b 4 - r„c (ti = 1 , 2, 3, 4) are coplanar if 




1 Pi 7i 

1 P2 ' 72 H 

1 Pz 73 ^3 

1 74 ^4 


14. Prove, by vectors, that the midpoints of the diagonals of a complete quad' 
rilateral are collinear. 
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15. If 0, D are points that divide AB internally and externally in the ratio 

k^y (k-^:p^k^y prove that OC.OD = (A:|a 2 — k^'^)/{k\ — where OA = a, 

OB — h. Deduce that these vectors OC, OD are perpendicular if hk^ = where 
OA =■ a, OB = by and interpret the result. 

16. Points A^y B^y are taken respectively on OAy OBy OC such that 

oil = ifciOl, oil = h^y ^1 = kfiC. Show that (ABy A^B^)y (BCy 
{CAy Oi^i) are collinear on a line parallel to the vector 

hih - K)OA + k^{k^ - k^)OB + k^(k^ - k^)OC. 

17. ABCD is a skew quadrilateral and P, Qy R, S are four coplanar points on 

ABy BCy CDy DA respectively dividing these sides in the ratios k^: 1, ifcg: 1, k^i 1 , 
1 . Prove that k^^k^k^k^ — 1 . 

18. li Ay By Cy D are four points not in the same plane, show that the six planes 
obtained by taking two of the points and the midpoint of the join of the other two 
pass through the centroid of A, P, Cy D, 

19. The vectors OAy OBy OC are given by a, b, c respectively. From the result 
(a X (b — c)).c = [abc], prove that the volume of the tetrahedron OABC is 
I OA.BCp sin 6 where p is the shortest distance between OAy BC and 6 (between 
() and 7i) is the angle between OAy BC. 

20 . Deduce from Example 19y that if ai, ag are unit vectors along two lines, and 
Pi, Pg are two points, one on each line, the shortest distance between the lines is 

the absolute value of [aiUg P 1 P 2 ] divided by the modulus of (ai x ag). 

21. If /i, mi, Til are the direction cosines of a line through y^y z-^ and Ag, mg, rig 
the direction cosines of a line through (Xg, ?/g, z^) prove that the shortest distance D 
between the lines is given by 

Ai mi rii 


± D sin 6 


h 


where cos 6 = AiAg + mimg + riirig. 


^1-^2 Vi-Vi %-2g 

22. Show that the shortest distance between the line joining (^i, r/i, z^) to 
{x^y 2/2, 22) and the line joining (0:3, 2/3, 23) to {x^y 2/4, Z4) is 

± {- 4 {a:i - *3) + B{yi - y^) + Oz-^ — Z3)} h- {A^ + + C*)i 

where Ay By C are the cofactors of (x^ — x^)y (t/i — 2/3), (zi — 23) respectively in the 
determinant 

■ - ^3 2/1 - 2/3 ^1 - 2^3 

“ ^2 2/1 - 2/2 2^1 - Zg 

^3 - ^4 2/3 - 2/4 23 - 24 


23. Find the shortest distance between the lines given by a; = 2 + 3A, 2 / = 3 -f 4A, 
2 = 4 + 5A; a; = 3 — 5it, y = 4: — 3Uy z = 2 — 4zi. 

24. Find the shortest distance between the intersection of the planes 
X 2y 2z = 4y 3x + 2 / + 2 = 4 and the intersection of the planes 

2a; — y 4- 32 = 1, 4a; 4- 2 / ~ = 2. 

25. Show that the lines joining the midpoints of opposite edges of a tetrahedron 
are concurrent at the centroid of the tetrahedron. 

26. If each edge of a tetrahedron is equal to the edge opposite to it, prove that 
the lines joining the midpoints of the opposite edges are the shortest distances 
between these edges; and find the shortest distances in terms of the sides of the 
tetrahedron. 

27. The vector moment about 0 of a force F acting at P is defined to be OP X F ; 
prove that its scalar component about any axis is the ordinary moment of F about 
that axis. Deduce that the sum of the ordinary moments of a system of forces 
about an axis is the moment of the resultant about that axis. 

18 
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28. Show that (a x b).(c x d) = {b x (c x d)}.a = (a.c)(b.d) — (a.d)(b.c). 

29. Show that [abc]d -f [cda]b = [bcd]a + [dab]c, where a, b, c, d are four 
vectors in three dimensions. 

30. The equation of motion of a particle of mass m under the action of a force F 

dv 

IS given to be m ^ = F where v is the velocity. The kinetic energy T is given 

to be Jmv^. The work done (IF) by the force in a small displacement dv is given to 
be T.dv. Show that the increase in kinetic energy when the particle moves from 

P-i to Pg a-long its path is J F ds and is therefore equal to the work done by 

the force. 

31. The angular momentum H of a moving particle of mass m is defined to be 
r X my where r is the position vector of the particle and v its velocity. Show 
that H is equal to the vector moment {see Example 27) of the force acting on the 
particle, viz. r x F. 

32. OABCD is a right pyramid of vertex 0 and of height hj the base ABCD 
being a square of side 2a. Find the shortest distance between OC, AB. 

33. The base of a right pyramid of height ^ is a regular polygon of n sides 
each of length 2a. Find the shortest distances between a side of the base and the 
edges of the pyramid that do not lie in a plane through that side. 

34. Find the area of the circular section of the sphere x^ A- made 

by the plane Zo; + my + = p (where P + m^ A- = 1) and also the areas of 

the projections of that section on the co-ordinate planes. 

35. Prove that the perpendicular distance of a point P from a line whose direction 

is specified by a unit vector a is the modulus of PQ x a where Q is any point of the 
line. Deduce that the equation of the circular cylinder of radius R whose axis 
passes through (a^o, yo, Zq) and has direction cosines (/, m, n) is 
{m(z - Zo) - n(y - yo)}^ -f {n{x - a^o) - l(z - Zq)}^ 

+ V(y — 2/o) - 

36. Show that the points (6, 4, — 3), (4, 4, — 2), (3, — 2, 3), (3, 2, 0) are co- 
planar. 

37. Prove that the locus of the midpoint of lines whose extremities are on two 
given lines and are parallel to a given plane is a straight line. 

38. Show that the locus of the midpoint of lines whose extremities lie on two 
given non-intersecting lines is a plane perpendicular to the shortest distance between 
the given lines. 

39. Find the points on the curve x = P, y — ZP — 2t, z = 3t — 3 where the 
osculating planes pass through the origin. 

40. For the curve given by a; = 2a{0 + sin 0 cos 0), y — 2a sin^ 0, z = 4a sin 0, 
show that p a — 3a cos 0. 

41. For the curve given by a; = 4taPy y = 3a(l + 2P)y z = 3at prove that 
3aflr = y2. 

42. If for a given curve, p/a is constant, show that the tangent makes a constant 
angle with a fixed direction (i.e. that the curve is a helix). 

43. Show that if p, a are Ijoth constant, the curve is a circular helix. 

44. If the sphere of centre C and radius R given by (a — r)^ = R^^ where 

a = OC, has four-point contact with a given curve at the point whose position vector 
is r (a function of 5 ), prove that (i) (a — r). T = 0, (ii) (a — r). N = p, 
(hi) (a — r).B = up' where T, N, B, p, cr refer to the given curve. Deduce that 

OC = r -f pN -f orp'B and = p2 (ap')^. {C is called the centre and R the 
radius of spherical curvature.) 

45. A curve is drawn on a right circular cone so as to cut the generators at a 
constant angle. Prove that its projection on a plane perpendicular to the axis of 
the cone is an equiangular spiral. 
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46. The principal normal at any point P on one curve is given to be also the 
principal normal at a corresponding point Q on a second curve. Prove that (i) PQ 
is constant, (ii) the tangent at P makes a constant angle with the tangent at Q, 
(iii) the curvature and torsion of each curve are linearly connected. (Bertrand Curves.) 

47. If <5 is the shortest distance between the principal normals at two points 

P, Q of a curve, prove that lim (d/s) is equal to where s is the arc PQ. 

s —>0 

48. A constant length c from each point of a given curve is measured to a point 

Q along the binormal. Prove that if the torsion of the given curve is constant, the 
radius of curvature of the locus of Q is p(c^ + a^)l'\/ {a\c^ + a^) + where 

p, a refer to the given curve. 

49. If PC = R Avhere P is a point on a given curve and C is the centre of spherical 

, dR ^ 

curvature (Example 44), show that — T. 

50. Deduce from Example 49 that if a is the angle between the radii of curva¬ 
ture at two points P, Q of a given curve 


lim - = 
s 




Ra 


, where PQ = s. 


s — 

51. Show that (r'")"* = 

52. Show that the angular velocity of the moving axes determined by the 
spherical polar co-ordinates r,6, ^ is cos 6, — <^ sin 6, 6). Deduce that the velocity 


dv 


v is (r, r6, r^ sin 6) and the acceleration ^ is 


|(r — gin 2 q q ^Qg q ^ 2 ^ 


1 d 
r sm 6 dt 


53. Prove that the acceleration of a moving particle in cylindrical co-ordinates 


py 


i>, z is (p - i *)• 


54. Prove that u.Vr == u. 

55. Show that V X (a x r) = 2a if a is constant. 

56. Show that a.v(b. v(^)) = ;i(r.a)(r.b) — j 3 (a.b). 

1 . H 

57. If div D = p, div H = 0, curl H =—(D x pv), curl D --where c is 

c c 

constant, show that 

a 

(i) c^v^D — D = c^Vp + ^(pv), (ii) — H = — c curl (pv). 

58. Show that in three dimensions 

<7 = (1 — COs2 023 ~ COs2 631 — COS^ + 2 cos 023 cos 03 i COS 0 i 2 ) Qn 9^2 9^33 
where 023 , 03 i, 0 i 2 are the angles between the curves of reference. 

59. Show that for 

x\h—a)(c—a) = (X—a)(iJi—a)(v—a), y^(c—h)(a—h)=(X—h)(p—h)(v—h), 
z^(a — c)(h — c) = (A — c)(p — c)(v — c), (Elliptic Co-ordinates A, p, v), 

_ (V - , (A - ^){v - /f) _ 

~ (A - o){A - 6)(A -cr^ ^ (a* - a){fi - b){pi - c) 

I - y)(^ - v) , j 

(v — a)(v — b)(v — c) 

60. When x — uv cos w, y = uv sin w, 2 z = _ -y 2 (Parabolic Co-ordinates 

u, V, w), show that ds^ = (u^ + v^)(du^ + dv^) -f uH^ dw^. 

61. Show directly that + Pf and V^x + Pw + P«z are invariant 

for a change of rectangular axes. 
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Find values for the expressions given in Examples 62-4. 

d 

62. where i® completely symmetrical. 

dz”‘dx” 

65. The system is defined to be (i) zero if two or more of the subscripts 
(or superscripts) are the same or when r, 5, t do not consist of the same three affixes 
as m, n, p ; (ii) + 1 when rst and mnp differ by an even number of permutations ; 
(iii) — 1 when rst and mnp differ by an odd number of permutations. Show that 

(i) = iN- 2C„; = {N- 1){N - 2)61,. 

(i*) iV = 3. 

BYr dx^ 

66 . If Z«, are vectors, prove that X<^^~ + is a vector. 

67. Show that Xr., - X,. r = 

’ ’ OX^ ox^ 

68 . If ds’^ =/(r) {dx^ + dy^) where r = ^/(x^ + y^) represents a flat space in 
two dimensions, then/(r) must be of the form ar^ where a, b are constants. 

69. If ds^ — h^^dx^ + h^dy^, show that the corresponding two-dimensional 

space IS flat when ^ ^ h^FlFy = 0 and h, = jr where 

F{x, y) is any function of x, y. 

70. Show that the space given by ds^ = E du^ 2F du dv 0 dv^ is flat when 

dJFEy-EG^l d J2EF^ ^ EEy - FE^\ 
du\ EA } '^ dv\ EA J ^ 

71. Prove that for cylindrical co-ordinates p, z 


where = EO •— F^. 


I d, IdF^ aFg 


dir(F,,F„F,) = -ppF,) + -^ + 


dz 


,,, ia/aF\ la^F a^F 

^ ^ “ p dpV dp) p^dA^ dz^ • 


pdpV dp/ ^ P^d^ 

72. Verify that the equations of a straight line in cylindrical co-ordinates are 

d^p fd4>\^ d^<t> 2dpd<l> dh 

'^pdsds’"^’ 

73. Prove that in any space for which ds^ = g^^dx'^dx^ 

-- d^xt^ dx^ dx^ dxi^ dx^ _ 

[mn, ij] - 

dxP 

By multiplying this result by g^'^* prove that 


d^xP 


dxP dxP' dx^ 


dx’^dx” ''W dx”>'dx”^’'’ 


and deduce that 

dZ 


, -r-ff /SX,, \ dxi^ dx'' 

dx^ dF 

74. If F(x^, ic'a) is invariant, where a;'® = and if poc = show that 

dpoi dF . 

-3 -IS a covariant tensor. 

ds dx^ 
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Taking F(x^, x'^) to be ^gofix'o-x'P deduce that 
sfdpa dF\ ^ 

is a contra variant tensor and therefore that = 0 determines a set of invariant 
curves. 

Solutions 

3. Lines drawn from a point on the surface of a sphere to the extremities of 
a diameter are orthogonal. 

4. The perpendicular bisectors of the sides of a triangle are concurrent. 
Xwri^r + b) Ewr^r 

5. -— + h, where h is the displacement of the origin. 

9. Let AE : EO = A : /i ; the centroid is that of weights A + /i, /i, A -f /i, A at 
By Cy Dy A Tespcctively. If A is added at C and pL 2 X A the centroid is unaltered 
if — A — /i is placed at E. 

10. iiy j + ii, i + j + Jk, i -h ii -h k, Ji -f- k, Jk 


11 . 


kiSi a + fcgb 


1 + 1 + ^2 * 1+^3 

15. If corresponding rays of a harmonic pencil are orthogonal, they are the 
bisectors of the angles between the other rays. 23. 36/\/(291) 

24. Plane through the first line parallel to the second is 

(a; + 2y 4- 3z — 4) + A(3a; + y + 2 — 4)=0 
where - (1 + 3A) + 16(2 + A) + 6(3 + A) = 0, i.e. is 128a; + lly - 8z = 120. 
Plane through the second parallel to the first is similarly 128a; + lly — 8z = 64. 
Shortest distance is 56/3 V( 1841), the distance between the planes. 

25. Take the position vectors of the vertices as 0, a, b, c. One of the lines is 

r = + J(1 — /)(b + c) which contains the centroid J(a + b + c) for t = 

26. a2 = (b - c)2; a.(b + c - a) = 0, &c. <5f = + c“ - a^), &c. 

28. Take e = c x d, so that (a x b).e = [abe] = (b x c).a, &c. 

29. Take d = a;a + yb + zc then [dbc] = x [abc] , &c. 

31 . H = V X mv + r X F = r X F. 

Til. 


V{a.^ + 


33. 




^ , . 'TTi . (r — l)n 

2ah sin — sin- 

n n 


2 to w — 1. 


34. 7i(R'^ — p^)y 7 i(R‘^ — p'^)ly &c. 39. / = 0, 1, 2. 

42. pdT a dB = 0, i.e. B + cT = a, a constant where c = p/a. Also 
T.a = c, so that T makes a constant angle with a. 
d(l> 

45. Prove p-^ = constant, where p, (f> are cylindrical co-ordinates. 

46. Take r' = r + cN where accents refer to the curve Q. 

ds' dc 

T'^ = T -f ^ N + c(AB - kT); N' = N ; N.T' = N.T = 0 ; 

therefore — = 0, also = (1 + -f- ; take ^ = p, {I + Ac) = ^ cos a, 

kc = yW sin a ; then T' = T cos a + B sin a ; therefore /c'yuN = acN cos a — 

AN sin a — T sin a ~ + B cos a ^; N.T = 0 with N.B = 0 gives ^ = 0. Also 
08 as ds 

T'.T = cos a and finally (1 + Ac) tan a = kc. 


62. 


63. cifnfbn 


64. 2^^a^apag 












r 
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dicf^ dx^dx? s 1 

74. — = ^xs-r. ; = P«.Sx * + = PoL-^ Sx? + 


c 25 ds 

dx^ 

+ ^-aTr^*’' 


dx^ 

dx^ _ 
— and 






dxy 

dF dx^ 
dx^ dx^ ’ 




dp^ dF dx^fdp'^ dF\ -n ^ f fa k\ a 


~ ds^ 
ds dx^ 


dxy 


d^ Ifdgap ^9oLy\ , 

ds^ 2 \ dXY dxP / 


^'Px'y 


dpoi dF d^x^ _- -t fo f 
and therefore -j^ -^ + [fiy, (x]x Px r. 


I 

i 


S 


1 


I 









CHAPTER IX 


DOUBLE AND MULTIPLE INTEGRALS. LINE, VOLUME 
AND SURFACE INTEGRALS. 

9. Simple Curves (Plane). The locus determined by x = x{t), 
y = y{t)^ where x{t), y{t) are continuous functions of t in the interval 
^0 < ^ < T, is called a simple curve if x, y do not assume the same pair 
of values for any two different values of t in the interval <t < T (e.g. 
if the curve does not cross itself). 

If x(^o) = oc{T) and y{t^) = y{T), the curve is closed, 

9.01. The Circumscribed Rectangle and Square, For a closed curve y, 
let a, A be the lower and upper bounds of x (all y) and 6, B the lower 
and upper bounds of y (all x). 



FIG. 1 


The rectangle determined by 05 = a, x = A, y = b, y = B may be 
called the circumscribed rectangle of y, {Fig, 1 (i).) If c is the greater 
of ^ — a, B — b (or their common value if equal), a square of side c 
can be drawn with its sides parallel to OX, OY enclosing y and having 
one point (at least) in common with y on at least two opposite sides. 
{Fig, 1 {ii).) The area of such a square may be denoted by sq, {y). 

Note, The term area or a symbol A which specifies it will often be used to refer 
to a two-dimensional set of points and also to its measure, when there is no likelihood 
of ambiguity. 

9,02. Elementary Quadratic Closed Curve, Let the circumscribed 
rectangle of y be given by a < a; < ^, 6 < y < It will be found 
sufficient for a simple development of the theory to assume that y is such 
that every line x = c where a < c < A, and every line y = c', where 
6 < c' < J5 meets the curve in two points and two points only. The 
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closed curve is then of the type illustrated in Fig. 2, where y consists 
of parts of the sides of the circumscribed rectangle joined by curves 


3 


b 


FIG. 2 

within the rectangle in each of which y (or x) can be expressed as a single 
valued function of x{y). Such a curve may be called quadratic. 

Note. It would be sufficient for most purposes that these single valued functions 
should be monotonic (in the narrow sense). 

9.03, Elementary Closed Curve. It will be assumed as obvious that 
a simple closed curve divides the points of the plane not on the curve 

into two categories, the one forming 
the interior of the curve and the 
other the exterior (Ref. Watson, Cam- 
bridge Tract No. 15, I.) We shall 
call a simple closed curve elementary 
if the interior can be divided up into 
a finite number of regions by means 
of lines parallel to the axes such that 
the boundary of each sub-region is 
quadratic. (Fig. 3.) A curve is 
elementary, for example, if every hne 
parallel to an axis meets the curve in 
a finite number of points (except 
when the hne coincides with part of the boundary, the exceptional lines 
being finite in number). 

9.04. The Area determined by a Closed Curve. Let y =f(x) be a 
bounded function defined for the interval a < a? < 6. Draw a square 
of side c whose sides are parallel to OX, OY such that the curve hes 
entirely within the square. {Fig. 4.) Divide the square into n^ smaller 
squares of side c/n hj fines parallel to the axes. 

These smaller squares may be placed in three classes: 

(i) Those having some point in common with the curve. 

(ii) Those that are interior to the region bounded hj x = a, x = h 
the curve and OX, (f{x) for simplicity being assmned >0). 

(iii) The remainder. 
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Let the total area of the squares in these classes be denoted by 
and respectively, so that 

x4s n increases, it is easy to see that Ey^ are decreasing positive 
functions of n, and 7^ an increasing function. Thus when n oo, 7 l^, 
E.yy, 7^ tend to limits K, E, I respectively where K = E — L 





FIG. 5 


The limit K may be called the area covered by the curve and is not 
necessarily zero. When K = 0,E equal to 7 and it is sufficient, but not 
necessary, in order that K should be zero, that f{x) should be a continuous 
function of x ; for E^,, ly, then obviously tend to the common limit 

j /(a;)(?a:. 

The subdivision of the square of side c may be replaced by a sub¬ 
division into polygons Pj. provided sq{Py) tends to zero in the continued 
subdivision; for the polygons that have a point in common with the 
curve can always be taken sufficiently small as to lie entirely within K^, 
(Fig. 5.) 


Y 


0 

FIG. 6 



x=a 


Again, let Pp P^, . . P^-i be (n — 1) points taken in order on 
AB. The area of the polygon AP 1 P 2 . . . BCD (Fig. 6) tends also to 

I f(x)dx when this exists, if n tends to infinity in such a way that the 

































































r 


262 ADVANCED CALCULUS 

upper bound of the lengths of the chords P r+l for a given n tends to 

zero. (C, D are the points (6, 0), {a, 0) respectively.) 

Similarly if we take an elementary closed curve y {Fig. 7) and sub¬ 
divide a square of side c into smaller squares of side c/n, the limit of the 
sum of the squares having a point in common with y is zero when n 
tends to oo ; and the hmit of /„, the sum of the squares interior to y, 
may be called the area enclosed by y. 



FIG. 7 


It follows also that for such a curve, the area enclosed is the limit 
of the area of a polygon inscribed in the curve provided that the upper 
bounds (for a given n) of the lengths of the sides tends to zero. {Fig. S.) 

Note. A simple curve is not, in general, rectifiable, nor is the area covered by 
it necessarily zero. It can be proved that if a curve has a length however, the area 
covered by it is zero, but this is not a necessary condition. For example, the length 
of the curve y —f(x) from x = a to x = h when f(x) is continuous may not exist, 
but the area covered by it is zero. 


9.1. Double Integrals. Let an area of magnitude Q, enclosed by 
an elementary closed curve y be divided up into N sub-regions of areas 
coi, g> 2 , . . (Ojif. {Fig. 9.) Let f{x, y) be a bounded function of x, y 
determined at all points of Q including y. Form the sums : 

N N 


Si = ZM^cOj., Si = Zm^cOj. 

1 1 

where M^., are the upper and lower bounds of f{x, y) in (with its 
boundary y^). Also let ilf, m, be the upper and lower bounds of/(a;, y) 
in Q (and y ); then ^ 

MQ ^ Si ^ Zf{Xj., yr)(o\ ^ ^ 

where (x^, yj.) is any point in co^ or on ^ 
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If each sub-region be ag^in subdivided in a similar way and the 
numbers mgCO^ be summed over the whole area Q, where (Dq denotes 

one of the new sub-regions, and the sums be denoted hj 82,82 respectively, 
we have 

MQi > Si > 82 > Infix's, ys )(^8 > S2 > Si > mQ, 

By continuing this process, we form two monotones 
81 ^ 82 ^ 82 ^ . 5 51^52^53’^... 

and these sequences tend to limits as the number of times a subdivision 
is made tends to infinity. If also this number tends to infimty in such 
a way that every sq, iy^) tends to zero, it can be shown that the limits 
are independent of the mode of subdivision (i.e. of the particular choice 




of the sub-regions co). Denoting these Hmits by 8 , s respectively^ we 
have MQ > 8 > s > mQ. li 8 = s, the common value is called the 

Dovble Integral of f{x, y) over Q and is written jj f{x, y)dxdy. 

'in particular, if/(a:, y) is continuous over Q and y, it may be proved 
by a method analogous to that given for functions of one variable that 
the double integral exists. 

Also, the double integral, when it exists, is then obviously equal to 
the limit of the sum Zf{Xr, y!)o>r. 

9.11. Mean Value of a Double Integral. Since 

MQ > JJ f{x, y)dx dy > mQ 

then fix, y)dx dy = kQ where h is some number for which M>k> m. 

This number k is called the Mean Value of fix, y) over Q. 

Notes, (i) c dx dy is obviously equal to cQ when c is constant. 

(ii) lif{x, y) is continuous over Q and y, there is at least one point (Xq, y^) of 
the domain for which /(Xq, y^) = A;. 

fix, y)dx dy =f(Xo, yo) for some point {Xg, y„) in 1? or on y. 
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9.12. Discontinuities in the Integrand. I^t be a curve lying entirely 
within Q, which is such that the area covered by it is zero. {Fig* 10 (i).) 



FIG. 10 


Let f{x, y) be discontinuous (but bounded) on y^^. Let be the total 
area of those subdivisions that have a point in common with when 
the sums that correspond to all the sub-regions are and s^^. Then 
in. S^ — s^, the part belonging to must be less than or equal to 
(M — m)K^ and therefore tends to zero since lim = 0 . Thus these 
discontinuities have no effect on the value of the double integral. Simi¬ 
larly we may have a finite number of curves y^, y^, . . ., if they are 
of th^ requisite type. 

Notes, (i) It is sufficient that y^ should consist of a finite number of parts, 
in each of which either y is expressible as a continuous function of x, or a; is a con¬ 
tinuous function of y. It is sufficient also, but not necessary, that y^ should have 
a finite length. 

(ii) It is implied here that the sub-regions in any sub-division are positive 
(or rather signless). When a curve crosses itself, it is necessary in the analytical 

case to attribute sign to an area bounded 
by it in order to give a meaning to such 
an area. Since, however, in this particular 
case, we are dealing with curves that cover 
zero area, it is possible for y^ to be non¬ 
simple, as in Fig. 10 (ii), if it can be broken 
up into a finite number of simple curves of 
the right type. 

9.13. Rectangular Boundary. Let Q 
be the rectangle bounded by 
x = A, y = b, y^B {Fig. 11 ); 

and let f{x, y) be continuous over Q 
and its boundary. 

A natural method of subdivision consists in drawing the hnes x = x^, 
y = (^ = 1 fo ^ — I 5 5 = 1 to w — 1 ) where x^ = a,x^ = A, y^ = 6 , 

y^ — B. The sub-regions consist of the rectangles specified by 
X = Xy, X = y = y^^ y = ys+ii fli© ^.rea of this rectangle being 
— iCr)(y 8 -i-i — The double integral is therefore equal to the 
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limit of 22/(4, 2/s)(i»r+i — ^r){y8+i 7 Vs) where y's are any numbers 
that satisfy the inequalities a?,. < 4 < ^r+iJ ys ‘^yl ^ 2 /s+i* 

Also the value of the limit is independent of the mode in which in, n 
tend to infinity provided that max — x^) and max {ys+\ — y^ both 
tend to zero. 

The part of the summation belonging to the rectangles of breadth 

n —1 

^-+1 — is ^f{x„ ys)(ys+i — ya){Xr^i— Xr) and by tbe definition of 
0 

a simple integral, the limit of this when n tends to infinity is 

y)%|(^r+i - a:,)- 
The double integral is therefore the limit of 

^|Jy(4. y)%|(»r+l - ^r) 

which, again from the definition of a simple integral is equal to 

j y)^yY^- 


By reversing the order of integration we obtain similarly that the double 
integral is equal to J <^1* f{x, y)d:i^dy. Eor a rectangle, therefore, we 


may without ambiguity, write 

CA rB 


f C y)dx dy={ [ f(x, y)dx dy [ [ f(x, y)dy dx 
J J Q J aJ b J b J a 

and regard the two latter integrals as repeated simple integrals. 


Examples, (i) "b y^)d'^d,y over the rectangle bounded by a; = 0, a; = a, 

ra ra 

y == 0, 2 / = 2), is equal to I {x'^y + dx = I {hx^ + \h^) dx = \db{a^ + &^)- 
Jo Jo 

(ii) over the rectangle given by a<a;<^, b < y <, B is 


equal to U (/(a:)4|j' 

(iii) |j.-. 


(“) e~^^rdrdd over the quadrant of a circle specified by 0 < r < a, 


0 < 0 < 7t/2 (in polar co-ordinates), is 




(^4= i‘(l - e-«*). 


9.14. Elementary Closed Boundary. Assume first that the boundary 
is quadratic. (Fig. 12.) Then the line x = c, (a < c < A) meets the 
boundary in two points given by (c, yi(c)), (c, 2 / 2 (c)) where y^ > 3/2 and y^, 
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2/2 are continuous functions of c. Similarly the line y = c', {b <. c' <. B) 
meets the boundary in two points given by (a:,(c'), c'), {x^ic'), c'), where 
aji > X 2 ; the circmnscribing rectangle being given by a <x < A, 
b <y <B. Denote yi{x), yi{x), Xi{y), x^iy) by Ti, r 2 , Xi, respec¬ 
tively. 

Now define/(aj, y) for the whole rectangle by taking/(a;, y) — 0 outside 
the area Q. The boundary of Q is therefore a curve of Wte discon¬ 
tinuity, and the area covered by it is zero. The double integral over 
the rectangle is then obviously, equal to the double integral over Q. 



rB |*r. 

Now f{x, y)dy = f{x, y)dy since/(a:, y) = Oioxb<y < Yg and 

Jb J Fa 


Y,<y<B. 


i.e. \^^J{x,y)dxdy = w. f{x, y)d'^dx, (Yi, Yg being functions of x). 


Similarly 


II =1 ||" y)d^^y, being functions of y). 


More generally, we can apply the same method to an area Q bounded 
by an elementary curve, since we can divide Q into a finite number of 
sub-regions whose boundaries are quadratic. Thus, in Fig. 13, the double 
integral is equal to 


0r/‘'’h 
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dF 

and it f(x, y) = —{x, y), the above result might be written 
dy 

rF(x, Y,)dx- ^Fix, Y,)dx+ ^Fix, Y,)dx 

•/ fli j 

- V'F{x, Y,)dx- [“'F(x, Y,)dx+ \”'F{x, Y,)dx. 
J Cl% J ffs J fl. 

Examples, (i) JJict/ dx dy over the area given by the boundary : y = 0, 
(0 < a: < 3); y = (a; - 3)2, (2 < a; < 3); y = 1, (1 < a; < 2); ?/ = a:, (0 < a; < 1). 
(Fig, 14,) The integral is 

f + (4^^)o + = if J (after evaluation), 

Jo 

or, integrating first with respect to a:, we verify that the value is 

- \y^)Ay = i|>. 

(ii) llxdxdy over the area shown in Fig, 15, 


Here 



where y^ = J(2a; + 4), y^ = x^ - 4x + 5, y^ = ix. 

The value is 

J 4a; da; + j* (§a; — ^x^)dx + J (a;^ — 4a;2 + 5x)dx + J 


4a;2 + 5x)dx + | Ja;^ dx = 


9,15, Symmetrical Areas, Let the area Q be symmetrical about OY 
as in Fig, 16 (i); then from the definition of a double integral as a sum, 
it follows that 


dy = {/{», y) +/(- a;, y)}dx dy 

where is that half of Q for which x > 0. Denote Q^hj Q {x y), 
y) =f(— y)yf(^y y) is said to be even {x ); 

and if f{x, y) — —/(— x, y), f{x, y) is said to be odd (x). 
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Therefore for an area Q{x, y) symmetrical about OY 

^^f{x,y)dxdy = y)dx dy over Q{x +, y) 

if / is even {x) and 1 1 /(a?, y)dx dy = 0 if / is odd (x). 

J Jn 



FIG. 16 


Similarly for an area symmetrical about OX as in Fig, 16 {ii) 

II f{x,y)dxdy = 2||/(a:, y)dx dy over Q{x, y +) 

if / is even (y) and 11 f{x, y)dx % = 0 if / is odd (y). 

Finally, if the area is symmetrical about both axes as in Fig. 16 (Hi) 

y)dx dy over Q{x +, y +) 

if / is even (x, y) and is zero if / is odd in either variable. 

In particular, if p, q, m, n denote positive integers or zero, for 
Fig, 16 (i), 

JJ x^Py^dxdy = dx dy over Q{x +, y ); JJ dxdy = 0\ 

for Fig, 16 (ii), 

JJ x^^y'^'idxdy = 2^^x'^y’^^dxdyoyQiQ(x,y+)\ JJ x^y^^^^’^dxdy = 0\ 
and for Fig, 16 (m), 

JJ dxdy= dx dy over Q(x +, y +), 

whilst 

f f (ix = (* f c?a; = j* j* a;2p+i^2ti+i 

JJn JJg JJn 


Note, Similar simplifications may be made when there is any line of symmetry 
by changing the axes so that the new y axis becomes the line of symmetry. (See 
next §.) In particular if a; = ^ is a line of symmetry, it is obvious from the definition 
of the double integral that 

j{f(x, y)dx dy over Q(x, y) = JJ/(a; + h, y)dx dy over Q(x + h, y) 
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Example. 

JJ(aa;2 + 2hxy + hj^ + ^gx + 2/y + c)dx dy 
over the area bounded by 

(x - x^)/p ±(y - yo)/q = ± 1, (i?, g > 0). 

(Fig. 17.) 

Take a; = Xq + y = yo + 

Then the integrand ^(a;, y) becomes + 2h^Yi 
+ hri^ + 2g^^ + 2f-pri + <I>{Xq, t/o) and the domain 
of T} is the parallelogram given by \^/p\ 

+ Vl/g\ — and is symmetrical about the ^ 
and ri axes. Now 

rf? # = 4 dy = \pq^ 

SO that the required result is 

+ hq^) + 2pq <l>(x^, y^). 

9.16. Change of Variable in a Double Integral. Let u, v be given 
functions of x, y. Then if these functions are continuous at Xq, and in 


FIG. 17 



the neighbourhood and possess partial derivatives of the first order, x, y 
can be expressed uniquely as functions of u, v when J = is not 

y) 

zero at Xq, y ^; and these functions tend to = u{xq, y^), Vq = v{xo, y^) 
when Xf y tend respectively to Xq, y^. We may write these functions as 
x(u, v), y(u, ^;). Given a certain region Q (Fig. 18) in the x — y plane, 
with its boundary y, there will therefore correspond a set of points Q' 
with a boundary y\ If u, v are single-valued functions of x, y, to each 
point of Q and y there will correspond a single point u, v. But the 
converse is not necessarily true even when J does not vanish in Q or on 
y. Let us assume, however, that Q and y (where y is a simple closed curve) 
is transformed into and y^ so that the transformation is actually 
one-one. If this is the case, then y^ is also a simple closed curve in one- 
one correspondence with y. 

Since the case of the simple closed boundary is easily reduced to that 
of the rectangle, it will be sufficient for us to take the boundary y^ as a 
rectangle ai < w < aa, jSi < v < 

Since we are assuming J ^0 throughout Q and y we may take 
J > 0 (for the variables u, v may be interchanged if necessary). 

19 
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Corresponding to the division of the 
rectangle by the hnes u = (r = 1 to 
n — 1), V = Vg {s = I to m — 1), we 
have a subdivision of Q(x, y) into curvi¬ 
linear quadrilaterals PQRS, {Fig- 19.) 
It is obviously sufficient, however, to 
assume that the element of area is the 
ordinary quadrilateral PQRS. ' 

If P is given by x{Uy v), y{u, v), then 
Q, Ry S are determined by the parameters 

(U + du, v)y {U + dUy V -f- dv)y (Uy V + dv)- 

Thus Xq — Xp = Xydu -f 0{6p^)y Xg — Xp — x'dv + 0{dp^)y 
x^ — Xp = Xydu + ccydv + 0{dp'^) 
with similar expressions for yQ — yp, y^ — yp, yj^ — yp^ where 

dp = {du^ + 

If the terms 0{dp^) were ignored, the points PQRS would form a parallelo¬ 
gram of area 

{Xq — Xp)(ys — yp) — (Xs - Xp)(yQ - yp) ^ ^ 

i.e. the area of the quadrilateral PQRS is Ji du dv -{■ 0{8p^) where 

j _ 3(x, y) 

‘ d(u, v)' 

Thus 

dy 

= MmZS[f{x{u^, v,),y{u„ Vg)}]{Ji(M„ - v,) 

where u^+i — u„ are written (5 m,, dv^ and h = 0{dp„). Given 

e, the subdivisions can be taken sufficiently small to ensure that < e 
for every r, s. Thus 0(dp„) < Is, where X is bounded. 

Thus||y(a:,y)da:dy= 11^ [f{x{u, v), y[u, v)}f^^^dudv + hmiC 

where \K\ < Xilfe(a 2 — ai)(/32 — and ilf = max |/(a:, y)\, 

i.e. Z —>■ 0 andj|^/(a:, y)dx vV i du dv =|| f{x, y)^^^ 


where J = 


d(Uy v) 
d(x, y) 


j: 


Notes, (i) The Jacobian may, of course, vanish on the boundary. 

(ii) To allow for the case when w, v are interchanged, we may write | jr| for J 
in the formula. 

(iii) When the variables are changed, the line element ds is given by 

ds^ = (Xu du + x^ dv)^ + du + dvf 
Edu^ + 2G dudv + F dv^ 
where E = 3 ^ +y^, a = Xy,x„ + X’ = xf + y\. 

It should be noted that |Ji| = |(x„y„ - = V(jSf’ - (?*). 
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The curves u = constant, v = constant are orthogonal if G = 0, since the gradients 
of these curves are yv/^v* Vu/^u respectively. Thus for orthogonal co-ordinates 
ds^ is of the form h^ du^ -f- dv^ where |«/i| = hji^^ 


For example 



n 


f(x, y)dx dy = 


II 


f{r cos 6 , r sin d)r dr dd, since 


ds^ = dr^ -f r2 ddK 


(iv) In applpng the formula for change of variable, care should be taken to 
ensure that the transformation of Q (and y) into (and y^ is one-one. More 
particularly, when the variables are being changed from x, y to Uy v, it is essential 
that to each point of (or y-^ there should correspond only one point of Q (or y). 
The transformation is not necessarily one-one, when J is of invariable sign in Q 
(and y). 




For example, if u = x^ — 3xy^, v = Sx^y — y^, it is easily verified that the 
rectangle of the x — y plane shown in Fig. 20 is transformed into an area of the 
w — v plane whose boundary is not simple. In particular, the points (± ^/3y 1) are 
both transformed into (0, 8). Also J = 9(a;2 + is never zero in Q or on y. 

In Fig. 21, each of the three areas shown in the x ^ y plane is transformed into 
the same rectangle in the u — v plane (1< u< 8, 1< v< 8); and the trans¬ 
formation is 1 — 1 for any of these three areas when u, v belong to the rectangle, 
if the correct functional values (or branches) of x, y are taken. 

The following theorem gives a sufficient test for one-one correspondence. 

Theorem. If (i) Q is convex (i.e. such that the straight line joining any two 
points of £1 lies wholly in D) 
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(ii) 2/i) ^ 2 (^ 2 * ^ 2 ) any two points in Q (distinct or coincident) 


Then if the straight line joining 


T du dv du dv . 

(m) J,, = IB never zero 

then the transformation is one-one. {DanielL) 

If possible, let u(P) = w(P') and v{P) — v{P'). 

PP' has the equation x cos 0 + y sin 0 = p, we must have sin d — Uy cos 0 = 0 
for some point Pi(xi, y^) between P, P' and sin 6 — Vy cos 0 = 0 for some point 
P 2 (^ 2 » 2 / 2 ) between P, P' and Pj, P^ may or may not coincide. 
du dv dv du 

Therefore ^ •=-^ r—= 0, which contradicts one of the conditions of the 

dx^ dy^ dx2 dy^ 

theorem. 

Examples, (i) Find the finite area in the first quadrant bounded by y^ = 
y 3 == ^2 ^ y,y 2 = > a 2 > 0, 61 > 62 > 0). Take u = xy\ 

V = y^/x^. The area in the u — v plane is the rectangle bounded by ag < v < oq. 


K< 


v< 




d(x, y) 
is one-one. 


Also = 7^. Also X — u^Pv-V^, y == uV^v^Pf and the transformation 


Area 




-2n^-QPdudv = - 02^")(«2“^ “ ai“0- 


(ii) Find the area of the loop of the curve -f = Zaxy, 


Take v = —, w = —, then 


d{Uy v) 


= 3, if ar, y are not zero. The area of the loop 


X' y ' ' d{x, y) 

is the limit of JJJ du dv over the triangle specified by = e^, v = Cgy ^ ^ = 3a, 

when Cl (> 0), Cg (> i-®- equal to JJJ du dv over the triangle given by 

= 0, V = 0, a -i- V = 3a. Thus the area of the loop is fa^. 

{x — a;©)* iy — y©)^ 

(iii) Find JJ^(a;, y)dxdy over the area of the ellipse-^ + 


= 1 


a» 02 

where <j}(x, y) — Ax^ + 21{xy + By^ + 2Gx + 2Fy + C, 

Let X = Xo + aX, y == yo + bY, then ^(x, y) becomes 

Aa^X^ + 2H ab XY + Bb^Y^ -f 2GiX + 2Ft^Y + <l>{xo, yo) 
and the new region is the interior of the circle X^ -jr Y^ = I, 

By symmetry dr = dXdY = iJJ(Z2 + Y^)dX dY = HSr^drdS, 

where X = r cos 6, Y = r sin 0, 0 < r < 1, 0 < 0 < 27 e 
i.e. nX2 dX dY =1172 dX dY = in 

Also JJXr dX dY = JJX dX dY = JjT dX dY ^ 0 ; JJdZ dY = :a. Thus the 
required value is inab{Aa^ + Bb^ 4<^o). 

9.2. Volumes and Surfaces. Let/(a;, over an area Q, If 

at each point {Xy y) oi Q si distance 
z{=f(x,y)) is measured parallel to 
OZ, the extremity Ues on a surface 
z=f{x,y). {Fiy.22.) 

The lines drawn parallel to OZ 
from the boundary of co^,, a sub-region 
of Qy determine a cylinder of cross- 
section CO;.. The volume of that por¬ 
tion of the cylinder cut off between the 
two planes z = c and 2 ; = c -f A is hco^ 
and we therefore assume that the 
volume cut off from the cylinder 
between 2 ; = 0 and z =/(x, y) lies 



M 


-m 
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between and Thus the total volume cut off from the 

cyUnder of section Q between z = 0 and z =f{x, y) may be assumed 
to he between and Since these sums have a common 

limit double integral provides a suitable definition 

of the volume required. 

Note. If f(Xy y) has both signs in Qj the double integral must then give the 
sum of the volumes for 2 > 0 less the sum of the volumes for z < 0. 

9.21. Volume determined by a Closed Surface. The locus given by 
X = x(u, v), y = y{u, v), z = z{u, v), where u, v are variable parameters 
belonging to a region in the u — v plane, is called a simple surface if 
Xy y, z are continuous functions of u, v not assuming the same set of 
three values for any pair of values interior to Q^. Assuming that x, y, z 
are differentiable functions, we shall also assume that the Jacobians 



do not vanish simultaneously at any point of the surface. A point where 
these Jacobians all vanish is called singular. The loci given by u = con¬ 
stant, V = constant are curves drawn on the surface, and the direction 
cosines of the tangents to these curves (and therefore to the surface) are 
proportional to x^., y^, z^ and x^y y^y z^ respectively. If Z, m, n are the 
direction cosines of the normal to the surface at (w, v) we have 

lx,, + my.„ -\-nZy^ = 0 = Ix^ + my,, -f nz„ 
and therefore I: m : n = J^: J^: so that a unique normal (or tan¬ 

gent plane) does not exist at a singular point; and also it is not in general 
possible to express any one of the variables Xy 25 as a unique function 
of the other two in the neighbourhood of a singular point. A simple 
surface may be called elementary if it is possible to divide it up into a 
finite number of regions within each of which one of the variables a?, y, z 
can be expressed as a single valued continuous function of the other 
two. An elementary surface which is such that all lines parallel to OXy 
OY and OZ meet the surface in two points at most may be called an 
elementary quadratic surface, and we shall regard it as obvious that the 
region bounded by an elementary closed surface can be divided up into 
a finite number of sub-regions, each of which is bounded by an elementary 
quadratic closed surface. It is sufiicient, therefore, in obtaining the 
ordinary formulae relating to volumes and areas of closed (elementary) 
surfaces to consider the quadratic type. 

By taking a cube of side c whose edges are parallel to the axes and 
which entirely encloses a portion of a surface z =f(Xy y)y it may be 
shown as in the case of areas, that ii f{Xy y) is continuous, the volume 
covered by it is zero. 

The projection of the points of a quadratic surface on 2 ; = 0 is obvi¬ 
ously an area Q bounded by a quadratic curve. (Fig. 23.) A line 
drawn through any point (x, y, 0) of Q parallel to OZ meets the surface 
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in the two points (x, y, Zi (x, y)), {x, y, Zz (x, y)) where z^ > z^, so that since 
we assume that z^, z^ are continuous functions of x, y, the volume enclosed 

by the surface JJ (^i “ ^ 2 )^^ dy. We may similarly obtain formulae 

for the volume as I {Xi — x^dy dz, I (yi — yz)dz dx, using an obvious 
J J Oi J J fl, 

notation, being the projections of the surface on a; = 0, y = 0 

respectively. 



lx my vz = p (assumed to meet the surface). (Fig, 24,) 

A line through (x, y) parallel to OZ meeting the volume does so in two points 
(«» y* ^ 1 ) and (x, y, z^) where 

p — lx — my c (x^ , y^\ 

"" n ' ** "" 2 W + hV' 

Thus F = SSq(^i ““ ^ 2 )^^ where Q is determined by the equation — ^2 “ 
Now ^(^2 — z^) = — ^ 2 ^°^ + ~ where x^cn — aH, y^cn = b^m. 


2p aH^ hW _ 

^ ~ c» cH'^ > 0)- 

By taking x Xq = ar cos O^y y^ = hr sin d and using the method of Example 
71 Q/h 

(Hi), § 9,16, we find that F = + 2 pcn)^, 


9,22, Area of a Surface, z =f(x, y). A twisted curve x = x(t), 
y = y{t), z = z{t) may be called elementary if it can be divided up into 
a finite number of parts in each of which two of the variables can be 
expressed as single-valued continuous functions of the third. Its pro¬ 
jections on the co-ordinate planes are then elementary plane curves 
and the projections are closed if the curve is closed. For simplicity in 
exposition we shall usually assume that these projections are quadratic. 
In particular, the locus of the point given by cr = x(u, v), y = y(u, v), 
z = z(u, v), u = u(t), V = v(t), is a curve lying on the surface x = x(u, v), 
y = y{u, v), z = z(u, v). If it is elementary and closed, its projection 
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on the co-ordinate planes are elementary closed curves, which are the 
boundaries of plane regions divisible into a finite number of closed 
sub-regions with quadratic boundaries. 

Let the projection on 2 = 0 be an elementary curve y bounding a 
region Q {Fig, 25), and let the equation of the surface be z =f{x, y) 
where/(x, y) is single-valued and positive. If f{x, y) is continuous and 
differentiable, there is a single normal at each point whose direction 
cosines are proportional —fy, 1 and this normal is never per¬ 



pendicular to OZ, Choose that normal that makes an acute angle with 
OZ, The area Q may be subdivided into regions by means of the planes 
a; = X,. (r = 1 to n — 1), y = 2 /, (5 = 1 to m — 1), where x = x^, x — 
y = y^^ y = y^ form the rectangle circumscribed to y. 

The sub-regions of Q consist of complete rectangles like PiQJRiSx 
and of irregular areas abutting on y. The subdividing planes divide the 
surface area also into sub-regions of which the former sub-regions are 
the corresponding projections. Let the vertices of the representative 
complete rectangle P^QJt^Si be given by P^{x, y), Q^{x + 8 x, y), 
P\{x + dx, y -f dy), Si{x, y + 8 y) and let these be the projections of 
P, Q, R, S of the surface. The direction cosines of the normal to the 
surface at P are 

l, m, n = (-z^, - Zy, 1)/(1 + zl + 2 *)*- 
and therefore the direction cosines of the normals to the planes PQR and 
PSR are of the form (I + Jc^, m + n + ^ 3 ), Q, + Xi, m + X 2 , n + X 3 ) 
respectively, where k,., \ — 0{dp), (8p^ = dx^ + 8y^). 

But APiQiRi = (n + k^)^PQR and APiPjaSi = (n + 'k^)liPRS, 

i.e. APQP + /S.PRS = Sx dy where a = 0{dp), since n ^0, 

n 

Thus Z{APQR + ^PRS) = Y ^r){ys+i - 

'^rs 

where l^s, '^rs the direction cosines of the normal at {x,., y^) and 

(Jrs — 0{dpy^. 
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An irregular sub-region of Q is part of a rectangle abutting on y 
and is the projection of a corresponding part of a skew quadrilateral E, 
one of whose vertices at least is outside the boundary curve on the surface 
and one, at least, inside {dx^g, dy^g being small enough). Also E (the sum 
of one pair of the two triangles of which it is composed) = Ei/{n + h) 
where I, m, n are the direction cosines of the normal for any point of 
El and k = 0{dp), dp being the diagonal of Ei, If therefore y is a curve 
that covers zero area, ZE^ —0 and therefore ZE 0 (since (n + jfc)~^ 
is bounded and max 6p —> 0). 

By means of the subdividing planes x = y = yg we have obtained 
a number of skew quadrilaterals whose vertices are in the surface, and 
by joining a diagonal of each quadrilateral we have obtained the triangu¬ 
lar faces of a polyhedron inscribed in the surface (which is therefore not 
the most general type of polyhedron). The projections of certain of 
these faces are triangles lying entirely within y, and the sum of their 
areas is 2'A^(1 + a)/n where n refers to a point of A^- and a = 0(e), e 
being max (dp^g). 

The projections of the other faces are triangles abutting on y and 
the sum of their areas tends to zero when max {dp^,^^ tends to zero. 

The summation ^ tends to j* J ^dxdy and the summation being 

must tend to zero. The double integral JJ -dxdy therefore 

provides a natural definition of the Surface Area. 

Substituting the value of n, we find for the surface area S under 

consideration, /S = j'J ^f(l+zl + zl)dx dy. 

9.23. Surface Area in Curvilinear Co-ordinates. Let u = u{t)y v = v(t) 
be an elementary closed curve yi in the u — v plane enclosing an area 
Q. Then this curve corresponds to an elementary closed curve y on the 
elementary surface defined by the equations x = x{Uy v), y = y{u, v), 
z = z{Uy v). If we assume that x, y, z are single-valued functions of u, v 
for all Uy V in £2 (and yj), then to each such point Uy v there corresponds 
one point within or on y (although the converse is not, in general, true). 

We shall assume also that Ji (^ 

\ W \ v)/ \ d{Uy v)) 

do not all vanish simultaneously at any point of Dy since the surface 
is assumed to be simple. The direction cosines of the normal at (Uy v) 
have already been shown to be proportional to Jj, J 3 . 

Let Q be divided up into rectangles by means of the fines u — Uj. 
(r = 1 to n — \)y V = Vg (s = I to m — 1), where u = Uoy u = u^^y 
V = Voy V := are fixed fines on the u — v plane forming the circum¬ 
scribed rectangle of yi. The sub-regions are either complete rectangles 
like PiQiRiSi (Fig. 26), or irregular areas coi partly bounded by an arc 
of yi. The surface area is correspondingly divided up into curvilinear 
quadrilaterals PQRS and irregular areas o) partly bounded by an arc of 
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y. In the light of our work in the last paragraph where the simpler case 
X = u, y = V was considered, it is sufficient, in order to get the required 
formula, to find an expression for the area of the parallelogram formed 

by the differential displacements PQ\ PS' along the curves v = constant. 


u+Su 




FIG. 26 


u = constant respectively through P. If x, y, z are the co-ordinates of P 

PQ' = + yJ + = (^4 + Vvl + 

and the vector area of the parallelogram is 
(Jii + /ai + dv 

its direction being along the appropriate normal to the surface. The 
absolute magnitude of the surface area is therefore 



+ J 2 + Afdu dv 


where du dv corresponds to the absolute magnitude of the elementary 
area of the u — v plane. 

The symbol {J\ + Jl -f J\fdu dv is often written dS and is called 
the Surface Element and is essentially positive. It is necessary, however, 
for subsequent development to give greater precision to the notion of 
surface area by introducing the idea of Vector Surface Element, This is 
defined to be dS.N where N is unit normal in such a direction that 
[Nab] = + 1, where a, b are unit vectors along the directions t^-increas- 
ing and ^-increasing respectively. It is usually more convenient to 
^prescribe this normal to a given surface, and therefore the variables u, v 
should be interchanged if necessary to secure that [Nab] = + 1. For 
a closed surface, for example, it is usual to prescribe the outward-drawn 
normal. 

9.24, The Line-element on a Surface, In rectangular co-ordinates, 
the line element ds is given by 

ds^ = dx^ -f dy^ + dz'^ 
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and when a?, y, 2 ; are functions of u, v this becomes 
ds^ = E 2G dudv + F dv^ 

where E = Zxl G = F = Exl Thus dS = V{EF - G^)du dv. 
The curves u = constant, v = constant are orthogonal if (? = 0 and 
therefore for orthogonal co-ordinates on a surface, ds^ is of the form 
h\ du^ h\ dv^ and dS = hih 2 du dv, 

Emmple, The sphere in spherical polar co-ordinates for 

which a; = r sin 0 cos y = r sin 0 sin <l>, z = r cos 0, is given by r = a. The 
curves 0 = constant, tf) = constant are orthogonal and ds^ = a2(sin2 0 d(l>^ + dO^) 
so that dS = sin 0 dd d^. 

Thus the area between the two parallel planes z =h-^, z — h^, where 
a ^ h-\ ^ 21 ^ hn ^ — CL 

|•<#»=27r 

IS given by I a* sin 0 dO d<l>, {\ = a cos 0^, = a cos 0,) 

J (t>=o Je=di 
i.e. Area is 27ia{hi — h^), 

9.25, Surfaces of Revolution. Let the part of the curve y =f{x) 
between x = Xi and a? = ojg {X 2 > x^ be rotated about OX through an 
angle 27i to form part of a surface of revolution, where f{x) is single¬ 
valued, continuous and positive in < 2 c < Xj. {Fig. 27.) Also assume 



FIG. 27 


that/'(x) exists in (xi, Xg). The u — v curves at a point on the surface 
may be taken respectively to be, (i) the generating curve at the point, 
(ii) the circle described by the point. These curves are orthogonal. 
Let the Une element of the generating curve be ds and let 0 be the angle 
through which the ordinate has turned from its initial position (in XOY). 
Then the line element on the surface is ^/{ds^ + dO^) and the surface 
element dS = y ds dd. 

The surface area required is 

rx=Xt r6=271 fjg rx2 

1 1 y^dxdd = 27 i\ y{l + y'^)i dx. 

Js=o “2: 
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If the co-ordinates of the generating curve are expressed in terms of s, 
S = 271 : j* yds and if in terms of a parameter t,S = 2n^ y{x^ + y^)^dL 

Examples, (i) A square hole of side 26 is cut symmetrically through a sphere 
of radius a(> b\/2). Find the surface removed. Take OZ as the axis of the hole: 
then one part of the surface is given by 2 = — y^) and 


1 + = 


(a 


2 — 


Let the sides of the square be parallel to OX, 0 Y, Then J/S 

over the square given by 0 <a;< 6 , 0 <y <6 
rb 


y^Y 


dx dy 


,2 __ _ -y2 


y^) 


i.e. S = 8 aarc = Serf, arc sin{- 8a5 / 

, , f ^ dx f * dx _, 2 f _ 

where / = _ ^ 2 )y (^2 _ 52 ^ ^ 2 ) - - ^(,,2 _ 52 ^ ^^ 2 ) + « 


dt 


+ hH^ 

and X = v'(«^ sin < = tan <l>, = tan ^1, b = '\/{a^ — b^) sin 

On evaluation we find that 

S = 16a6arc- 8a»arctan{^^^^^_- 2 pj}- 

(ii) Find the portion intercepted on the surface x = p cos <l>, y = p sin <l>, 
z — a<l> tan a by the cylinder p = b 

+ 2p = 1 ; + 2 ^ = P® + 0 “ tan* a; + ypy<i, + ZpZ^, = 0 

Therefore S = JJ(p* + o® tan* a)l dp over the area 0<p<6, 0<^<2;i 
r /6 + ^/(b^ + tan^ a)\\. 

= 71^^(b^ + tan^ a) -f a® tan* a log^-o^tan^c 

\i h — a, S — 7ra*(sec* a -1- tan* a log cot Ja). 

(iii) The catenary y — c cosh a:/c from x — 0 to is rotated about the axis OX, 

Find the area of the surface formed. 


a; a; 

y' = sinh- ; (1 -i- y'*)^ = cosh - (> 0 ) and 8 — 27i\ 
c c Jq 


c cosh* - dx 
c 


( Xi aj^N 
Xi + c sinh — cosh—y = 7 t(cXi -f 

9.3. Line Integrals. If x, y, z are the co-ordinates of a point on 
a given rectifiable curve, they are functions of the arc s (measured from 

some fixed point) and we can form an integral of the form j* f{x, y, z)ds 

where A, B are two points of the curve. 

Such an integral is called a Line Integral. If P, Q, R are functions 

rB 

of X, y, z, the integral denoted by 1 (P dx + Qdy R dz) is defined to 

rB 

mean the line integral J (?P + mQ + nR)ds where 

I ( = dx/ds), m ( = dy/ds), n( = dz/ds) 
are the direction cosines of the tangent (in the direction of 5 -increasing). 
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9.31, Line Integral for a Plane Curve, In two dimensions 
J (Pdx-\- Q dy) = j* QjP + mQ)ds, 

It is usually possible to divide the arc AB (as for example in the case of 



FIG. 28 


an elementary curve) into a finite 
number of parts, within each of 
which either y is expressible as a 
single-valued differentiable function 
of X, or a; as a similar function 
of y. It is then possible to ex¬ 
press a given line integral as the 
sum of a finite number of ordinary 
integrals. It is essential in such an 
expression to keep account of the 
appropriate signs of dx or dy. 

For example, for the curve shown 
in Fig. 28, if the abcissae of A, Af.,B 
are denoted by a, a^, b respectively 


y)dx = I P{x, yi)dx — |' P(x, yi)dx 

r®« r«4 rft 

+ y3)dx — P(x, yi)dx + P{x, y^)dx 

J (^2 a a, J a# 


where A^A^, AsAq in the figure are parallel to OY, 


Example. Find + 2y)dx (y — x)dy where G is the boundary of the 
closed curve given by a; = 0, y = Ja; + 1, y = ^{x — 4)^, y = 0 and is described 
counter-clockwise. {Fig. 29.) 



Along y = 0, I = f x^dx = 21^. 

Jo 

Along y = i{x + 4)“, ^ = J 


+(x- 4)* + i(x - 4)® - x(x - ^}dx 
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Along 2 / = Ja:+l, / =1 (a:> + a; + 2 + i- ^)dx = - 9^ and along « = 0, 



/ = yAy=-\. 


J 1 

The value of the line integral is therefore — 13. 

Note, This may be verified by Oreen^s Formula, § 9.32. 

9.32. Green's Formula for an Elementary Plane Closed Curve. If P, 
Q are continuous functions of x, y on and witlin an elementary plane 
closed curve C and possess continuous partial derivatives, then 



where Q is the region bounded by C, and where the arrow on the integral 
sign denotes that the direction in which C is described is the same as 
the direction from OX to OY as viewed from a point on one side of the 
plane XOY. 

Let C be an elementary quadratic curve as shown in Fig. 30, with 
circumscribing rectangle given by a < cc < 6 < y < P. For a value 

X for which a < x <C A there are two points E,F on C given by {x, yi{x)), 



FIG. 30 


(x, y 2 {x)), ( 2/1 > 2 / 2 ), and for a value y for which b <y <B, there are 
two points H, G on C given by {xi(y), y), {x^{y), y), {x^ > x^). On the 
boundary of the rectangle there may be straight parts LiL^, MiM^, 
NiN 2 , /S 1 P 2 , on x = a, x = A, y = B, y = b respectively. 

Then, since the derivative is continuous 

{{ Q^dx dy= f ^ {Q(x^, y) - Q{x^, y )}% = f ‘ Q(x, y)dy ‘ Q{x, y)dy 


J Sy St 



c 


Q(x, y)dy 


since dy is zero on and NiN 2 > 


Similarly j* j* Pydx dy = — P(Xi y)dx. 


n J c 
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Thus (P<fo + Qdy) =1^ {Qx Py)dx dy and the direction in 

which C is described is counter-clockwise as viewed from that side of 
the plane XOY for which the direction from OX to OF is counter¬ 
clockwise. 

The theorem is immediately extended to any elementary closed curve 
C by dividing the region Q enclosed by C into a finite number of sub- 
regions (Oi, 0 ) 2 , . . (On, bounded by quadratic curves Vg, . . y«. 

{Fig, 31.) For then 


Iln ^ {Pdx + Q dy) 

= {P dx -{■ Q dy) 


since each part of a boundary not belonging to C is described once 
in each direction and P, Q are single valued. 




Example. + Sy)dx + (y — 2x)dy, where C is the quadrilateral specified 

by y = *, y = 2, y = 8 — 2x, y — 0, as shown in Fiy. 32. 

By Green’s formula the integral is 

2 - 3)dx dy = - 5a = -25. 

9.33. Green's Formula whm = Py. If = Py and the deriva¬ 
tives are continuous i>c{Pdx + Qdy) = 0, suppose that V{x, y) is any 
continuous function for which Vy = Q{x, y). Then Py = V^y so that 
P must be of the form + f(x). Take therefore IF = F -1- Z where 
X is any integral of f(x) with respect to x. Then P — IF*, Q = IF„, 
i.e. given P, Q and Py = we can always find a function IF for 
which P = IF*, Q = IF^. 

By Green’s formula dx -h IF,, dy), i.e. *^(4W = 0. This shows 

that IF is a single valued function of x, y for the region Q, since its final 
value is the same as its initial value. 
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Now let AR^B, AR^B (Fig, 33) be any two elementary curves joining 
Ay B and suppose that in the area between them there is no discontinuity. 

Then f dW + [ rfTf = 0 

J AR^B J BRyA 

f dW dW 

J AR^B 

so that if is the initial value of W at Ay its value at B is inde¬ 



pendent of the path joining Ay By if the one path can be deformed into 
the other without encountering a discontinuity. 

Examples. 

(i) {2(x + y)e“ + 7e“ + e^y}dx + { 3 {x - y)e^v + 

■/ 0 , 0 

The integrands and their derivatives are continuous for all Xy y. Also 
= 2e^ + 3 e 2 y = p^. The value of the integral is therefore independent of the 
path from ( 0 , 0 ) to (Xy y). 

Integrate from ( 0 , 0 ) to (x, 0 ) along y = 0 , then 

/i = I (2xe^ + 7e2* + l)dx = xe^ + Se** -f a: - 3. 

Jo 

Integrate along x — constant from y = 0 to y, then 

I 2 = I {3(a; — yje®!' 4- e*® + lle^v}dy = (a; — y)e^y + ^e^v + ye^^ — a: — 4. 

J 0 

Thus 7 = + /g = (a; 4 . y + 3 )eaaj 4 . ( 3 . _ ^ 4 . _ 17 ^ 

(ii) Find ^^(a;® -}- 6 a;®y 4 - y® — 3y)da; 4~ (2a;® — 4a;y® — 2a;y 4“ 3y)dy where C is 
the circle given by (x 2 )® 4 - (y — 2 )® = 4 . 

^ = JJn(3 - 4y - 4y2)da; dy = JJ(— 21 - 207 — 4:Y^)dX dY over X® 4 - 7® = 4 . 

But /J7®dX dY = iJJ(X® 4 - Y^)dX dY = drdO over r = 2 where r, 
0 are polar co-ordinates in the X — 7 plane. 

Thus JJ 72 dX d7 = 4^1; also JJdX dY = 4n; JJ7 dX dY = 0. 

The value of the integral is therefore — IOOtt. 

(iii) The area A determined by a closed curve bounded by C is ^ ^ 

where A, ^ are unequal constants, for by Green’s formula, this integral is Jf dx dy. 

If = 0, A = - ^^da;; if A = 0, A = ^jcdy; if A = - 1, = 1, 

A = dy — ydx) = dd in polar co-ordinates. 

Thus A = dy = - da; = ii>^(x dy - y dx) = dO. 
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(iv) Let P — — Vy and let the second derivatives of F be continuous. 

Then \/^Vdxdy^ dy - Vy dx). 

Now V F X dv = (Vy.dy — Vy da:)k, where r = a;i + yj in the usual notation 
for vectors. 

Thus X dr = dxdy}^. 

Denote the rates of change of F along the outward-drawn normal and the tangent 
dV dV 

to C by (5 increasing in the direction of the tangent taken). 

dV dV 

Then V F = -^ T -{- ; dr = dsJi and therefore 

08 oJS 


dV (dV \ 

V F X dr = g^cfo(N X T) = 

Thus {JJjjV‘‘Fda;d 2 /}k = F X dr. 

(v) If a:, y are changed into orthogonal co-ordinates u, v for which 
da^ =A^da» + hldv^ 
find the value of V^F in terms of u, v. 


1 0F. 1 aF^ ^ ^ ^ . 1 . ^ . 

V F == ^— 1 -}- £— 5 j i dr — hi dv> h^ dv j 

/ij OU /l'2 vV 

where i, j are the unit vectors at {u, v) along the curves v = constant, u — constant- 
Therefore V ^F^i^g du dv la = x dr = dv — j^Vy dv^la 

i.e. JJoV ““F/iA du dv = 

This result is true when Qi is the interior of a circle of centre (w, v), however small 
this circle may be taken. The integrands are therefore equal (by an obvious use 
of the mean-value theorem for double integrals) 




For example, in polar co-ordinates, V^F 


~~ r dr\ dr/ 


1 dw 
■’"ra a02' 


9,34, Multiply-connected 



Areas, Consider the area shown in 
Fig, 34, which has an outer boundary 
C (an elementary closed curve) and 
a number (n) of inner boundaries 
{r = I to n) (elementary closed 
curves). By joining a point of to 
a point of C by means of an elementary 
curve Yr, the region becomes one with 
a single boundary consisting of C, 

Yj. (the last being described once in 
each direction). It is assumed that 
no curves Yr intersect. Applpng 
Green’s formula to the new region, 
we note that the integrals along Yr 
cancel each other (P, Q being single- 


no. 34 
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valued) and that the direction in which Cj. is described is opposite to 
that in which C is described, 

i.e. <:t> (Pdx + Q dy) — r<:t> {P dx + Q dy) = [ f {Q^ — Py)dx dy, 
j c 1 J Cr JJn 

An area Q is said to be simply-connected if a line within it joining 
any two points of its boundary divides Q into two regions that cannot 
be connected without crossing the hne (called a cut). Otherwise Q 
is said to be multiply-connected. If by means of m cuts (the edges of 
the cuts, as they are being made, becoming extensions of the boundary), 
Q becomes simply - connected, the 
original region is said to be (m + l)-ply 
connected. Thus the region shown in 
Fig, 34 is (n + l)-ply connected. 

9,35, Discontinuities in the Case 
when — Py, When discontinuities 
P, Q or their derivatives occur in Q, 
the case of greatest interest is that for 
which Q^ = Py, 

Let there be n discontinuities at 
isolated points in 13 (r = 1 to m). 

Draw elementary closed curves C,. 
surrounding these respectively but 
not intersecting each other. {Fig, 35,) 

Apply Green’s formula to the multiply-connected region between 
C and Cj. ; then since Q^. = Py, we have 

{Pdx+Qdy)=I<L (Pdx + Qdy), 

J C 1 X Cr 

The value of the integral is independent of the choice of C^. provided it 
is of requisite type and does not actually pass through D^., 

In particular, take C^. to be a circle centre and small radius p. 

Then dx Q dy) = pj {Q cos 6 — P sin 6)d0 

where x = a^ + p cosO, y = + p sin 6 and is the point (a,., b,.). 

Although Q cos 6 — P sin 6 may not exist when p is zero, the integral 

r2Tz 

p I {Q cos 6 — P sin d)dd may tend to a definite limit od^ when p —> 0. 
Jo p 

Thus if all the integrals (P dx + Q dy) tend to hmits 0)^, we have 



FIG. 35 


Example. 


■4j 




{P dx + Q dy) = Scoy, 
c 1 

(ax—hy)dx + (hx + ay)dy 


, (a, h constant), where C is an ele- 


(a;2 -}- y2) 

mentary curve enclosing 0. 

hiy^ — ~~ 2aa;y 

Here — Py — - ^ — 2 T 2 - 0 is a point of discontinuity. 

y ) 

Taking x = p cos d, y = p sin 6, we find that the integral is 61 dd = 

20 Jo 


27ib, 
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9.36. Many Valued Integrals. Let 


r*. y 

F{x, y)=\ ( 

j Xc, Vo 


(Pdx + Qdy), 


where = Py, and let the path of integration be a particular curve 
ALB joining A {xq, y^) to B {x, y) not passing through a discon¬ 
tinuity of P, Q or their derivatives. {Fig- 36.) Let AUB be any other 
path joining AB not passing through a discontinuity, the region between 
the two curves containing within it a number of discontinuities at Pi, 


P. 


Dj,. Then 


f {P dx + Qdy) {Pdx-\- Q dy) + S {P dx + Q dy) 

JaL'B JALB 1 J Cr 


= F{x, y) + Z(o^ 

1 


if these limits cOr exist. 



B is not specified has many values; 



+ Q dy when the path from A to 
and its general value (for a simple 


path) IS of the form F{x, y) + Z\,(Or, where is 1, — 1, or 0 according 

1 

as the closed path AL'BLA encircles P^ counter-clockwise, encircles P^ 
clockwise or does not encircle P^ (if the direction from OX to OY be 
regarded as counter-clockwise). 

More generally, if we allow the path AUB to cross itself, it may be 
deformed into ALB by taking circuits (m^ being positive, negative 
or zero) round P^. 

CB n 

Thus I {Pdx-V Q dy) = F{x, y) + where is an integer, 

J A 1 

positive, negative or zero. {Fig, 37,) 

9.4. Triple and Multiple Integrals. The definition of the double 
integral and its method of evaluation suggests the corresponding defini¬ 
tions and methods for integrals involving three or more variables. 

Thus, a f{x, y, z) is a given function, bounded in a region F enclosed 
by an elementary closed surface S, we can form, as in the case of double 
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integrals, the sums where Vg, . . . are sub-regions into 

which F is divided and m^. are the upper and lower bounds of/(a;, y, z) 
in (or its boundary). When these sums tend to a common limit as 
the circumscribing cubes of the sub-regions all tend to zero, this common 
limit is called the triple integral of f[x, y, z) through F and is written 

III/(a;, y, z)dxdydz. 

The integral may be proved to exist when f{x, y, z) is continuous 
throughout V and S ; it also exists wheny’(x, y, z) is continuous except 
over a finite number of surfaces, if f{x, y, z) is bounded there and the 
surfaces cover zero volume. 

When the triple integral exists, its value is the limi t of the sum 
where (*', y', zj.) is any point of or its boundary. 

Again MF >Jj'j* f{x, y, z)dxdydz'^mV where M, m are the 

upper and lower bounds of f{x, y, z) throughout F (and S) and 


rill, f{x, y, z)dxdydz. 


which Hes between M and m is called the Mean Value of/(x, y, z) through¬ 
out F. 

9.41. Evaluation of a Triple Integral. The method used to evaluate 
directly a double integral may be ex¬ 
tended to the case of a triple integral. 

Let the boundary S be quadratic. 

Then a hne parallel to OZ through 
(x, y) that crosses the boundary does 
so in two points (x, y, zf^x, y)), 

(x, y, z^(x, y),^ > Z 2 ) where Zj, 2:2 
are continuous' functions of (x, y). 

Let the upper and lower bounds on S 
(i) of X (all y, z) be A, a, (ii) of y 
(all z, x) be 6 , (iii) of z (all x, y) be 
C, c respectively. The set of points 
(x, y) for which Zi, z^ exist belong to fiq. 33 

an area in x — y plane whose 

boundary (an elementary quadratic curve) is determined by the relation 
= ^ 2 . {Fig. 38.) 

Thus jjj* f(x, y, z)dxdydz is equal to lui: 'f{x, y, z)d^dxdy, 

where Q is the projection of the volume on z = 0 . Similarly, we may 
obtain formulae by integrating first with respect to y or x. 

If a line parallel to OF in 2 ; = 0 meets the boundary of Q in {x, y^ix )}, 
{x, yfix) }, (yi > 2 / 2 ), we may write the triple integral as 

CA\ 
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A convenient notation for this is f dx dvi f dz. 

Ja }y, 

In particular, if F is a rectangular parallelepiped given by a < a: <4, 
b <:y <,B, c ^C, the integral may be written 

rA rB rC 

y> z)dxdydz. 

Jx=aJy=bjz=c 

Example. Evaluate jjjxy^dxdydz throughout the tetrahedron bounded by 
2 = 0, z = Xy y = Xy y — a. (Fig. 39.) Integration with respect to z gives 
i dx dyy where Q is the triangular area determined by a; = 0, y = a, 

y = X 

i-e. I = I ^(x^a^ — x^)dx = ,'ga®. 

Jo 



The six equivalent repeated integrals corresponding to the six ways of effecting 
the integration are in this example 

ra ra rx ra ry rx ra ry ry 

(i) I dx \ dy\ xy^dz; (ii) 1 dy \ dx \ xy^dz; (iii) I dy \ dz \ xy^ dx; 

Jo Jx Jo Jo Jo Jo Jo Jo Jz 

ra ret ry ra rx ra ra rx ra 

(iv) 1 dz \ dy\ xy^ dx; (v) 1 dz \ dx \ xy^ dy; (vi) da; 1 dz \ xy^ dy. 

Jo Jz Jz Jo Jz JX Jo Jo Ja; 

9.42. Multiple Integrals. A multiple integral is denoted by ' . ; 

II • • • |/(»1, 2^2, . . Xn)dXi, dXi . . . dxl 

and refers to a closed n-dimensional region. The definition is analogous 
to that of the triple integral, although there is not a correspondingly 
simple way of illustrating it geometrically. When the region of varia¬ 
tion is of a sufficiently simple character, the method of evaluation by 
repeated integration will not present any difficulty. 

Example. Evaluate JJJJea;4-2y+3z+4M dxdydzdu over all positive and zero 
values of Xy y, z, u for which 0< a. 

I — JJJJ(€4a-3a;-2y-z _ e^-^^y+^^)dx dy dz for 0< x -i- y z K a 
= JJ _ Je3a-2a;-y _l_ga;+2yj^^ for Q < a; + 2/ < ® 
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= f (Ie4a-3a; _ ^g3a-2a; ^ _ ^e^)dx 

Jo 

= - U*- 

9,43. Change of Variable in a Multiple Integral. The formula for 
change of variable in a multiple integral 


jl... /(»„.. 


x„)dxi dXi . . . dxn 

d jxi, Xg, . . x„) 
a(Ml, Mj, . . M„) 


=11 • 


du-^ du^ 


du^ 


where — x^Ui, u^, . . ., uf) (r = 1 to n) and is the region in the 
W;.-space corresponding to in the a;^-space, may be proved by induction. 

We shall assume that there is a 1 — 1 correspondence between 
with its boundary and with its boundary, and that the Jacobian 

J = ‘ ^ is continuous and never vanishes in the region. 

9(^1, ^ 2 , • • •, ^n) 

The region A^ can be divided up into a finite number of sub-regions 

dx 

within each of which one at least of the derivatives —his never zero. 

aUj. 

Otherwise by the process of subdivision and selection it would be possible 

dx 

to find a point in A^^ near which all the derivatives ^ (assumed con- 

dUy. 

tinuous) vanished. This would make J zero, thus contradicting the 
hypothesis. 

• dx 

Without loss of generality therefore we can assume that —1 

dui 

If we assume that the boundary is an elementary {n — l)-dimensional 
region (defined in an obvious way), we may integrate first with respect 

fai 

to the variables x^, x^, . . . x^ and obtain / = F{x^dx^, where 

J Ul 

^=11 "L fdx^dxz . . . dxn, Cy^^i is the set of points of A^^ 

for which x^ has a fixed value between ai, ai (the lower and upper bounds 
of a?! in Aj^, all Xa, . . . xf). 


From the relation x^ = Xi{ui, u^, 


. dx 

., u-^)y since 0 we can at 

vU^ 

least, in the neighbourhood of a particular set of values, determine Ui 
uniquely as a function of Xi, • u.^. By substituting this value of 

Ul in the functions Xz, . . ., x^, we obtain a transformation from Xi, x^, 
. . ., Xn, to Xi, Uz, . . u^ transforming A^ to A '^,; and the transforma¬ 
tion must be 1 — 1 since the given transformation is 1 — 1 . 

Now F is an integral of multiplicity {n — 1) and a?i is fixed during 
the integration. If we assume that the formula for change of variable 






r 
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is true for {n ^ 1) variables, we have 

F 


where 


J' = 


= JJ . . . J ^ fJ' duz du- 

^n) 


dUr, 


d{^ 

d(Uz 


•» W/i) 


(xi constant). 


■R„f 7 _ ^(^1> ^2> • • •> ^n) ^(^l> ^2> • • •> ^n) 7/ xl, i. 7/ • X 

j5ut J = —--. —-= J . SO that J IS not 

v(3/i, V/2^ . . ., v(Wx, ^2? • • •> ^n) 

zero (or infinite) and has the value J 






dUrt 


Let us assume, for simplicity, that the fine for which Uz, u^, , . . 
are all constant meets the boundary in two points at most, these points 
being given by 

{Ai('1^2j • • • ^n)> ^2> • • •» {-^l(^2> • • • ^?i)> ^2> • ■ 

(X\ > z,). 

Then I = n-'L G{Ui . . . Un)dUi . . . dUn, where 


Un) 




Now change the variables from Xi, ^ 2 , . . . u^, to Wa, • • • y'n by 
taking Xx — Xx{ui^ . u^), the transformation being 1 — 1 as 

before. Since t^ 2 > • • '^n fixed in (?, the latter becomes 


J Ui 


f,J.dux 


where U[, Ui are the values of Ui that correspond to Xi of Xj. 


Thus / = J| . . . J || ' f,J dui^du2 . . 

f.J.duiduz . . . du^. 


dUn 


Example, JJJJ (a; + y + « + xyzu dx dy dz du over all zero and positive 
values of x, y, 2, u for which 0<a; + y + z + 2 A< I {n being a positive integer 
or zero). 

Take X = x-{-y + z-{-u, XY = y z + u, XYZ = z + w, XYZU = u. 
If we denote X, XY, XYZ, XYZU by f, f, a respectively, we have 

d(x, y, z, u) d{^, rj, C, a) d{^, rj, (Y) 


d(X, Y, Z, U) d(X, Y, Z, U) * d(x, y, z, u) 


= X^Y^Z, 
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The transformed region is determined by the boundaries u — XYZU ==0, 
2 = XYZ(\ - ?7) = 0, y = Zr(l - Z) = 0, a; = Z(1 - 7) = 0, and 
aJ + y + z + w—1==Z — 1 = 0 

i.e. consists of the unit ‘ cube ’0< Z< 1, 0< F< 1, 0< Z< 1, 0< U < 1. 

The Jacobian vanishes when it = 0 but not otherwise. The given integral 
obviously exists and is therefore the limit when e — > 0 over the region obtained by 
omitting all values w, for which 0 < 2^ < e. This is equivalent to the integral over 
the transformed region from which the points given byO<ZyZI7 <e are omitted. 
This restricted region obviously tends uniformly to the unit ‘ cube ’ when e —> 0. 
The transformed integral over the unit ‘ cube * gives the required value. 

Thus 

7 = 1^ x»+7 dx j y«(i - r)drj z\\ - z)dz j t^(i - u)du = 


9.5. Surface Integrals. An integral of the form j j <f){x, y, z)dS 

over a portion S of the surface given hyx = x{u, i;), y = y{u, v), z = z{Uy v) 
is called a Surface Integral. Here dS is written for ^{EG — F^)du dv 
and the integral is evaluated over the region Q in the u — v plane that 
corresponds to S. 

The vector surface element is dS N where N is unit normal in a pre¬ 
scribed direction, 


i.e. dSN = (IdS)i -f (mdS)i + (n£i/S)k 

where I, m, n are the direction cosines of the prescribed normal. 

The components IdSy mdS, ndS may be positive or negative, and their 
absolute values are the areas of the projections of the surface element 
on the co-ordinate planes. If the element dx dy that occurs in a double 
integral over a region in the x — y plane is regarded as positive, ndS 
may be replaced by rfx dy if n > 0 and may be replaced by — dx dy if 
n < 0. 


However, the 


integral 


F{Xy y, z)dxdy is sometimes used as a 

5 


surface integral and must be taken to mean 



y, z)ndS, so that 


when dx dy occurs in a surface integral, it must be regarded as having 
sign as well as magnitude. 

We shall therefore define JJ {P dy dzQ dz dx + R dx dy) to be 
(IP + mQ + nR)dS and for definiteness we shall choose the direction 


of the normal in such a way that N, a, b form a positive system (i.e. 
[Nab] = + 1), where a, b are unit vectors along the tangents to the 
curves v = constant, u = constant in the directions in which these 
variables increase. Also in the u — v plane, an area will be regarded 
as positive if it is described in the same sense as the change in direction 
from the i/-axis to the v-axis. 

Let S be an elementary closed surface of quadratic type, so that 





r 
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its projection on 2 : = 0 is a quadratic 
curve y enclosing an area Q, (Fig- 40,) 
Let the line through {x, y, 0) of Q meet S 
in (x, y, Zi), {x, y, z^), {zj^ > z^). The points 
for which z> Zi (on the Hne) are outside 
the surface and therefore the normal that 

makes an acute angle with OZ at {x, y, z^ 
is the outward normal. Similarly the 
normal that makes an obtuse angle with 

OZ at (x, y, Z 2 ) is also the outward normal. 
Thus 


||/(*> y> z)dxdy = 11 fndS = || {f(x, y, z^) —f{x, y, Zi)}dxdy 

where (dxdy) in the last integral is positive. 

Similar results may be obtained for 

JJ (f)(x, y, z)dy dz and y, z)dzdx. 

More generally, if a hne through (x, y, 0) meets an elementary surface 
(not necessarily closed) in points (x, y, Zj), (r = 1 to m) where 


2^1 > 2;2 > 2;3 . . . > 2 ;^ 
/(x, y, z)dxdy may be expressed as 

+ 


11 

fi?>, y> Zi)dx — f{x, y, Zi)dx dy 
J J J J flj 

+ (- j y> 

if the normal at (x, y, z^) makes an acute angle with OZ, where Qj. is the 
region for which z^ exists. 

9,51. Greenes Formula in Three Dimensions. If an elementary surface 
S encloses a volume F, then 

111/'’- + Qy + dy dz = JJ (IP + mQ + nR)dS 

where I, m, n are the direction cosines of the outward-drawn normal and 
P, Q, R are continuous functions of x, y, z possessing continuous deriva¬ 
tives. 

Let the surface be quadratic. (Fig. 40.) 

Then 

111 = JJ \f(x, y, z^ — R(x, y, Z 2 )dx dy = || RndS (§5.5). 

t f 

V A 
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Similarly 


1 % dxdydz = Jj* QmdS and JJJ P^dxdy dz = JJ PldS, 

Thus III (Px + Qy + Rz)d^ dy = II + mQ + nR)dS. 

The theorem may be immediately extended to any elementary closed 
surface by dividing the region enclosed into a finite number of sub- 
regions boimded by quadratic surfaces. 

Corollary, (i) If P, Q, R are the components of a vector function F, 
then F.N = + mQ + nR and the theorem takes the form 

11 /“* (where dS = NdS). 

(ii) Let F = S/E, then 




9.52. Harmonic Functions. A three-dimensional harmonic function 
J5(x, y, z) may be defined as one that is finite and continuous and possesses 
first and second derivatives in a given domain and satisfies Laplace's 

d^E . d^E\ ^ ^ 

7” 


/ d^E 

equation + 


Thus if 


dy^ ' dz^, 
r = {(a: — aY + (y — W' + (^ — c)*}* 


- is harmonic except at (a, 6, c). 
r 


111 


Example. Let E be harmonic in Cor. (ii), § 9.51, where it is proved that 
BE 


V 

Then 


V ^E dx dy dz — 
BE 


I). 


f 


dS. 


BN 


dS = 0 ii E iB harmonic throughout S and its interior. 


For example, || ^(7)^^ = ^ where r = {{x — a)^ + (2/ — + (2 — c)*} 

and (a, b, c) is outside S. 

9.53. Discontinuities. Let there be m points (r = 1 to m) within 
V at which there are discontinuities. By surrounding each of these 
points with small closed surfaces S^, we can, by the method used in the 
case of Green’s formula for two dimensions, deduce that 

jj F.dS = fjj F.dS + jjj S/.Fdxdydz 

where 7' is the volume between the outer boundary S and the inner 
boundaries Sj.. 

In particular if V. F 0, we have || F. dS ^ -rH F. dS. Choos- 





S)0 


r 


II 
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ing Sj. to be a small sphere of radius p and centre D^. yre deduce that 

F.dS =Z lim ff F.dS if these limits exist. 

1 P—>oJJs^ 

Example. Let JEr = ^ where r = {(x — aY + (y — 6)^ + (2 — c)2}i and let 
(a, hf c) be within S, 


centre 


Then j j ^ = lim j j ^- ^dS where is the sphere, 

J J S p-—>-0 J J Si P 

(ay by c) and radius p. 

Thus = — 471 if (a, 6, c) is within S (its value being zero if 

(a, by c) is outside /S', § 9 .S 2 y Example). This is sometimes called Gausses Integral. 
(See also Examples IXy No. 122.) 

9.54. Greenes Theorems. Let F G^JE where E, G are invariants. 
Then jj + yG.\/E)dxdydz {19.51). 

Similarly jj £VG'.dS = jjj {E.\1^G S/E.VG)dxdydz 
when there are no discontinuities in F or on S. 

Therefore jj (GVi? - = jjj {G.S/^E - E.S/^G)dxdydz. 

But if there are m discontinuities within F at we have 
jj {GS/E-ES/G).A^ 

= Z'jj WG‘).d^+jjj {G.S/^E-E.S/^G)dxdydz 

(in the notation of § 9.53). 

The above result may be called Green's Theorem (General). 
Examples, (i) If Ey G are harmonic throughout V and on S we have 

j£(OV^ - - 0, i... 


(ii) Let ^ ~ where r = {(a; — a)^ + (y “ &)* + (z — c)^ }i and E any invariant 

function (possessing bounded second derivatives throughout V and on 8). 

Then 

i {;ii - -4©}- - JL, {^-,4©}-^ 111,,^-%- 

and we may take the limit of the right-hand side, if it exists, when p 
8^ is the surface of the sphere r = p. 


0, where 


O 


< 4jipMy where M is max ^ on Si. 
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Therefore 


■ 0 when p —>■ 0. 


Jj* E “ "" ^ p^}dS where A is bounded on 


Therefore 


j£/alr(r) 


O 

dS —> — 4:7iE(a, b, c) when p - 


- 0 . 


SJ^E 


dx dy dz 


F~r 


< -M^np^y where is max ^^E in F — V\ 


111 ! 

fff V^E fff V^E 

Therefore I I j —— dx dy dz — > I I I — dx dy dz (which is convergent) 

o -«) + 

This may be called Green's Theorem (Special). 

(iii) In example (ii) let E be harmonic in V and on S, then 

inE{a, c) = - ■^^(7)}'*® 

thus expressing a harmonic function at a point inside S in terms of the values of 

Ey 


on S, 


This may be called Green's Theorem (for Harmonic Functions). 

{{ ndE 5 / IM 

Note. If (a, by c) is outside J J ^ ^ ^ \ 7/J (Example (t).) 

(iv) Let G = ^ — Uy where U is harmonic and let E be harmonic. 

1 Lk^“ ”)}]'“ ” *’• W-) 

{[ f dE dG\ 

4:7iE(ay 6, c) = J J ^— E ^ JdSy if (a, by c) is inside S, 

'y we have 

■‘■“'--IL 


If it is given that G* = 0 on aS^, we have 
4:7iE(a, 


dG 
E^dS. 


Thus if E(Xy y, z) is a solution of V = 0 with given values E on the boundary, 
a knowledge of G (which depends on S and (a, 6, c) but not on the given values of E) 
enables us to find the value of E at any point (a, by c). The function G has been 
called Green's Function for the surface 8y but the term is now used for a class of 
functions of which the above is a particular case. For example, if it is given that 
dG 

^ = 0 on Sy instead of (? = 0, then 
oN 


^E(a^ 




dE 

G^dS 
dE 


thus giving E(ay by c) in terms of the values of ^ on S, 






r 
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9.55, Stokes's Theorem. Let C be an elementary closed curve (in 
three dimensions) and S an elementary surface bounded by C. {Fig. 41.) 
Let the equations of the surface be 

X = x{u, v), y = y{u, v), z = z(u, v). 

Let i? be the area in the u — v plane corresponding to S and y (the 

boundary of 12) the curve corresponding to C. 
Let a, b be unit vectors along the tangents 
to V = constant, u = constant in the directions 
in which these variables increase; and let y 
be described in the direction of a x b. At 
any point {u, v) of S choose the unit-normal 
N which is such that [Nab] = -f- 1. 

Stokes's Theorem states if P, i? are 
functions of x, y, z possessing continuous de¬ 
rivatives on C and on S, then 

{P dx Q dy R dz) 



= - Py) )dS 

where I, m, n are the direction cosines of N, the direction of description 
of G having been made definite by the specified description of y. 


1 , 


{Pdx + Qdy R dz) 


= f (P a:„ + Qy^ + Rz^)du + {Px^ + Qy^ + Rz^)dv 

IL 


= J J {Pu^v — P^u + Q^v — QvVu + Pu^v — dv 

by Green’s formula in two dimensions. 

But P^ = P^Xy, + Pyy^ + P^u> Pv = P^v + PyVv + with 
similar expressions for Qy, Py. 

Therefore 

{Pyp^v Ptf^u) ~ ^^Py ^Pz > {Q'u&v QvV'u^ ” *^^z " 1 “ 

and {RyZy — PyZ^) = — J^P^ + J^P^, 


i.e. f {P dx Qdy + R dz) 

JC 

IL 


— J J ~ ~~ Py) dv. 

But (Z/S N = (Jii -f Jgj + Jz^)du dv = {IdSi + mdS] -f ndSk) 
i.e. J^dudv, J^dudv, J^dudv may be replaced respectively hy IdS, 
mdS, ndS, 


or 


j* (P dx "i" Q dy -h R dz) 
Jc 


= ^ Qz) + m{P, - R,) + «(Q, - Py) }dS. 
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If F = (P, Q, R) and r = (x, y, z), we may write this result: 

I/'"'" IL (V X F).dS = jj(N.curl ¥)dS. 

Notes, (i) Green’s formula in two dimensions is a particular case of Stokes's 
Theorem. 

(ii) We deduce that if the normal surface integral of E over such a surface 8 is 
equal to the line integral if F round every curve G, then E = curl F. 

9.6. The Simpler Applications of Integration. An account of 
the commoner applications of integration will naturally involve some 
recapitulation of work that has already been done. For simplicity in 
statement we shall assume that closed domains are bounded by elemen¬ 
tary quadratic domains, and that the conditions for the existence of the 
integrals mentioned are satisfied. A line specified by the variation of x 
(the other variables being fixed) will meet the boundary of a domain in 
two points which will be denoted by x^ (x^ > x^)- 

9.601. The Arc. (i) If the curve is given by a; = x{t), y = y{t), 
z = z{t), the arc s measured from t — toio the variable point t is given by 

s = [ {x^ + y^ dt 
so that = x^ y^ z^. 

(ii) If the curve is given by y =f(x), and y is single-valued in the 
interval between Xq and x, the arc s between Xq and x is given by 


s = ["{! + (/ 

J Xo 

Notes, (i) f\x) may be discontinuous at a finite number of points if it is bounded. 

(ii) In the determination of the absolute magnitude of an arc, care must be 
exercised in cases where ds/dt vanishes at a point of the curve. 

Examples, (i) Find the whole length of the curve given by a; = a cos® t, 
y a sin® t, (0 < / < 2n). 

+ y^ = 9a® cos® t sin® t and s — 2a cos t sin t when 0 < < < n/2 and 
71 < < < 371/2 ; but s — — 2a cos t sin t in the second and fourth quadrants. 

!1 

By symmetry, however, « = 41 ^ 3a cos tmitdt — 

Jo 

(ii) Show that the length of the intersection of the paraboloid x^ — y^ — az 
with the cylinder a;® + is the perimeter of the ellipse a;® -f- 5y® = 5a®. 

Take x = a cos t, y — asm t, z = a cos 2t for the intersection. Then 
r2n r27r 

5 = al (1 + 4 sin® 2^)i= ay'sI (1 — ^ sin®/)i 

Jo Jo 

For the ellipse, take x = \/5a cos u, y — asm u and find its perimeter 

r2Tt 

= a\/51 (1 — f sin® u)^ du = s. 

Jo 

9.602. Line Elements, (i) For the curve given by x = x(^), y = y(t)y 
z = z{t) 


ds^ = (x^ + + z^)dt^. 
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(ii) For the surface given by a: = x{u, v), y = y(u, v), z = z{u, v), 
ds^ = E du^ + 2Gdudv + F dv^, where E = Ex f,G = Ex ^x^, F — ExJ^ 
and the arc of the curve u = u{t), v = v{t) on the surface is given by 


i: 


(Eu^ + 2Guv + Fv^)^ dt. 


If the co-ordinates are orthogonal, G = 0. 

(iii) For the change of variables given hjx = x(u, v, w)^ y = y(u, v, w), 
Z = z{u, V, w), 

ds^ = gii du^ + ^22 dv^ + ^33 dw^ + 2^23 dv dw + 2^31 dw du -f 2^12 du dv 

where Qh Ex^^^, ~ ffzz — 9^^ ~ 5^31 ~ 

gi 2 = Ex^Xy and the co-ordinates are orthogonal if ^12 = ^23 = 5^31 == 0 . 

Example. Find the total length of the plane curve given by r = a(l H- cos0) 
in polar co-ordinates 

ds^ =z dr^ — 2a\\ + cos Q)dd^ ; 5 = 21 2a cos d0 = 8a. 

Jo 

9.603. Plane Areas, (i) The area Q bounded by a curve y =f{x) 
(single-valued, > 0 ), the x-axis y = 0 , and the ordinates x = a, x — b 
is given by 

Q = { f{x) dx, {b > a). 

J a 

(ii) The area Q bounded by a closed curve in the x — y plane is 

when the variables are changed by means of the equations x = x[u, v), 
y = 'd ); and is the area in the u — v plane that corresponds to Q. 

If the curves u = constant, v = constant are orthogonal, the hne 

element ds is given by = h\ du^ h\ dv^ and Q = du dv. 

In particular, = 1 I r dr dO m polar co-ordinates. 

J Jo, 

(iii) For a closed curve the area Q may also be expressed as a line 
integral in various ways: 

c - 4 , - 4 J,<fc =-4, (p ^ 5 ) 

Jc Jc J c P — 9 

= {^dy — y dx) = r^dd. 

(iv) For a closed curve in which y may be given as a function of x, 
or a; a function of y, or r a function of 6. 

= f ( 2/1 — y 2 )dx. {Fig. 42 (i), quadratic in direction OY.) 

J a 

= J {xi — x^dy. {Fig. 42 (ii), quadratic in direction OX.) 
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Q = {r\ — rl)d6. {Fig. 42 (Hi), quadratic for a given 0, 0 outside.) 

J a 

r27r 

Q — dd, {Fig, 42 {iv), quadratic for a given 6, 0 inside.) 

Jo 

Examples, (i) Find the area of the three parts into which the circle 
= %ax is divided by the parabola = 4,ax, 

In the first quadrant, the curves meet at (4a, 4a) and therefore the area of each 
r4a 

of the equal parts is 1 {x^ — X 2 )dy where x^ = 4a — — y^), and Xz = y^/4a, 

J 0 

This is easily shown to be 47ia^ — ^a^. The third part is S^ra^ -f ^^a^. 



FIG. 42 

(ii) Find the area of a loop of = a^ cos 26, 

Here the origin is on the curve and a loop is determined by the interval 

— < 6 < ^Jt, 

flTT 

Thus the area = j a^ cos 20 dO = \a^, 

J 0 

9,604, Areas of Curved Surfaces, (i) For the surface given by 
X = x{u, v), y = y{u, v), z = z{u, v) where 

ds^ — E du^ + 2F dudv + G dv^ 

the area S determined by a region D in the u — v plane is given by 
S={{ V{EG - F^)du dv. 

Here E Ixl F = G = Ixl EG ~ F^ = Z . 

For orthogonal co-ordinates F = 0, ds"^ is of the form h\ du^ -f h\ dv"^ 
and /S = JJ hji^ du dv. 

(ii) For the surface given by 2 ; = z{x, y), the area S determined by 
a region Q in the x — y plane is given by 

S = || {I + dxdy 

where p = Zj^, q = Zy, and z is single-valued. 

(iii) For a branch of the surface given by F{x, y, z) = 0 

since F^^ pF,, = 0 = F^ + qF,,. 
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(iv) For the surface obtained by rotating an arc PQ of the curve 
y=zf(x) about OX, S = 27i\ f(x)ds ; and for the surface obtained 

by rotation about OY, S = 2n^ xds where ds may be replaced by 


Examples, (i) The area obtained by rotating about OY the arc of the catenary 

y = c cosh — from (0, c) to {x, y) is 
c 


rx rx 

27i\ xds = 2n\ 

Jo Jo 


X cosh - dx 
c 


= 27ic{^ 


c X sinh — — c cosh 


= 27i{c^ xs — cy). 

(ii) Find the portion of the surface az — xy intercepted by the cylinder 

a ;2 + 2^2 12 ^ 

Here ap = y, aq = x, ^ ~ JJ + a;® + y^) dx dy over the area of the 

circle x^ y^ — h^. Changing to polar co-ordinates, x — r cos Q, y = r sin 0, we 
1 271 

find 8 = - + r^)rdrdd = — a®}. 

9.605. Volumes, (i) The volume F cut from the cylinder of cross- 
section Q{x, y) whose generators are parallel to OZ between z = 0 and 
z =f{x, y) (single-valued, > 0) is given by 

7 = jj f{x, y)dxdy. 

(ii) The volume F determined by a closed surface is given by 

F - jjdj,* - I dvd«, 

when the variables are changed by means of the equations x =? x{u, v, w), 
y = y(u, V, w), z = z{u, V, w), and Fi is the volume in the u, v, w space 
that corresponds to F in the x, y, z space. 

When the u, v, w co-ordinates are orthogonal, the value of ds^ is of 

the form h\ du^ -f h\ dv^ + hi dw^ and ^ “ JJJ du dv dw. In 

particular, for spherical polar co-ordinates F = JJJ r^ dr dd d(j> 

and for cylindrical co-ordinates F = JJJ* p dp d<f)dz. 

(iii) Let Q be an area in the x, y plane for which 2 / > 0, and let this 
area be rotated about OX through an angle 27z forming a volume of 
revolution. 

The element of length is given by = dx^ + dy^ + dcf)^ where 
(f> measures the angle of rotation. 

Therefore Fi, the volume of revolution is 
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(P ^) 


This may be expressed as any of the line integrals 

V _ n<j,y‘dx = 2n*^xy dy - 

middd. {C being the boundary.) 

Similarly if x > 0 in the volume Fg obtained by a revolution round 
OF is given by 

F 2 = 27r 1 1 xdxdy — 7r^:p x^ dy = — xy dx 

JJ n Jo Jo 

, _ 2 ^ ^ yx’iy+jxydx ^ 

J 0 “^P 5^ 

= dy — y dx) = ® 

(iv) From (iii) we deduce when the boundary is quadratic in the 
appropriate direction that 


de 

dd 


^ f ( 2/1 — yl)^^ = 27t [ {Xi — Xi)y dy = ^7i[ (rj — r|) sin 6 

J a J b J a 

^f {^1 — ^\)^y = 271 j* ^(^1 — y 2 )x dx = ^n[ (r\ — r\) cos 6 
J b J a J a 

in the notation of Fig. 42 (i), (ii), (iii). 

In particular, take the arc of the curve y =f(x) (for which a; > 0, 
«/ > 0) from P to Q, and suppose for simplicity that f(x) is of constant 
sign from P to Q. The volume traced out when this arc makes one 
revolution 

(а) about OX is ttI* {f(x)Ydx 

Q Where Xq > Xp 

(б) about OY is 7i\ x'^\j\x)\dx 

Jp ) 

and if the arc is given in polar co-ordinates by the equation r — f{6) 
(single-valued and > 0), the values of these volumes are respectively 

(a) {/(0)}» sin 6 dd, (b) |;r {/(d)}» cos 0 dO. 

(v) If the boundary of the closed surface is quadratic in the direction 
OZ and S? is the projection of the volume on 2; = 0 , F = JJ (^1 — ^2)^^ 

in the usual notation, and the boundary of Q is the curve 2^1 — 2^2 = 0. 

(vi) If the area formed by the section of a volume for which z is 
fixed is Q{z), the volume F is given by 

F = j* Q(z)dz 

where c, C are the lower and upper bounds of z in F. 

21 











302 ADVANCED CALCULUS 


Examples, (i) Find the volume determined by 0 < z < — c log + y^/h^) 

where c > 0. 

The cross-section for a given z is an ellipse of axes ac-^A, 6e~2/c. 

r 

The volume is therefore I 7iabe-^/<^ dz = \mbc, 

J 0 

(ii) Find the volume obtained by a revolution of the curve r = a -f 6 cos 0 
(a> h) about OX. 


271 r 4 

V = (a + b cos 0)3 sin 0 d0 = ^7ia{a^ + b^). 

(iii) A hole is bored through the solid x^ = az parallel to OF, and the cross- 
section of the solid is bounded by z = 6, x^ = az cos^ a (a, b > 0). Find the 
volume removed.. The projection on z = 0 of the volume removed is bounded 
by a; = ± \/ab cos a, and part of the circle x^ -{• y^ = ab between d = Qc,0=7i — ol 
and between 0 = jr + a, 0 = 2:7r — a (r, 0 being polar co-ordinates of the a?, y plane). 


Thus 


= 4JJ (6 — z^dx dy + 4JJ (6 — Z2)dx dy 


1 x^ 

where z, = -{x^ + y*), z, =-s— ; A, is the area determined by r = 0 to 


r = Vaft, 0 = a to jr/2 ; Ag is the triangle bounded by a; = 's/ah cos oL,y=^x tan a, 
y = 0. 

On evaluation V will be found to be — a + sin a cos a). 


(iv) Determine the volume in the octant (a; -f» y +» 2 +) bounded by xyz = c®, 
x^y — a^Zy x^y = UgZ, xy^ — b^z, xy^ = b^, where a^ > Ug, b^ > ftg. 

Take u = xyz, v = x^y/z, w = xy^/z, then 

1 d(u, V, w) 5 . d(x, y, z) 1 

6vw' 


= —, i.e. 


uvw d(x, y, z) xyz 


d(u, V, w) 

dw 


j 1 1. r ^ r^dvr^dw , /aA, /6A 

The required volume is f lim I du \ “I — == Jc® log j log J 

e—^0 J e J aj ^ J 62 ^ ^2 2 


9.61. Line, Surface and Volume Integrals. If n points (x^yriZr) 

n 

are given and a function y, z) we can call E(l>{Xj., y^, Zj.) the sum- 

1 

function of (f> for these n points. The mean value of for the n points 

fn 

is If we suppose that m^, points coincide at {x^, y^, Zj.) the corre- 

ni 


8 

spending sum-function is Zmr<f>(x.j., y^, z^) where the number of points n 

1 

8 8 8 

is and the mean value is {Emj.^{Xj,, Zj))/Em^. A real extension 

1 11 

may then be made of the meaning of the sum-function by supposing that 
the numbers m^ may be any real numbers positive or negative. The 
number may then be appropriately called the weight associated with 
the point {x^, y^, z^). A further extension may now be made to con¬ 
tinuous distributions of points by using the properties of integrals. For 
example, let a volume V be divided up into a number of smaller regions 
of volumes v^. and let the circumscribing cube of be denoted by X,.. 
If we make the natural assumption that the mean value of cf) for the set 
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of points Vy is z^) where (x^, y^, z^) is some point of X^,, then 

the sum-function for V is Z(f>{x^, y\^ since this sum tends 

to the limit JJJ (^(x, y, z)dxdydz (when this exists) when the edge of 

every X^ tends to zero and when {x^, y^,z^) is any point of X^., the triple 
integral provides a natural definition of the sum-function for a continuous 
distribution V. The mean value of ^ throughout F is then 



<^{x, y, z)dxdydz. 


Similarly the sum-function for a surface distribution of area S is given 
by IL (^(cr, y, z)dS and its mean value is the quotient of this integral 
by S ; finally, the sum-function for a linear distribution of length s is 
given by J y, z)ds and its mean value is the quotient of the integral 
by 5. 

9£2, Mass and Density, For a mass M occupying a volume F, the 
mean density is defined to be Af/F. If a small cube of side c and centre 
P(x, y, z) is taken, the mean density of the mass m occupying this cube 
is m/c^, and if this tends to a limit p{x, y, z) when c tends to zero, p{x, y, z) 
is called the density at P. We deduce therefore that if p{x, y, z) is the 
density at P of a given mass occupying a volume F, then 


M = j'j'J p(Xy y, z)dxdydz. 


Example. The density at P, a point of a solid sphere of radius a and centre 0, 
is given to be 

po{l -{- € cos 0 + Je2(3 cos* 6 — 1)} 

where 6 is the angle OP makes with a fixed radius 0(7, and Po» ^ ^re constants. Find 
the mean density. 

Use spherical polar co-ordinates r, 6, 4>. 

Then total mass = JJJpo {1 H- e cos 6 -f- Je®(3 cos* 6 — 1) }r* sin 6 dr dS d<j) 

— — ^Tia^Po {cos 0 + Je cos* 6 + j£*(cos* 6 — cos 6) }q 
= 

Therefore is the mean density. 

9.63. The nth Powers of Distances. A problem of frequent occurrence 
is the determination of the sum of the nth. powers of the distances of a 
set of points from (i) a given paint, (ii) a given line, (iii) a given plane. 
For these three cases, the related functions ^ are respectively 

(i) {{x — clY + {y — PY + {z — yYY^^, where (a, p, y) is the given 
point. 

(ii) [ {M{z -y)- N{y - /3) }* + {N{x — a) - L{z - y) 

+ {L{y - p) - M(x - 

if the given line has direction cosines L, M, N and passes through (a, p, y), 
i.e. when the line has the equation {x — a)/P = (y — p)/M = (z — y)/N, 
(L2 + = 1). 







304 


ADVANCED CALCULUS 


(iii) {Lx + My Nz — P)^ if the normal to the given 'plane has 
direction cosines L, M, N and the perpendicular from the origin to the 
plane is of absolute magnitude P (> 0). When n is odd, the expression 
has opposite signs on opposite sides of the plane. The positive side of 
the plane is the one that contains (Lr, Mr, Nr) where r is large and 
positive. 

Examples, (i) Find the mean fourth powers of the distances of the points of a 
solid sphere (radius a) from a point P distant c from the centre of the sphere. 

Take the equation of the spherical surface as == a^ and P to be 

the point (c, 0 , 0 ). 

Then the sum of the fourth powers is / = illy{{^ dx dy dz. 

By symmetry, the contribution of odd terms is zero, and therefore 

I = JJJ^ {(a ;2 + y2 2-2)2 _|_ 4c2a;2 4- -j- 2c2(a;2 4- ^2 22) }dx dy dz. 

Also lll^x^dxdydz = + z^)dxdydzy by symmetry. 

Changing to spherical polar co-ordinates, we find 

== + -V^^r2 4- c*)r2 sin 6 dr dd d<j> = ^na^(c^ + 2aV -f fa^). 

The mean fourth power is therefore c* + 2 a 2 c 2 4 - 

(ii) Find the mean squared distance of the points of the whole surface of a closed 
cylinder (height hy radius a) from the centre of one of its ends E. 

For the end Ey the sum is | 27ir^ dr — \na'^. For the other end, the sum is 

Jo 

ra 

I 2nr{r^ + }i^)dr — n{\a'^ + a'^h^). For the curved surface, the sum is 

Jo ^ 

27ia I (ic 2 4- a^)dx = 2nah{a^ -f J^ 2 ). 

Jo 

The total surface is 27ia{a + h) and therefore the mean squared distance is 

\a{a + i^) + “1“ ^)» 

9.631. Mean Distance from a Plane. Mean Centres. Take n points 
at {Xs, ys, ^s) (5 = 1 to n), with weights m^. The mean distance of these 
points from the plane Lx + My + = P is 

+ My^ + Nz^ — P)} 

n 

where M = Zmg, i.e. is the distance of the point x, y, z from the plane, 
1 

where 

Umg ’ ’ Umg 

The co-ordinates of this point G are independent of L, My N, P and 
therefore G depends only on the relative positions of {Xg, y^, Zg) and not 
on the framework of reference. The point G is called the mean centre 
(or centroid). 

For a continuous distribution F in three dimensions 


Fx = III xdxdydzy F^ = ||| ydxdydz, “ JJI zdxdydz 
and there are similar formulae for areal and linear distributions. 
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Examples, (i) Find the mean centre of the arch of the cycloid x = a(Q — sin 0), 
y = a(l — cos 0), specified by the interval 0 < 0 < 27i, For the cycloid 

ds ~ 2a sin J0 dd. 


r2;r r2TC 

Therefore 2a sin J0 d0 = J a(l — cos 0)2a sin J0 dd. 


Say 


rn/2 

'I sin 

J 0 


rrr/2 

= ‘*“1 


sin® <l> d<l}, ((l> — id); or y = ^a. 


By symmetry x — an. 

(ii) Find the mean centre of the area bounded by a loop of the curve 
-j- _ 4(ix^y {a > 0). 

Take u = x’^/^y, v = y^/^xK Then the area in the u-v plane is the 
limit of that determined by 0 < 0 < Cg < v, u + v < 1, when e^, Cg —^ 

Thus if A denotes the given area (when e^, £2 —^ have 


',dudv — §a® 


= JJ ic da; dy = Ifia^JJ ut 

Ay = IL y dxdy = 16«® IL 


r r(p) Fiq) 

In Chapter XII, it is shown that I uP~^(l — u)^-^ du = ^j ^ ^ 

where r(x) is the Gamma Function, and by using the properties of the Gamma 

n^/2 

Function, we easily find that Ay — —Q 


A 

S^/2a 

Sn 


“•■IL 

and y a. 


241 /4|;- 1/4 du dv = 


Also 

Ifia® r(5/4) n7/4) ny/2 

3 r(3) “ 2 


JO 

(iii) The part of the catenary y — c cosh - between a; = 0 and a; = 3;^ (> 0) is 

rotated about OY through 2 right angles. Find the mean centre of the surface 
generated. 

Here ds = cosh -dx; y\ 2nx ds=2n\ xy ds; x on evaluation, it will 

^ Jo Jo 

bo found that 4(a;i5i — ci/i + c'^)y = cx^ + 2xiyiSi — csl, where = c sinh x/c. 

(iv) A solid half-ring is formed by rotating through 180° a circle of radius a 
about a line in its plane distant c from the centre (c > a). Find the distance of 
its mean centre from the plane passing through the circular ends. Take the line 
as OZ and the initial position of the circle as (a; — c)® + 2® = a®, the direction of 
rotation being from OX to OY. Using cylindrical co-ordinates, we have 

yiiip = 5!5p^ ^ ^P 

the surface being (p — c)® + 2® = a® (0 < ^ < n). 

2 rf(c + R cos d)^R dRdd . • a a 

Thus y — , — p f\\Tf AT? where p — c + R cos d, z = R sin 0, and 


jrJJ(c -f R cos d)R dR dd 
0 < 0 < 2:71, 0 < i? < a. Thus y = 


(a® + 4c®) 
27rc 


9.632. Pappm's {or GvMin's) Theorems. These theorems determine 
the relationship of a plane area (or arc) and its mean centre with the 
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volume (or surface) obtained by rotating that area (or arc) about a line 
in its plane which does not cross it. 

Thus let y be the distance of a point on a plane arc s from a line in 
its plane (not crossing the arc). The surface S obtained by rotating the 

arc about the Hne through an angle 0 is given by /S = J Oy ds = 5 Oy 

where y is the distance of the mean centre from the line, dy is the 'path 
of the mean centre. Again, if y is the distance of a point of a plane 
area A from a hne in its plane (not crossing the area), then F, the volume 
generated by rotating the area about the hne through an angle 0 is given 

by F = JJ 6y dxdy — A By, 

Thus: If a plane area (arc), of measure A ( 5 ), is rotated through 
an angle B about a hne in its plane not crossing the area (arc), then 
F (S), the volume (surface) generated is the product of A {s) and the 
length of the path of the mean centre. 

These theorems are sometimes useful for calculating {a) the position 
of the mean centre, (6) surfaces and volumes of revolution. 


Eocamples. (i) On three sides of a square of side a, equilateral triangles are 
constructed. Find the volume and the surface generated when the figure is rotated 
about the fourth side of the square. In this case the mean centres of the various 
parts of the area and perimeter are obvious. 


mi- rr « / av'3M , , 

Thus V = + 2 + 4^3) 


and 8 = 2.27r|a| + a.^ + a{a + == -f ^3). 


(ii) BCEF is a rectangle in which BG = b, CE = a. CB is produced to A and 
BC to D, so that AB = CD = a. The points A, F are connected by the quadrant 
of a circle of centre B, and the points D, E by the quadrant of a circle of centre G. 
Find the distance of the mean centre of the whole area ABCDEFA from A BCD 
and also the mean centre of the whole perimeter of this area. 

Rotate the figure about A BCD through 2;r. In this case, the volume and the 
surface have obvious values, 


V = -f nab = 2ny^(^na^ -f ab ); 

8 = + 2nab = 2ny^a + 26 + na ); 


a(4a + 36) 

^ 3^^-F26)’ 

a(2a + 6) 

== {n + 2)a + 26* 


9£33, Squared Dista'nces from a Line, Moments of Inertia. The 
moment of inertia / of a system of masses (s = 1 to n) about a given 

n 

line is defined to be Zm^D^ where is the distance of m^ from the line. 
1 

We therefore define the moment of inertia of a continuous mass M 


occupying a volume F by the triple integral / pD^dxdydz where 

p is the density of the mass at {x, y, z), and D the distance of {x, y, z) 
from the line; and M is given by the integral JJJ pdxdydz. 
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The mean value of pD^ for the distribution is I/M and its value 
is called the radius of gyration about the line. 

If, as is often the case, p is constant, then M — pV and 

7*2 = jjj D^dxdydz 

SO that k^ is the mean squared distance from the line of the points of F. 

If we take p = I, then I = Mk^ = Vk^ = JJJ dx dy dz. 

Let the origin be taken at a point of the line and let the direction 
cosines of the line be I, m, n \ then D is the modulus of 
{xi + y\ + zVi) X {li + mj + nk) 

in the usual notation or = {ny — mz)^ + {Iz — mxY + (mx — lyY^ 
i.e. I = Al^ + + Cn^ — 2Hlm — 2Fmn — 2Gnly where 

^ = 111 {y^-\-z^)dx dy dz \ ^ = JJJ {z^ + x^)dx dy dz 

C = II j (x* + y^)dx dy dz ; 

jF = III yzdxdydz; ^ ~||| ^^dxdydz; =||| xydxdydz. 

Thus A, B, C are the moments of inertia about OX, OY, OZ respectively. 
The quantities F, G, H are called the 'products of inertia about OX, OY, 
OZ. 

9.634. The Theorem of Parallel Axes. Principal Axes. The moment 
of inertia about a line parallel to OZ through (Xq, 2/o? 0) is 

Cl = |||^{(* — * 0 )*“ -\-{y - dy dz 

""'-mi y dx dy dz — J J ^ dx dy dz + M{xl + yl) 

= (7 + lf(xo + yl) if the origin is the mean centre G. 

Since any given line may be chosen as the 2 ;-axis, we deduce that if 
1 is the moment of inertia about any line and /(? is the moment of inertia 
about a parallel line through G (the mean centre), then 1 = Iq Mh^, 
where h is the perpendicular distance between the lines. This result is 
called the Theorem of Parallel Axes. 

Similarly, if A, B, C, F, G, H are the moments and products of inertia 
for rectangular axes through G, the corresponding quantities for parallel 
axes through any point (Xq, yo? ^o) are given by 
Ai = A+ M(yl + zl ); = B + M{zl + x?); = C + M(xl + yl ); 

B -j- JUyf^Q \ Gi = (t -|- JHZfp^Q j Hi — H -\- J^x^yQ, 

It is sufficient therefore to find the values of .4, B, C, F, G, H for axes 
through the mean centre. 

A further simplification can be made by choosing the axes of refer¬ 
ence in such a way that JT = 6r = ff = 0 and in such a case, the axes 
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are called pri'impal axes and A, B, C the principal moments of inertia. 
For a discussion of this question, reference may be made to works on 
Rigid Dynamics, but it is worth while noting that if a, /S are two planes 
of symmetry at right angles intersecting in I, the principal axes at any 
point P (i.e. such that at P, F = = 0) in I are I and the two hnes 

drawn from P perpendicular to I, one in each plane. In this case I 
obviously contains G, 


Example, Find / for a rectangular parallelepiped of edges a, h, c about the 
line through the centre of a face whose edges are a, b and a corner of the opposite face. 

Take the centre of the face as O and the axes OX, OY, OZ parallel to the edges 
a, b, c respectively. These are obviously principal axes (by symmetry). The 
values of .4, B, C for these axes are 


A = nj(y* + dydz== J/(^ + 0; B = + t); c=+ ^). 

The direction cosines of the line are {a, b, 2c)/^(a^ 4- 6® + 4c2). 


Thus 


I 


a^b^ 4- 4a2c2 + ^bH^ 
6(a2“+^+"4c2) • 


9.635, Mormnis of Inertia for a Plane Lamina, If the solid is a plane 
lamina of area A, small thickness h and density p, the prol)lem of deter¬ 
mining moments of inertia reduces to that of finding the sum of the 
squares of the distances of the points of an areal distribution A, of uniform 
surface density a — ph. If u is taken to be unity, the mass and the 
area are represented by the same number A, 

Take 0 in the plane of A and the 2 :-axis perpendicular to A, Then 
/, the moment of inertia about an axis through 0 with direction cosines 
(if, m, n), is given by 


where 


^ = II {n^y^ + n^x^ + (mx — lyY}dx dy 
= -f fm’^ -f yn’^ — 2klm 


« =11 dx dy, P = dxdy, y = ai-\-p, k = xydx dy. 

If the axes OX, OY are chosen so that ^ = 0, they are principal axes. 

For example if OZ or OF is a hne of 
symmetry, k is obviously zero and the axes 
are principal. In such a case 

/ = -f- (a + P)n^, 

Examples, (i) Let ABC be an isosceles 
triangle, in which AB = AC and BC = 2a, Find 
in terms of a and h (the altitude) 

(i) the moments of inertia about BC and 
the bisector of angle A ; 

(ii) the principal axes at B, (Fig, 43,) 

(i) The moment of inertia about BC is 

equal to 



FIG. 43 


[ PQ.y^ dy =[ 2a{h - y)y^ dy/h = 
Jo Jo 
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The moment of inertia about AD, the bisector, is 

(ii) For the axis through B parallel to AD 

P = iMa^ + Ma^ = ; 

also a = Ma^/Q ; and k = jjxy dx dy. 

In the integral for k, put ^ — x — a. Then 

ah 

^ = JJ(^ + dy = aAy = iHy. 


If a; sin 0 — y cos 0 = 0 is a principal axis through B 

JJ(a; sin 0 — ?/ cos d)(x cos 0 + y sin 0) dxdy = 0 

ah 4aA 

i.e. sin 0 cos 0 (^^ — ^h^) — (cos^ 0 — sin^ 0 )— or tan 20 = ^^2 _ ^ 2 - 

(ii) Find the moment of inertia about OZ of the solid ellipsoid determined by 

x^ 1/2 22 

— 4 - — - 4 - — = 1 . 

a2 ^ 02 -1- c2 


1 = + y^) dx dy dz = (a 2|2 _|_ d^ drj dC where x = a^, 

y = hr], z ~ cC and is the sphere given by ^2 _|_ ^2 j Using symmetry, 

we find / = ^ 0 c(a 2 -|- 02 ) jjj ^ q where the variables are chang^ 

y 8 

to spherical polars from rj, f and V 2 is the unit sphere r = 1 ; i.e. 


4mi0c a 2 

I = 


+ ' 


(iii) Find in terms of the moments and products of inertia for the mean centre 

(1) the sum of the squares of the distances of the points of a volume V from the 
point (Xq, ?/o, Zq) ; (2) the sum of the squares of the distances of the points from the 
plane lx -\-my nz = p + ri^ — I). 

(1) Sum = - a:„)2 + (y - y„)* + (* - ZaY}dxdydz 

— J(A + B + (7) 4- F(a;j + 2/* + z#)’ since O is the mean centre. 

(2) Sum = iSSyV^ + my + vz — p)^ dx dy dz 

= + C - A)i2 + + A- B)m^ + 4(A + - C)n^ 

+ 2Fmn + 2Gnl + 2Hlm + p^V. 

(iv) Find the moment of inertia of a uniform thin hollow sphere of mass M and 

radius a about a tangent. The moment of inertia 
about a diameter is JJ(a;2 -f y^)dS if we take the 
equation of the sphere as y^ z^ = a^. By 

symmetry this is 

f JJ(a;2 + 1/2 + = fifa2. 

About a tangent, the moment of inertia is therefore 
;!|i/a2. 

(v) Find the moment of inertia of a uniform 
solid circular cone of base-radius a and height h, 
about a line that meets the axis of the cone at 
distance 0 from the vertex inclined to the axis at an 
angle 0. {Fig. 44.) 

Let OZ be the axis of the cone and 0 the vertex. 

Take the equation of the fine to be 

X cos 0 — (2 — 0) sin 0 = 0. FIG. 44 
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Then I = JJJj, {* cos 0 — (s — 6 ) sin 0)^ + }dx dy dz. 

Now iSjx^ dxdy dz = J/Jy® ^ 

in cylindrical co-ordinates. 

r* 


a,u. . 

This gives -jl 

^Jo 


2 ^tan^acZ 2 , (where a is the semi-vertical-angle of cone) 


= ^^'tan*a = ^Jlfa^ 


JJJ 22 dx dy dz 


=-f 


tan^ cudz = ^Mh^, 


jj^xz dxdy dz = 0 — J/Ja; dx dy dz ; JJJz dx dy dz = Mz = 
e ^ ^ 0 + 6 ^ sin^ 6 — ^ sin^ 


r3a2 /3a2 3^2 36^\ 1 

or / = iIf{.^cos^ 0 d-(-^-|--g- + 6 ^-- 2 -)sin» 0 |- 

In particular, the moment of inertia about 

(i) an axis perpendicular to axis of cone passing through the vertex 

(0 = 90°, 6 = 0) is m(^ + 

/3a2 h^\ 

(ii) a diameter of the base {6 = 90°, 6 = ^) is + Yq) 

(iii) an axis perpendicular to axis of cone passing through the mean centre 


.20 ' 80 > 

(iv) the axis of the cone (0 = 0 ) is M- 


3^ 

10 


a^{a^ + 6 ^ 2 ) 

(v) a generator (0 = a, 6 = 0 ) is 20(a^ + h^y 

9.64. Fluid Pressure. Centre of Pressure. It is shown in the theory 
of hydrostatics that the normal thrust on one side of a plane area A 
immersed in a fluid is given by j>{x\ y', z')A where p (an invariant) is 
a function of x, y, z, and (x\ y\ z^) is some point of -4. We deduce 
that the thrust F on one side of a surface S is given by the surface 

integral JJ pdS N where N is unit normal drawn to that side of S. 
The components of the total thrust on S are therefore Jj* pldS, 

JJ pmdS, JJjmdt/S, where I, m, n are the direction-cosines of the normal. 

A simple ^se arises when the only external force acting on the fluid 
is gravity, the pressure in that case being proportional to the distance 
of the point from the free surface. Thus, if we neglect atmospheric 
pressure, the pressure of a liquid at a depth y is wy, where w is the weight 
of unit volume of the liquid. 
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and downwards. 



9.641, The Total Thrust of a Liquid under Gravity on a Plane Lamina. 
Let a plane lamina be wholly or partly immersed in a given liquid. Take 
axes OX in the free surface and OY in the lamina at right angles to OX 

(Fig. 45.) The total thrust == JJ wydxdy cos 0 

where is the area immersed and the lamina is inchned to the vertical 
at an angle 6 (^90°), i.e. the total thrust is 
equal to A^wh where h is the depth of the 
mean centre of Ai. If 6 = 90°, the total 
thrust is obviously Aiwh where h is the depth 
of the lamina (which is horizontal). In all 
cases, therefore, the total thrust is the product 
of the area immersed and the pressure at the 
mean centre of that area. 

9.642. The Centre of Pressure of a Plane 
Lamina. The centre of ^pressure is the point 
of the lamina through which the resultant 
thrust acts. It is obviously independent of 
the inclination of the lamina to the vertical provided this is not 90°. In 
finding centres of pressure it is sufficient to assume that the lamina is 
vertical. 

(i) A simple case occurs when there is a vertical fine of symmetry 
since the centre of pressure must obviously lie on this fine. Also if 
is the depth of the centre of pressure, we have 

\\j»ydxdy^ya = uyy’^dxdy in the notation of last paragraph, 

i.e. yc = where k is radius of gyration of the part of lamina im¬ 
mersed about the line in the surface and in the plane of the lamina. 

Example. A semi-circular lamina, radius a, is completely immersed in a liquid 
with its bounding diameter horizontal, uppermost and at a depth c. Find its centre 
of pressure. The radius perpendicular to the bounding diameter is a line of sym¬ 
metry. The value of for this diameter is a2/4 and therefore k^ for the line in 
/4a\^ /4a 

the surface is Ja^ — j 4* cj . The depth of the centre of pressure 

is therefore 


FIG. 45 



FIG. 46 


Sjra^ + 32ac + \2nc^ 

4(4a 4- Znc) 

(ii) More generally, take OX, OF in the 
immersed part of the lamina. (Fig. 46.) 
Then the line in the surface has an equa¬ 
tion of the form x cos 0 + ?/ sin 6 + j == 0. 
(Take q > 0.) 

Txq JJ (a; cos 0 + 2 / sin 0 -f- q)x dx dy 
Tyc == II (^ cos 0 -1- y sin 0 + q)y dx dy, 
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where 


i.e. 

and 

where h is the 


T = JJ 0 + 2 / sin 0 + q)dx dy 

JiXq = gx + if cos 0 + X sin 0 

Jiy^ = + X cos 0 + if ® 

depth of the mean centre of ki, ig ^.re the radii of gyra¬ 


tion for or, OX respectively, and ^IjX is J j xydx dy, the product of 
inertia for these axes. 

If X = 0, i.e. if principal axes are taken at 0 (for example when OX 
or OF is a hne of symmetry) 

Jixq — qx -{-k\ cos 0 ; liy^ = qy sin 0. 

If, in addition, 0 is the mean centre (at depth h), then hxc = k\ cos 0 
and hyc = k\ sin 0. 


Example. A vertical semi-circular lamina (radius a) is immersed completely 
in a hquid with the upper end of its bounding diameter in the surface. This diameter 
is inclined to the surface at an angle a. Taking OX downwards along the bounding 
diameter and OY along the radius perpendicular to OX, find the co-ordinates of 
the centre of pressure. 

Here ikf = and A = 0 (by symmetry); ^ = a sin a -f ^cos a; 


( 4 \ a^ 

g = asina; x = 0 ; y — a^sin ^ = —sin a ; 

/ 4 \ 4^2 a2 

a(^sin ^ ^JVq — sin a -f j cos a 

Sjta sin a a(37r cos a + 16 sin a) 

~~ 4(37r sin a + 4 cos a)’ 4(3:i sin a -h 4 cos a) * 

, Zna 71 a 4:a 

In particular a = 0, = 0, = ^ ; « = 2> *c = 4’ ^'c = 


9.65. Potential and Attractions. The theory of potential and attrac¬ 
tions provides other illustrations of the use of hne, surface, and volume 
integrals; and whilst some of the problems provide useful exercises in 
the direct evaluation of these integrals, results may often be obtained 
more simply by the use of general theorems. 

The attraction between two particles of masses mj, mg may be mea¬ 
sured by mimg/r^ where r is the distance between the masses. The 
intensity at a point P due to a mass mi at Qi is defined to be the attrac¬ 
tion on unit particle at P of the mass mi at Qi and is therefore given 

-► 

by — mi/rf in the direction QiP, i.e. the intensity is given by the vector 
V(mi/ri). The scalar function mi/ri is called the potential at P due to 
the mass mi at Q^. 

Note. It is easily shown that m-^/r-^ is the work done by the attraction on unit 
particle in bringing it from oo to P along any path that does not pass through Q^. 

For a system of particles m^ at the potential F = X— and clearly 
the attraction at P is given by VF. 
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For a continuous distribution for which the density is given by 

p{x\ y\ z'), the potential is naturally defined to be JJI 

where D is the domain for which p exists {p being zero elsewhere) and 
r' = {{X - xr + (y- yr + ~ 

It is, of course, not immediately obvious that this triple integral exists 
even for a finite domain (or distribution) D, and when p is continuous 
in D, 

The attraction (if it is properly defined by such an integral) is given 
by ( 7 ^., Vy, Vz) where ~ ~ similar expres¬ 

sions for Vy, Fg. 

Two cases must be distinguished, (i) when P{x, y, z) does not belong 
to D, and (ii) when P belongs to D. 

(i) If P is not a point of D, 1 /r' may be expanded as an infinite 
power series in x, y, z, uniformly convergent if p is bounded and D finite ; 
so that if in particular p is continuous in D, V is finite and continuous 
and possesses derivatives of all orders; it is not difficult to show also 
that as {x, y, x) tends to infinity, 7 becomes infinite hke M/R where 
M is the total mass of the distribution and R is the distance of {x, y, z) 
from the mean point of B. 

Also since deduce that V^7 = 0 for all points not 

belonging to D. 

(ii) Let P belong to D and let a small sphere S of radius e be taken 
whose centre is P, The contribution to 7 due to S is (in absolute value) 


III 


\p\dx'dy'dz' ^ 4 « i 

^ — < jLi^Tie^, where fx 


)s 

i.e. this contribution tends to zero as 


max p in S 
0 ; we therefore define 7 for 


an interior point to be hm f f f p^ dy dz hmit exists. 

p(x' — x) dx' dy' dz' 


Again, consider /j = JJJ 
28 


Here |7il </i 


E 


dx' dy' dz' < ^[XTie which tends to 0 with e. 


Thus the integral that defines V^. is given by 

p(x' — x) dx' dy' dz' 


.‘iJIL- 


although we have not proved that this hmit is actually the derivative 
of the hmit that defines 7. Assuming this to be true, we see that not 
only is 7 finite and continuous throughout D, but it possesses first 
derivatives that are finite and continuous. The integrals that define the 
second derivatives may also be proved to exist, although the contribu- 
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tions due to the small sphere no longer tend to zero in general, and the 
nature of these second derivatives (so far as continuity and differentia- 
bihty are concerned) is directly related to the nature of the function p. 

Notes, (1) For a formal justification of these results, see Qoursat, Cours 
d'Arudysey III, § 535 et foil., where it is shown that in the interior of D, V and its 
first derivatives are differentiable at all points, and V possesses continuous second 
derivatives. The proof given there of the continuity of the second derivatives 
within D assumes that the derivatives of p are bounded and integrable, although 
these conditions are not necessary. 

(ii) The proof that V and its first derivatives are continuous applies also to a 
point on the boundary of D. The second derivatives are, however, discontinuous, 
in general, on the boundary, since p is, in general, discontinuous there. 


IL 


9.651. Poisson^s Theorem. We have seen that F = 0 at an exterior 
point P. Poisson’s Theorem gives the value ofV^F at an interior point. 

In §§ 9.52, 9.53, we proved that (i) m) dS = 0 if ^ is a closed 

surface, — {x — a)^ + (y — I y, a point on S ; 

the rate of change along the (outward) normal, and (a, b, c) 

exterior to S ; and (ii) dS = — ^71 a {a, b, c) is within S. 

Since F = m/r for a single particle, we infer that 

dV 

= - 47rM, 

isSN 

where M is the total mass within S, i.e. the normal surface integral of 
intensity over S is equal to — times the total mass enclosed by the 
surface. (Gauss's Theorem.) 

By Green’s formula f(* = Cff V^Frfv where v is the volume 

JJsdN JJJ, 

enclosed by S, 

i.e. JJJ (V^F + 4:7zp)dv = 0. 

If therefore V^F and p are continuous within D, we have 
(V^F+4;rp).,, V,V = 0, 

where (xq', yf, zf) is some point of v. 

By taking t; to be a small sphere of centre (xq, y^, Zq) and radius e, 
and letting e —> 0, we deduce that V^F = — 47rp (at any interior point). 
This result is known as Poisson’s Theorem and is sometimes written in 

V^F dv 




Examples, (i) Let 8 he a. surface containing within it or on it no points of the 
distribution; then V is regular on and within 8. 

Take F = WV in Green’s Formula JJ^F.dS = dv (§ P.5i). 

JV 


Then = 
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dV 

If therefore V is constant onS,(V V)^ = 0, since ^ i*® • P® = Py = = 

or V is constant everywhere in the region for which it is regular, if it is constant 
over a surface drawn in that region. Similarly V is constant in the region if its 
normal derivative vanishes over S. 

(ii) The potential cannot have a maximum or minimum at a point of free space. 

fldV d /1\] 

From § 9,54 (Hi) we have 4jrF(a, h, c) = “ P ^\T/J where S 

is a surface drawn in free space, (a, 6, c) a point within 8 and r the distance of 
(a, 6, c) from a point of 8, 

dV 

Take 8 to be the sphere centre (a, b, c) and radius R ; then since d8 = 0 

and ^(“) “ ^2 obtain V(a, 6, c) = Thus the mean value of 

V over the sphere is the value at the centre. The function V cannot, therefore, 
have a maximum or minimum at (a, h, c). 

(iii) Find, by direct integration, the potential and attraction at a distance c 
from the centre of a uniform solid sphere of unit density and radius a ; and verify 
the results by using Gauss’s theorem. 

sin 0 dr dO d<l> 

(1) c> a ; F = _ 2er cos 6 + r^) spherical polar co-ordinates 

referred to the centre of the sphere as origin, and the point of distance c on 0 = 0). 

27ih 

(2) c < a; for 0 < r < c — c, Fi = — e)* by (1) and for c -f e < r < a 

o C 


271 r® 

Integrating, we find F =^| r{'^(c + r)^ — ^(c — r)^}dr = —J i 


^ „ _ 47ra® 

2r^ dr = r-. 

3 c 


we have Fj 


-ijj. 


^ {^/(c + ”■ V(^ 


^ 2 n[ 2 i 

J C+e 


2r dr — 27i {a^ — (c + }• 


Thus Fi + Fg ■ 
4 Tia^ 


\7ic^ + 27i(d^ — c^) = 27i(a^ — \c^) when s 

dV 


• 0, i.e. 

F = ^—(c > a), 27i(d 

o C 

c — a, but F^(a — 0) — V"(a -j- 0) = — 

Otherwise, take 8 to be the sphere centre 0 and radius c; then F, ^ are constant 
over this sphere, by symmetry. Applying Gauss’s Theorem 

4 na^ 

3 


(c < a). The functions F, are continuous at 


0F 


aF 4 aF 

(1) c > a; ^.47rc2 = — 4n,-^7ia ^; i.e. ^ = 


aF 4 

(2) c < a; ^.4;rc2 = — ; 


aF 4 

I.e. — = — -;rc, giving the attraction. 


Integrating with respect to c, and using the facts that (a) F —y 0 when c — y 00 
(b) F is continuous at c = a, we find the same values of F as above. 

(iv) The cross-section of a right solid circular cylinder of unit density and of 
height ^ is a semi-circle of radius a. Find the attraction at the mid point of the 
bounding diameter of a semi-circular end in the direction perpendicular to the 
rectangular face of the solid. Use cylindrical co-ordinates, taking the equation 
of the cylindrical surface to be p = o, and measuring from the rectangular face. 
The solid is given by0< <!>< 71, 0 <, z< h, 0< p<a. The attraction is 

fp2 sin <l>dpd<j)dz f f p^ dp dz 


f r fp2 sin <l>dpd<j>dz ^ f f 

J J J (P* + J ('p* -f 

_ 9 r° J g + V(a3 + h^) \ 

~ ^ J log I h J • 
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9,66. Other Illustrations of the Use of Integrals, (i) Mean Value. Three points 
are taken at random on a straight line of length a. Find the mean (numerical) 
distance of the intermediate point from the mid-point of the line. 

Let the segments measured from one end of the line be 

^ (> 0), 2 / {> 0), 2 (> 0), a - a; - 2 / — z (> 0) 


We therefore require the mean value c of 



for the tetrahedron given 


by0< X y -{■ z< a. 

The set of points for which x y< a/2 has the same measure a,s the set for which 
a; -f 2/ > «/2. Also the mean value for the one set is the same as that for the other. 
Thus JcJJJda; dy dz — //(Ja — x — y)(a — x — y)dx dy iov Q < x + y a/2, 


i.e. 





3a 

16’ 


(ii) Probability. A straight line is divided into three parts. Find the chance 
that these parts form (a) a triangle, (b) an acute-angled triangle. 

(а) Let X, y, z be the lengths of the three parts where x, y, z are three positive 
(or zero) numbers for which 0< x -{■ y <, a, x y -\- z — a. The set of values 
Xf y is measured by ^dx dy = Ja^ = The favourable cases are those for which 
x->ry>a — X — y, a — x > x^ cl — y > y* i-e« tbe interior of the triangle A i 
determined hy x y = a/2, x = a/2, 2/ = cl/2. The chance is Ai/ A = 1/4. 

(б) For an acute-angled triangle -f y^, x'^ <y^ z*, < z^ -f x^ (if 

these are satisfied the triangle exists since then x-\-y>Zyy-\-z>x, z-\-x>y). 

One set of unfavourable cases is boimded by the curve of intersection of the 
cylinder (x^ y^) — (cl — x — yY with the plane x y z = a. This set is 

measured by {« - 2(a“- log 2. By symmetry, there are 

two other sets measured by the same number (the cui’ves on the plane x y -{■ z — a 
intersecting only on the co-ordinate planes). 

3a2 

The number of favourable cases is log 2 — and therefore the chance of 

an acute-angled triangle is 3 log 2 — 2 ( = 0-08 
approx.). 

(iii) Planimeters. Let A, B be two points 
fixed on a rod which moves in the x — y plane 
so that Ay B describe certain closed curves 
respectively and return to their initial positions. 
(Fig- 47.) 

Let the co-ordinates of A, B be (x^y y/jy 
(^ 2 > 1 / 2 ) respectively, referred to fixed axes 
through 0. 

Then = x^i + yj ; = x^i + y 2 i 

X dFj = (Xi dyi — 2/1 dxi)k and 
Tg X drg = (X 2 dy^ — 2/2 dx^)^. 

Thus L Ti X dFi = 2Ayky J r 2 X dVg = 2A2k, 
where A^, A 2 are the areas enclosed by the paths 
Oi, C 2 of the points A, B respectively. 

Let a be rniit vector in the direction AB and Fa = OE where E is the midpoint 
of AB. 

Then r^ = Fg — ; r 2 = Fg -f JZa, where AB = 1. 

Therefore X dr 2 - f^ x dF^ = ^(a x dFg -f Fg x da). 

But a X Fg = pk, where p is the perpendicular from O to AB, i.e. 
a X dFg -h da X Fg = dp k. 

Also a X dFg = duky where du is the displacement of E perpendicular to the 
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rod; and therefore da x Fg = (dp — dw)k. Thus 

Fj X dFg — Fj X dFj = l(2du — dp)k. 

ov — lu, where u is the total displacement at E of the rod perpendicular 

to itself, since the description of the closed curves restores the value of p. 

The above equation gives the theory of such a planimeter as Amsler’s, which 
may be used to determine the area A 2 described by B. 

The displacement perpendicular to the rod is measured at some point (7 by a 
small wheel whose axis is along the rod. If this displacement is then u = w + cd 
where EC — c and 6 is the angle through which AB has turned from its initial 
direction. 

Thus A 2 = Ai -h l(w + c6). 

In Amsler’s planimeter, the point A is connected by an arm to a fixed point 
(which may be taken as O) and two motions are possible. 

(i) When A describes an arc of a circle and returns to its original position in 
such a way that the rod does not make a revolution. 

Then 0 = 0, = 0, Ag = Iw, which is measured by the instrument. 

(ii) When A describes a complete circle, and the rod makes one revolution. 

Then A^ = where OA = a, 0 = 2jr and Ag = + n(a^ + 2lc), The instru¬ 

ment measures Iw, but to this must be added n(a^ + 2/c), a constant of the instrument. 

Examples IX 

1. Find the length of the arc of the circle + 2/^ = intercepted by the 

circles — 2a-^x, x^ + y'^ — 2 a 2 X. 

2 . Show that the length of the arc of intersection of the surfaces y = 4 ~ 

z = X — Jxi measured from the origin is a; -f y — z. 

3. For the curve given by x = a cosh t, y = h sinh t, z = at, prove that 
bs = yVi^^ + where s is measured from ^ = 0. 

4. Show that the arc of the plane curve given by a; = 3a sin 0 — a sin® 0, 
y — a cos® 0, is of length ija0 + :ja sin 0 cos 0 if measured from (0, a). 

5. Evaluate ^x^y dx dy over the rectangle 0 < a; < 2a, 6 < y < 26. 

6 . Evaluate JJsin + |)da; dy, (a, 6 > 0), over 0 < a; < ^na, 0 < y < ^ 716 . 

7. Show that JfE^ydxdy over the rectangle a;o< a;< a^j, yo < y < yi» is 

F(x, yi) - F(Xo, yi) - F(Xi, y^) + F(Xo, y^) 

8. Evaluate ffsin (2x + 3i/)dx dy over the trapezium whose corners are (0, 0), 
(§71, 0), (n, \7i), (Jtz, \n), 

9. Find JJ(a;® -f y^)dxdy over the interior of the ellipse a;®/a® -f- y^/6® = 1. 

10. Show that i^F^y dx dy over the triangle given by 0 < x/a + y/6 < 1, is a 

f FJ^at, b — ht)dt — F(a, 0) + F(0, 0). 

J 0 

11. Prove that JJ(2a;® + y® + 3a: — 2y + 4)da; dy over the interior of the 

5771 

ellipse a:® -j- 4y® — 2a: + 8y + 1 = 0 is 

Evaluate the integrals given in Eocamples 12-14 over the triangle determined 
by 0 < a: -f y < 1. 

\2, dxdy. 13, dx dy. 14. jjcos 7i{xy)dx dy, 

15. Evaluate jjx^dxdy over the interior of the octagon whose vertices, in 
polar co-ordinates, are given as (a, rTijA), (r = 0 to 7). 

16. Find dx dy for the interior of the square of corners (0, ib a), (± 0). 

17. Evaluate JJxlog (a:®-f y®)da: dy over the area between the circles 
y^ — a®, a:® + y® = 6®, (6 < a) and find its limit when 6 —> 0. 

ri r2-y/y 

18. Determine the region over which the integral I dy I xy dx is to be 

Jo J Vi/ 

evaluated and find its value. 

22 


.J 
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19, Evaliiate 


(•2+(l-v)i 


fi f2+(l- 
dy\ 

Jo J y+1 


dx and state the area in the x — y plane to 


over the area bounded by y = di 3(x — 2), 


which the integral refers. 

20 . Evaluate jjx^y^ dx dy 
y = ±3{x - 4). 

21 . Evaluate //(x® + y^)dxdy over the circular area bounded by 
(X - 2)2 + (y - 3)2 = 9. 

22 . Calculate the value of J‘Ja;2 dx dy over that area bounded by a;2 — 

X '' - 


2 -f y2 = 4 which contains (0, 0). 

23. Prove that the area of the parallelogram determined by a^x 4- h^y = 


|(ir , - K^)(k^ 


a^x + h^y = a^x K^\a 

24. Prove that for the change of variable given by 

a:2(a2 - 62) = (^2 ^)(a2 v), ^2(0^2 _ 52) = _ (52 ^ ^)(ft2 _|_ > 5) 

the curves u == c^(> — 62) and v = Cg (— a^< v < — 62) are ellipses and hyper¬ 
bolas respectively. Show also that w, v are orthogonal co-ordinates and that 
dS = {u — v)dudvl4:\^D where D = — (a^ u)(a^ -f v)(62 + w)(62 -f v), 

25. If w = a;2 _ ^2^ ^ — 2xy, show that any straight line in the a? — y plane 
not passing through 0 is transformed into a simple curve. 

26. If u ^ X* — 6a;2y2 -f- y*, v = 4txy{x^ — y2), show that the straight line 
y = c (^zf 0) is transformed into a curve with a loop. 

27. If 16 = a; -f- y, V = y2 — 3a;y — 3y2 -f 6a; -f 6y, the region for which J < 0 
and its transform is I — 1, but not the region for which J > 0 and its transform. 
Show that the region on the left of any tangent to J = 0 is 1 — 1 with its transform. 

28. Find the area in the first quadrant determined by y^ = a^x^, y’” = 

yv — yP = («!, Ug, 61, 6g > 0, ym — np 0). 

29. Find the area bounded by the curve r = a -f 6 cos 0 (6 < a). 

30. Show that the area in the first quadrant determined by xy^ = 1, xy^ = 4, 
y2 = 4a;, y2 = 9a; is ^(24 - 6^2 + 4^3 - S-y/fi). 

31. Prove that the area of the loop of the curve (a;2 -f ayY = a^y is \na^. 

32. Show that the area of one of the crescents across the a;-axis bounded by 
a;2 -f y2 = c2, a;2/a2 + y^/h^ = 1 (6 < c < a), is 

1, . o r6 V(a^-c 2)| 

ab arc tan V [-nTb^) " i aV(c^ - 6») /- 

33. If a; = y = u^y>(v), prove that the area bounded by w = Wj, w = 

(m<l>y)' — ny)<f>')dv , 


fvi/ 

v = Vj, V = Vg is the numerical value of — w^+w) I - 


(m -f n) 


if 


— n and of — (^gV^g) log (—) if m = — n. 

\Wo' 


4 


34. Show that the area in the first quadrant determined by aiy2 = a;*, a^y^ = x^, 

= 61a;, y2 = 6ga; is 1^^1(626/4 _ _ ai3/4)|, (a^, a^, 63 > 0). 

35. Prove that the area bounded by a simple closed curve C is the line integral 

x^fid{x^iyPi) . .0 

where a + = p + Pj = 1, oi^p. 


<x- p 
Show that 


I e2^^+6y{(3 cos 3a; + 2 sin 3a;)(sin 2y da; -f cos 2y dy) 

Jo 

H- (2 cos 3a; — 3 sin 3a;)(cos 2y dx — sin 2y dy)} 
is independent of the path of integration and find its value. 

37. Calculate directly /(a;® + y^)dx + (a;2 + y^)dy along the boundary of the 
pentagon whose vertices are (0, 0), (1, 0), (2, 1), (1, 2), (0, 1) and verify the result 
by Green’s formula. 
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38. Show that 


{xy{x dy — y dx) 

' 1 -—4- closed curve C not passing through 

J y 

the origin (0, 0) is zero. 

39. Prove that for a simple closed curve not passing through (± 1> 0) the value 


of the integral 




is 0, Jtt or 71. 


(a;2 4- y2 _ 1)2 4. 4y2 

Discuss the line integrals given in Emmples 40-1. 
x^y^{x dy — y dx) 

c 

closed). 


40. 


4 , 


42. Evaluate 


ic® + 2/® 

{x^ dy — y^ dx) 




(x^ + 


^ (a;a - yg - x)dx - y{2x - l)(fa . 

■ Tc {*’’ + + y^-2x+i) 

when C is (i) the boundary of the square 


X = a, y = ; (ii) the circle 4. ^^2 — q 2 

43. Show that the line integral *^pdv over the boundary specified by pv = RO^, 
pv = i?02> = ^2 ^2> ^i> ^2> y 1) being constants and all the 


symbols representing positive numbers) is equal to 



h 

1 



44. If a rod ABC moves in a plane and returns to its initial position after having 
rotated through one complete revolution, show that 

BC.Q^ + AB.Q^ - AC.Q^ = 71 BC.AC.AB 
where fbe areas enclosed by the curves described hy A, B, C 

respectively. 

45. jB is a fixed point on a rod AC dividing AC into two segments Cj, Cg. Prove 
that if the ends A, C move on the same closed curve y and the rod returns to its 
initial position after describing one revolution, the area between y and the curve 
described by B is 7ic^C2. 

46. A square hole of side 2y/2 in. is cut symmetrically through a sphere of 
radius 2 in. Show that the area of the surface removed is 16;i(V2 — 1) sq. in. 

47. A square hole of side 26 is cut symmetrically through a cylinder of radius 
a (> 6), the axis of the hole being perpendicular and two of the sides of the section 
being parallel to the axis of the cylinder. Find the area of the surface removed. 

48. Find the portion of the surface of the sphere x^ y^ within the 

cylinder x^ y^ ^ ax. 

49. Find the area of the surface obtained by a complete revolution of one arch 
of a cycloid about the line joining its extremities. 

50. Find the area of the surface 2az = intercepted by cos 

51. The ellipse of axes a, 6 (a > 6) forms a prolate spheroid when it makes a 

revolution about its major axis. Show that the surface of this ellipsoid is 
27ih^ + (2;ra6 arc sin e)/c where 6^ a\\ — e^). 

52. The ellipse of axes a, h (a > h) forms an oblate spheroid when it makes a 
revolution about its minor axis. Show that the surface of this ellipsoid is 

2710^ 4- [;r62 1og {(1 -f e)/(l — e)}]/e. 

53. Evaluate IjlxyV dx dy dz through the interior of the tetrahedron bounded 
by z = 0, z = a;, 2/ = 2a, 1/ = 2a;. 

54. Show that JJJe^/a+y/^+^/y c2a; dy dz taken over all positive and zero values 
of X, y, z that satisfy 0 < x/a + y/6 + z/c < 1 (a, 6, c > 0) is 

_ r , V e^/^oL^hc "1 
“^>^L-^+^ ( H^ -6a)(ay-ca) J 


if a/a ^ b/p ^ c/y. 

55. Evaluate dx dy dz over all positive and zero values of 

X, y, z that satisfy 0 < x/a + y/6 4- z/c < 1, when y yt^c/k. 

56. Evaluate ^ over all positive and zero values of 

X, y, z that satisfy 0 < x/a + y/6 4- z/c < 1. 
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57. Evaluate -{-y^) dx dy dz through the volume of the cylinder 

-f 2/2 = intercepted by the planes z 0, z ^ h. 

58. Evaluate m(xy -[• yz zx)dx dy dz through the interior of the cube 
determined by 0 <a;<a, 0 <t/<a, 0 < 2 <a. 

59. Evaluate iUxyz^ dx dy dz for 0 < 4(a; — 2)2 -f- (y — 1)2 -f 9^2 < 30 , 

ra ra ra—x 

60. Find the value of 1 dx\ dy \ xyz dz and state the region to which the 

Jo Jo Jo 

triple integral refers. 

rl r2~2x rl 

61. Evaluate I da; 1 dy \ 2 ® dz and obtain the corresponding forms of 

Jo Jo Jx+iy 

the five equivalent repeated integrals. 

62. Find the volume of the sphere a :2 + y 2 _|_ ^^2 _ ^2 intercepted by the 
cylinder a;® + 2/2 = ax. 

63. Find the volume enclosed by the surface r = a(l + e cos 0) where r, d are 
spherical polar co-ordinates and e is constant. 

64. Find the volumes bounded by (i) r — a sin® 6 cos d sin cos ^ ; 
(ii) r® = 27a® sin ®6 cos0 sin cos <l> in the octant for which x, y, z'p> 0 (r, 0, ^ 
being spherical polar co-ordinates). 

65. A square hole of side 26 is cut symmetrically through a sphere of radius 
a (> b\/2). Find the volume removed. 

66 . A square hole of side 26 is cut symmetrically through a cylinder of radius 
a (> 6 ), two of the sides of the square section being parallel to the axis of the cylinder 
and the axis of the hole being perpendicular to the axis of the cylinder. Find the 
volume removed. 

67. Show that the volume obtained by one revolution of the loop of the curve 
3 .® _j_ ^3 _ ^xy about OX is 47 r®a®/ 3 \/ 3 . 

68 . Show that the volume of the surface a;® -f y® = 4 a 2 cut off by the plane 
a; + 1 / + 22 ='4a is 25;ra®/2. 

69. Show that the volume obtained by a revolution of the circle 

+ (y — c )2 = a® (c > a) 

about the a;-axis is 27r®a®c. 

70. An arch of a cycloid makes one revolution about the line joining its extrem¬ 
ities. Prove that the volume generated is 5;i®a®. 

71. Find the volume of the paraboloid x® + y® = 4 a 2 cut off between the 
planes x +2y + z = a, 2x-\-y-\-z = 16a. 

72. Calculate the volume determined by 0 < y^x -f ^y + '\/z < 1. 

73. Calculate dx dy dz du for all positive and zero values of x, y, 2 , u, 

that satisfy the inequality 0 < x + y-{-z-\-u<, 1 . 

74. Evaluate + y + z + xy^ z^u^ dx dy dz du (m > 0) over all 

positive and zero values of x, y, 2 , u for which 0 <a;-f 2 / + 2 + i 4 < 1 . 

75. Find the value of JJ . . . Je*i+*«+ • • • +% dx^ dx^ . . . dx^ over all 

positive and zero values of x-^, x^, . . .,x^ for which 0 < -f ajg + . . . + < 1 . 

76. Evaluate JJJJ cos (a; -f 2 ?/ -f 82 + 4:u)dxdydzdu over all positive and 
zero values of x, y, 2 , u for which 0 < x-\-y-\-z-\-u<, n/2. 

77. Prove that jjjje°^+^y+y^+^^dxdydzdu over all positive and zero values 
of Xf y, 2 , u for which 0 <a;-l- 2 /-f 2 -fw< lis 

1 ea 

oL^yd a(a — ) 0 )(a — y)(a — 6 ) 
if a^yd{cc — /0)(a - y)(a - 6){P - y)(P — (5)(y — d)^0. 

78. Verify Green’s formula by calculating directly the surface integral 
Jj 2 ®(a;® -f- y^)d8 over the sphere a;® -f i/® -f 2 ® = a®. 

79. Use Green’s formula to prove that when ds^ — dw® -f- dv^ ^3 dw^, 

d (hji^ Tr ^ I ^ t7 \ I ^ T/ ^ 
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80. Calculate directly dy dz -[• dz dx dx dy) over the spherical 

surface and verify the result by Green’s formula. 

81. IfV xF==—6 ; V XG= — F, prove that, if is a simple surface 

enclosing V, JJ^(F x G).dS = - + G^)dxdydz. 

82. Show that, in the usual notation, if = 0, then 

Ulyiul + + Vl)dx dydz^ 

83. Find the value of JA( 2 /^ + z^)dx + fi{z^ + x^)dy + v(x^ + y^)dz along the 
skew hexagon obtained by joining the following points in order: 0 (the origin), 
^( 1 , 0, 0), B(l, 1 , 0), 0(1, 1 , 1 ), D{0, 1 , 1), ^(0, 0, 1 ), O. Verify the result by Stokes’s 
Theorem by taking a surface integral over the three faces of the unit cube OAFE, 
ABGF, FCDE (F being the point 1, 0, 1). 

84. Show that if P, Q, R and their derivatives are continuous, the function given 
c^, y, z 

by 1 (P dx Q dy R dz) is independent of the path of integration if = Ry, 

J iCo, I/O. Zo 

~ Pz» P® “ ^ 1 /* 

Cx, y, z 

85. Prove that I (x^ — yz)dx -f (y^ — zx)dy 4 - ( 2 ^ — xy)dz is independent 

Jo 

of the path of integration and find its value. 

86 . The boundary of an area in polar co-ordinates is given by r = f(Q). Show 

that for the sector determined by < 0 < ^ being single-valued, 

re* re* re* 

ZAx = I r® cos 0 dQ, ZAy = 1 r® sin 0 dQ, where A = ^ 1 dB. 

J 6 | mJ di J 61 

87. Find the distance from the y-axis of the mean centre of the area bounded 
by r = a(3 -f 2 cos 0). 

88 . Show that the mean centre of the area bounded cos 20, y = 0, in 

the first quadrant, is given by 8x = 7ia'\/2, 12 y = 3\/2 log (1 + V2) — 2 . 

89. Find the a;-co-ordinate of the mean centre of the area determined by 

X = y = u — u — v — v = Vg (%, '?^2» ^i> ^2 ^ ms rn), 

90. Show that the mean centre of the area in the first quadrant determined by 

xy = c\,xy = c|, cyy = x^, = x^ (Cj, C 4 > 0 ) is given by 

4£(cf— c|) log (C 4 /C 3 ) = 9 ( 041/3 - c 3 i/ 3 )(Ci 8/3 — c//3 ); 

5 yC 3 i/ 3 c 4 V 3 (cf - c|) log (C 4 /C 3 ) = 9 ( 0410/1 - 0310 / 3 X 041/3 _ C 3 I/ 3 ). 

91. Prove that the distance from the centre of a circle of the mean centre of 
a quadrantal area is 4 V2ct/3;r, where a is the radius of the circle. 

92. Prove that the distance from the centre of a circle of radius a of the mean 
of a quadrantal arc is 2 \/ 2 a/ 7 r, where a is the radius of the circle. 

93. Prove that the distance from the centre of a circle of radius a of the mean 
centre of the complete perimeter of a quadrant is 8a^J2l{n + 4). 

94. A circular cone (height radius of base a) is divided into two by a plane 
through the vertex V and a diameter of the base. Find the distance from F of 
the mean centre G, of one of the halves of the cone and the angle YG makes with 
the axis. 

95. Show that the distance from z = 0 of the mean centre of the volume of the 

sphere + y^ + z^ = intercepted between the planes z ^ z = > Ag) 

is J(^i -f h^(2a^ — j — ^|)/(3a^ — 

96. Deduce from Example 95 that the distance from the plane face of the mean 
centre of a spherical cap of height 6 is J6(4a — 6)/(3a — 6 ) where a is the radius of 
the sphere. 

97. A surface is formed by rotating the arch of a cycloid through 180° about 
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the line jo inin g its extremities. Find the distance of the mean centre from the 
plane of its boundary. 

Find the co-ordinates of the mean centres of the solids given in Examples 98-100, 

98. The tetrahedron bounded by a;, y, 2 = 0, 2a; -j- Sy + 42 = 9a. 

99. The wedge cut from the cylinder -{■ by the planes 2 = ± ^ tan a 

(X > 0). 

100. The solid determined by 0 < ^{xja) + '^{ylh) -f < 1 

(a, 6, c> 0). 

101. A plane lamina consists of a rectangle AjBCZ) in which AB = 2h, BC = 2a, 
on the sides BC^ DA of which equilateral triangles BCE, ADF are constructed. 
Show that if k is the radius of gyration about an axis in the plane of the lamina 
perpendicular to EF at a distance c from the mean centre of the lamina, then 

46(3a2 + 62 + 3c2) -f 3aV3(a2 -f 26^ + 2c^) 

^ "" 6(26 + av'3) 

102. Show that the moment of inertia of a uniform solid cylinder (mass M, 
radius a, height h) about an axis that meets OA, the axis of the cylinder, at a distance 
c from 0 and is inclined at an angle 0 to OA is 

M {ia2(l -f cos^ 0) + (J^2 _ _|. c2) sin^ 0}. 

Hence show that k^ for (i) a diameter of one end is Ja^ -f (ii) its axis is Ja^, 
(iii) an axis through the mean centre perpendicular to the axis of the cylinder is 
Ja^ 4- (iv) an axis joining the centre of one end to a point on the perimeter 

of the other is + h^). 


103. Prove that the radius of gyration about its axis of an open hollow circular 
cone made of thin uniform material is unaltered by closing the cone with a thin lid. 

104. A framework of thin uniform rods consists of a square A BCD of four rods 
joined by two others along the diagonals AC, BD and by two others EF, GH where 
E, F are the midpoints of AB, CD and G, H the midpoints of AD, BC, Show that 
k^ for an axis through the centre of the figure perpendicular to the framework is 
^^2(23 — 3\/2), where 4a is the length of AB, 

105. Show that for a uniform elliptic lamina of semi-axes a, 6, the moment of 

inertia about an axis in its plane through the centre of the ellipse making an angle 
a with the axis of length a, is sin^ a + 6^ cos^ a) where M is the mass of the 

lamina. 

106. Show that the moment of inertia of a uniform ellipsoid (mass M, and 
semi-axes a, 6, c) about a diagonal of the rectangular parallelopiped that circum¬ 
scribes the ellipsoid and whose edges are parallel to the principal axes is 


o ,,^262 -}- + cV 

a2 + 6“ + c2 

107. Show that the moment of inertia of the plane sector determined by r = f(6) 
01 < 0 < 02 (i) about OY, is jj* r^coB^Odd, (ii) about OX, is jJ r^sin^ddO, 

re, 

(iii) about the perpendicular to XOY at 0, is dd, 

Je, 


108. Find the radii of gyration about 0 = 0 and 6 n/2 for the area of a loop 

of the curve cos 20. 

109. The radii of gyration of a body about two parallel axes distant H apart 

are k^, fcg respectively. If the mean centre of the body is in the plane of these axes 
show that its distance from the first axis is ± {k^ — — 

110. AB is the diameter that bounds a semi-circular area of radius a and C 
is the midpoint of the semi-circular boundary. Prove that k!^ about BC for the 


area is a 
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111. Prove that for the normal to the plane XOY through O of the area in 
the first quadrant determined hy xy = xy — 2, y = 2x, y — \x is 9/4 log 2. 

112 . Show that the radii of gyration of a loop of the curve r = a cos^ 0 about 
the axes OX, OY are respectively a^l av'21/8. 

113. Show that the moment of inertia of a frustum of a circular cone is 

r 3 a* + + aW' + + 6 ^ 1 + Sab + 

a» + ab + b^ ^ 10 (o* + aft + 6“) J 

where a, b are the radii of the ends, c the distance between them, M the mass of the 
frustum and the axis of gyration is the diameter of the end of radius a. 

114. Show that a uniform triangular lamina of mass M has the same radius 
of gyration for any axis as three masses at the midpoints of the sides. Deduce 
that the depth of centre of pressure of a triangle immersed in a liquid is 

b^ ab be + ca 4 .u j 4 . 1 . c 4 .- 

*--=——- where a, 6, c are the depths of the vertices. 

^ (a + 6 + c) ^ 

115. A BCD is a parallelogram with the vertex A in the surface of a liquid. 
The diagonal BD is horizontal. Show that the centre of pressure is on A(7 at a 
depth which is seven-twelfths that of C, 

116. An area is bounded by two concentric semi-circles on the same side of a 
common diametral line, which is in the surface of a liquid. Prove that the depth 

r .1 X r • 3^1 (a + 6)(a2 + 02) 

of the centre of pressure is [0 ^^2 _j_ 52 ^ where a, b are the radii. 

117. A solid sphere rests on a horizontal plane and is just totally immersed in 
a liquid. If it is divided by two planes through a vertical diameter perpendicular 
to each other, show that the four parts will not separate if 40" > p, where p, a are the 
densities of the solid and fluid respectively. 

118. The boundary of a vessel full of water consists of a; = 0, y = 0, 2 ; = 0 and 

that part of the ellipsoid x^/a^ + y^/b^ + z^/c^ = 1 for which x, y > 0 and 2 < 0 . 
Prove that if the z-axis is vertically upwards, the total pressure on the curved 
surface is \wc(b^c^ + -f where w is the weight of unit volume of 

the liquid. 

119. A circular area of radius a is partly submerged in a liquid so that an arc 
subtending an angle 2 a at the centre is under the surface. Prove that the depth 
of the centre of pressure from the centre of the circle is 

3a — 3 sin a cos a — 2 cos a sin® a 
^ 3 sin a — sin® a — 3a cos a 

120. Prove that the potential of a circular disc of mass m per unit area and of 
radius a at a point distant h from the centre on the normal to the disc through 
the centre is 

27im{y/{a^ + h)^ — h}. 

121 . Show that for a shell of density p bounded by two non-intersecting spheres 

/a® 6 ®\ 

(one inside the other), the potential at a point P is (i) f^rp^— — yj, if P is outside 
both spheres; (ii) f 7 rp( 3 a® — 36® — + r|), if P is inside both spheres; 

(iii) if p is between the spheres, where r^, rg are the dis¬ 

tances of P from the centres of the spheres whose radii are a, 6 respectively (a > b). 

122 . Show that the integral of the normal component of the attraction at O 
by a portion of a simple surface S over its area is equal to mco, where m is the surface 
density and cd is the solid angle subtended at O by ^ (i.e. co is the area intercepted 
on a unit sphere, centre O, by rays joining 0 to the periphery of S), 

123. Find the attraction at the vertex of a solid right circular cone of mass M, 
height h and radius of base a. 

124. A uniform solid circular cylinder of density p is of height a and of radius o. 
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Show that at a point outside the cylinder on its axis at a distance a from the nearer 
end, the attraction is 2jrpa (1 -f — V5). 

125. Show that the attraction due to a uniform thin rod AB s>i an external 

2m 

point P is — sin Ja, where m is the mass per unit length, p the perpendicular dis¬ 
tance of P from the rod and a the angle subtended by the rod at P. 

126. A solid imiform circular cylinder has a given volume. Show that the attrac¬ 
tion at the centre of one of the circular ends is a maximum when the ratio of the 
height of the cylinder to the radius of its end is (9 — V17)/8. 

127. The vertical angle of a solid uniform circular cone is 90°. Prove that the 
ratio of the attraction at the centre of the base to that at the vertex is approxi¬ 
mately 1*29. 

128. Two numbers are chosen at random between 0 and 4; show that the 
chance that their product shall be less than 4 is J J log 2. 

129. A positive number a is divided at random into three positive parts. Find 
the chance that none of the parts shall be greater than (i) Ja, (ii) 

130. Show that the mean distance of the points of a circular area (radius a) 
from the end of a diameter is 32a/97r. 

131. A positive number a is divided into three positive parts. What is the 
mean value of the least ? 

132. Show that the mean distance of the points of the surface of a sphere of 
radius a from a point on the surface is 4a/3. 

133. Prove that the mean of the nth powers of the distances of the points of a 
solid sphere (radius a) from a point distant c from the centre is 

^ {c -f a{n 4- 3)}(c — _ {c — a{n -f 3)}(c -f a)"+3 

aH(n + 2)(n + 3)(n + 4) ’ ^ 

134. Show that the mean distance of the points of a circular area (radius a) 
from a point at distance c along the normal to the area through the centre is 

- c’}- 

135. Prove that the mean distance of the points of a square area (side a) from 

one corner is + log tan 

136. Show that the mean distance of the points of a solid sphere (radius a) 
from a point on the surface is 6a/5. 

137. Prove that the mean squared distances of the points of a solid sphere 
(radius a) from (i) the centre is 3a2/5, (ii) a point on the circumference is W/b. 

138. Show that the mean distance between two points within a unit circle is 
approximately 0*9. 

139. The density at P of a square lamina (side 4a) is proportional to the 
square of the distance of P from a point on a diagonal distant av'2 from the 
centre. Find the mean density. 

140. Find the mean density of a sphere (radius a) if its density at any point P 
is k times the distance of P from a fixed point on the surface. 

141. Find the mean value of one of n positive numbers whose sum > 1. 

142. Find the mean value of the product of the three segments into which a 
line of length a may be divided. 

143. A line of unit length is divided into four parts. Find the mean square of 
one of the parts. 

Solutions 

1. 26|arctan^^) — 


arc tan 
nab 


(^)l 2. Take x = 

I 

(o** + 6^) 


5. 60^62 


6 . 2ah 


12. Ke - l)*(2e + 1) 
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13. 1 


14. - 4 15. Ml + 2V2) 


16. 2a sinh a 


17. 2 : 7 i(a^ log a — log h — Ja^ + — > 27ra^(log a — J) 

18. Region bounded by t/ = 0, y = y ^ (x — 2)^; value 

19. 347/60, area bounded by y = 0, t/ = a; - 1, y = 1 - (a; - 2)^ 

20. Take a; = Z + 3, and use symmetry; result 248|. 

. VIO , , /V3 + V^\ 

21. 117971/4, use symmetry. 22. 8 arc sin+ J log - J 




25. A parabola. 

26. A quartic with a double point at v = 0, w = — 4c*, (a; = ± c). 

27. -a = 1, 1 ? = 6, for example at both points (1 ± V3, T \/3); to prove 1—1 

du dv du dv 

correspondence, use the theorem ^ ^ ^ 

| (a^(y+g)/A - ag(y+g)/A)(6^-(w+n)/A _ 6g-(m+n)/A)^ | 

1 (m + n){'p + q) I 

(A = + 7)^0); 


28. 




. (y + 3) = 0; 


( - 

1 a^w — a2w J 

llogi 


i> + 9 


, (m + n) = 0. 


(m + n) 

29. 7t(a2 + J62) 

31. Bv the transformation u = x, v — {y > 0), the loop becomes the 

^ 2 
circle — av and area of loop is -JJv du dv = ^na^. 

36. c2a;+3j/ cos (3a; — 2y) - I 37. 0 38. Take a; == r cos 0, y = r sin 0. 

40. fwTi where w is the number of circuits round 0. 

41. 271 ( 7 % — m 2 ) where m^, m 2 are the number of circuits round (0, 0) and 
(1, 0) respectively. 

42. (i) 71 + 2, (ii) %n 

44 . See § 9.66 (in); + n.AB, £2^ = + {u + iBC.2n).AC from 

which the result follows. 




45. Use Example 44: 47. Sab arc sin I 

48. 2 a^( 7 t — 2); use cylindrical co-ordinates. 

49. ®^7ra^ 50. |^a^(20 — 37i) 53. ^a* 

aby^ecl^ ahc ye^{yk^ - 2y1c + c(l - A; )} ^ 

(c — hy)^ A;2(c — ky)'^ 

56. - 1} 


*2 


57. 58. K 59. a|4„ 

60. Prism bounded by y = 0, y = a, a; = a, z = 0, 2 = a — a;. 

f2 ri-ly f22 rz-ly 

61. I dy I da; | z^dz;\ dz\ dy \ z^dx; 

Jo Jo J x-\-\y 0 Jo Jo 

r2 ri rz-\y ri rz r2,z-^ ri ri r2z-2x 

dy 1 dz I z^da;; I dz da; I z^dy; I da; dz z®dy; 
Jo J\y Jo Jo Jo Jo Jo Jx Jo 

tetrahedron bounded by z = 1, a; + ^y = z, a; = 0, y = 0. 

62. |a®(37i — 4); use-cylindrical co-ordinates. 63. ^7ra®(l + e^) 

64. (i) a®/1440; (ii) 9a^/8 

65. f6V(a“ - 26“) + §5{3a=“ - h^) arc sin 

- Marc tan 
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66. 4:h^'s/{a^ — 6^) + arc sin 

67. Take u = x^/y, v = y^/x 

69. Use Pappus’s Theorem. 71. 810;ra® 72. 1/90 

288 

(-i3 ).(„+l.) 

75. (- .r[i - ,{L . + ... + 1 .1).-.^}] 


76. - 1/6 


78. Y^jra® 


80. 


83. 2v - 2A 


85. J(a;3 + 2/® + z^) - xyz 87. 20a/n 

f,a (”t + »)(>• + ») / “l_ ”2 \ /»’l - t>2 \ 

' * (2to + »)(2r + «)\ + » — t^ + ” A f)[ + * — vl+* ‘ 

if (2m -f w)(2r -f- s)(m n){r -{- s):p^0 

^ _ n(r + s) {log K/w 2 )}K'“^* - +*) ^ ^ 

an X — 2(2r + sy^u^/^ — u^/'^)(v^+ * — t;^+ *) w + m — , an 

(2r + 5)(r + 5) 0 

/ /a2 9A2K 

94. sj \“2 + 30 /5 ^^0 (4a/3^;i) 


97. 16a/S tt, the cycloid being given by a; = a(d — sin 0), y = a(l — cos 6). 

98. -g^i, ^ 100. "^^9 “^0 


108. a\7tfl& - 1/6), a^n/ie + 1/6) 123. ^{l - J 

128. Total number of cases is measured by j^dx dy for 0<a;<4, 0<y<4. 
Number for which xy <4: is given by JJda; dy for 0 < a; < 4, 0 < y < 4^ 

0 < a;y < 4, i.e. 4 + I {^)dx 


129. Take x to be the greatest part, and y one of the others ; the third is 
a — X — y < X, Total number is measured by the quadrilateral A{\a, 0), B(a^ 0), 
(7(Ja, Ja), i)(Ja, \a). If c lies between Ja and a, the line x — c divides the quad¬ 
rilateral into two parts, one for which x> c and one for which x < c. Results 
(i) 2/3, (ii) 1/16 


131. the mean value of (a — x — y) over the triangle 2a; -f y = a, 
2y 4- a; = a, a; -f y = a. 

139. where k is the constant of proportionality. 140. 6aifc/5 

141. \/(n-\- 1), the mean value of aTj for the region 0 < a;i + arg + . . . 4- a;„< 1. 

142. a2/60, the mean value of ocy(a — x — y) for 0 < a; 4- y < a. 

143. 1/10, the mean value of x^ for the volume 0< a;4-y-fz< 1. 
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CHAPTER X 

FUNCTIONS OF A COMPLEX VARIABLE. CONTOUR 

INTEGRALS. 

10. Introduction of Complex Numbers. The inadequacy of the 
real domain of numbers for all the purposes of analysis is most simply 
shown by considering the general quadratic equation ax^ + 2bx -f c = 0 ; 
for this equation has no real solution when < ac. In solving such 
an equation as + 4x + 13 = 0, for example, we are led to the formal 
result + 2 = ± \/(“ which is meaningless, if complex numbers 
have not been defined. If, however, we assume for the moment that 
there exists a number i obeying the laws of algebra and also the law of 
multiphcation i X i = — 1, we can write the above solution in the form 
a; = _ 2 J:: 3i. This suggests that the notion of number may be extended 
in such a way that it will be consistent to use for its representation the 
symbol x + iy, where x, y are real and where i X i may be replaced by 

— 1. It is easy then to deduce that the numbers must obey the follow¬ 
ing rules for addition and multiplication: 

(xi + iyi) + (X2 + iy2) = (xi + X 2 ) + i{yi + yz) 

{xi + iyi){x 2 + iy 2 ) = (^1^2 - 2/12/2) + i(«i 2/2 + ^zyi)- 

10 . 01 . Definition of Complex Numbers. A complex number is defined 
to be a number-pair (x, y) (where x, y are real), obeying the laws of 
algebra and the following laws of addition and multiplication: 

Addition : (x^, y^) + {x^, 2/2) = + ^2, 2 /i + 2/2)- 

Multiplication: (xi, y^ X (xg, 2/2)= {{XxX2—.yiy2), (^^i 2/2 + 3 ? 22 /i)}• 
Thus only the notion of real number is used in' this' definition. 

The number (x, 0) is called a real number and corresponds to (but 
is not logically identical with) the real number x of the unextended 
domain. No ambiguity arises by using the same symbol x for its repre¬ 
sentation. • In particular (froni the definition), ' 

(xi, 0) (x2, 0) = (xj -f- X 2 , 0); (xi, b) X (X 2 , 0).= (X 1 X 2 , 0) 

and these equations are consistent with the operations in the original 
domain of real numbers. Again, k X (x, y) = {k, 0) X (x, y) = {kx, ky). 

In particular (— l)(x, y) = (— x, — y), and it is consistent to write 

- (x, y) for (- l)(x, y). 

The idea of subtraction may be included in that of addition by defining 
[xx, 2 / 1 ) — (^ 2 , 2 / 2 ) to mean 

(iCi, 2/1) + {“ ( 3 ^ 2 , 2/2)} = {{^1- ^2), (2/1 - 2/2)}- 

Let the number (0, 1) be denoted by i ; then yi = y{ 0 , 1) = (0, y), 
and such a number is said to be purely irrmginary. 

Now (x, y) = (x, 0) -KO, y)=^x+ yi (or x -f iy). 
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Again, (x, y) X (x, y) = {x^ — y^, 2 xy) and tliis number may "be 
written {x, yY. 

It follows therefore that = ( 0 , 1 )^ = (— 1 , 0 ) = — 1 . The use of 
the symbol x + iy, where = — 1 is therefore justified. 

Notes, (i) z = x iy, x is called the real part of z and written 
R(2:), whilst y is called the imaginary part of z and written 1 ( 2 :). 

(ii) If®, + iy^ =2^2+ Vi = 2/2- This is implied in 

the definition and may be verified by squaring each side of the relation 
x^ — X2 = (yx ■— y2)i. In particular if cc + iy = 0 , then x = y = 0 . 

(iii) The number z = x — iy called the conjugate of z {= x + iy). 
If 2: = 0, then z = 0 (and conversely). 

(iv) The number {xi + iyi)/(x2 + iyz) is defined to be the number 
^3 + iys, if it exists, that satisfies the relation 

(^3 + iyz){^2 + iyz) = {^x + iyx)- 
But if X2 + iy2 ^ 0 , then X2 — iy^ ^ 0 and therefore 
(a?3 + %3)(ia^ = (^1 + iyx){^3 “ iyz) 

i.e. X2 + iyz exists and has the value ^ whilst 

^2 “t“ 2/2 

^3 + iy3 does not exist if a?2 + iyz = 0 . In this way, division by a 
non-zero number is defined. 

(2 4 . t)(3 — 2i) 

Example. Express ^ 3 ^ the form A -f iB where A, 5 are real. 


The above number is 


8 - i 
- 14 - 8^ 


(8-t)(7-40 

2(7 + 4i)(7 - 4i) ^ ^ ^ 


10.02. Geometrical Representation of Complex Numbers. A complex 
number z (= x -\-iy) obeys the vector law of addition, when x, y are 

regarded as components. It may therefore 
be represented by the displacement-vector 

OP where {x, y) are the co-ordinates of P 
referred to (rectangular) axes through 0. 

{Fig. F) 

10.03. Modulus and Amplitude. The 
length (absolute) of OP is called the 
modulus of z and is usually written 
|25| or mod z. Thus 

\z\=^/{x^+y^) {=T). 

The angle that OP makes with OX is called the amplitude (or argument 
or phase) of z and is written amp z (or am z or arg z). 

If the number {x -f iy) is given, the amphtude is many valued, but 
that value d that satisfies the inequality — n <. 6 < tt is often called the 
principal value ; and therefore amp z is, in general, equal to 6 + {k 
being integral (±) or zero). 

The principal value is one of the values of arc tan {y/x) but is pre¬ 
cisely given by the equations cos 6 = x/r, sin Q = y/r. (— n <0 < tt.) 
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Notes, (i) Fig. 1 is called the Argand Diagram. The phrase ‘ the point z ’ is 

used for ‘ the point P when OP represents z.’ 

(ii) If the point z moves in a prescribed path in the plane from A to JB, and 
amp z is prescribed at A (say the principal value), then the value of amp z at R is 
obviously determinate. Thus if P describes a closed curve surrounding 0, its 
amplitude increases by 27 r, whilst if it describes a simple curve not containing 0 
within it, its amplitude is unchanged. 

(iii) It is sometimes more convenient to take the principal value 6 to be the 
angle that satisfies the inequality 0 < 0 < 27i. 



10.04. Addition and Subtraction. If 
Pi, Pg are the points z^, Zg? then Q the 
fourth vertex of the parallelogram 
determined by OPi, OP 2 as adjacent 
sides is the point Zi + Zg. (Fig- 2.) 

Thus OQ = Zi + Z 2 and P 2 P 1 = Zi — Z 2 
so that the sum and difference are 
represented by the diagonals of the 
parallelogram. 

From the figure we obtain respec¬ 
tively from the inequahties : 

OQ < OP, + P,Q ; P 1 P 2 < OP, + OP 2 
OQ > OP, - P,Q ; P 1 P 2 > OP, - OP 2 

the corresponding inequalities: 

\z, Z 2 I < \z,\ + l^al 
\Zi + > I \z,\ — l^al 1 

(these of course being variations of the same inequality 

H+|iSl>|a+/S|). 

10.05. Multiplication and Division. If z, — r,(eo^ 0, + i sin 61 ), 
Za = ra(cos ©a + ^ sin 0 a), then 

Z,Z2 = rir2(cos (d, + 62) + i sin ( 0 , + Sa)) 
i.e. IziZal = r,r2 = . jzal and amp (zjZa) =01+^2 + 2 ^ 71 . 

Thus one of the values of amp (zjZa) is amp Zi + amp Za. 

Again, (Zi/Za) = (^iA 2 )(cos (0i — 02 ) + i sin (0i — 62 )), so that 
I 2 J 1 A 2 I = l2:i|/|2J2| 

and one of the values of amp (zi/za) is ampzi — ampza. 

By repeated apphcations of these results, we find that 


12^1 


2 ^ 2 ! 
- Z2\ 


Nil + N2I 
I Nil - N2II 


Z1Z2 


W,W2 




Nl 


\W,\.\W2\ 

and that one of the values of amp {(z,Z 2 . 

n vn 

E amp Zj. — E amp Wj.. 


■ \Wm\ 


Example. Formulae for cos (0i -f 02 d" • • • "h ^n)> (^1 + ^2 d* • 

tan (01 + 02 + * • • + 0n) to. terms of the circular functions of 0i, 02 , . 
be deduced from the above result. 


wJ} is 


• • + ®n)> 

e„ may 


.A 
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For cos (01 + 0a + 
and sin (0^ + 02 + 

Also tan (0^ 4- 02 + . 


. . + 0„) = R 77 (cos 0y + i sin 0^) 

n 

. . + 0„) = I n (cos 0^ + i sin 0^). 

1 

I 77(1 + i tan0J 

- 1 4 ” 

• • + ««) = -4^- 


n 


R 77(1 4-1 tan 0^) 
1 


1 — <S2 "1" ^4 


where 5, is the sum of the products of tan 0i, tan 02 , . . tan 0^ taken r at a time. 
For example, 

cos 5A = R(cos A i sin A)® = cos® A — 10 cos® A sin® A + 5 cos A sin^ A. 


tan (A 4- JS 4- (7) = 


tan A 4- tan B -f- tan C — tan A tan B tan C 
1 — tan B tan C — tan C tan A — tan A tan B 


10.06. Demoivre^s Theorem. {Integral Exponent.) From the previous 
paragraph we deduce that (cos 6 4- ^ sin 6)^ = cos nd + i sin nO^ when n 
is a positive integer. This result is known as Demoivre's Theorem (for 
a positive integer). 

When n is not a positive integer, we interpret (cos 0 i sin 0)" by 
means of the Laws of Indices. Thus if = — m, where m is a positive 
integer, 

(cos 0 + i sin 0)^ =--=- - - 

(cos 0 4- ^ sm 0)"*^ cos m0 4- ^ sm mO 

= cos m0 — i sin mO 
= cos nd +i sin n0. 

The theorem is therefore true for a negative integer, and is obviously 
true for n = 0. 


(2 4-1)(3 — i) 

Emmples. (i) Find the modulus and amplitude of rri— ^ Modulus is 

^ (4 4- t)(l 4- 2i) 

V6.V10 //10\ 

V17.V5 “■ V \17/ 


Amplitude is 2kn 4- arc tan (J) — arc tan (}) — arc tan (J) — arc tan 2 
= 2k7i — 69° 20' (approx.) or, simplifying the original number to (23 — 61i)/85, 
we find that the amplitude is 2k7i — arc tan (f J) = 2k7i — 69° 20' (approx.). 

(ii) Prove that 2 arc tan (J) 4- arc tan (}) = ^n. 

The left-hand side is the principal value of amp (3 4- i)^{^ 4- i)> of amp. 
50 (1 4- i) and is therefore \n. 

(iii) i>(cos 0 4-1 sin 0) = r {cos (0 4- i^r) 4- i sin (0 4- Jtt) }. 

Therefore, multiplication of a complex number by i is equivalent to rotation 

of the vector through 90° in the same direction as that from OX to OY. 

(iv) If Zj (= a?! 4- ii/i), Zg (= ajg + ^^e the opposite corners of a square, find 

the co-ordinates of the other comers. The centre of the square is J(Zi 4- Z 2 ) and the 
given diagonal is represented by (zj — Zj). The other comers are therefore given 
by i(zi + 22) ± i{2i - Zj). 

The other comers are therefore 4- 2^2 ^ ± 1 / 2 )^ J( ± ^ ^*^2 + 2/1 + y*)* 


(v) 


n-i r 

Show that cos nd — cos ncc = 2"-i II \ cos 0 — cos 

0 



cos riB = R(cos 0 -f- i sin 0)" = cos’* 0 — "Cg cos’*”® 0 sin® 0 4- • • . 
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This may be expressed as a polynomial in cos 6, of degree n, the coefficient of 
cos” 6 being 1 + + . . . 

i.e. + ir + (1 - If} = 

But cos nO = cos net when 0 = ± a, zb (a + . . . and 

/ 2r7i\ 

therefore the different values of cos 6 are included in the set cos (^ = 0 

to 71 — 1), which are all different (except possibly when cos ra = ±1). 

r / 2r7i:\l 

Thus cos nd — cos net = 77 |cos 6 — cos -f ~^Jj* 

/ .V 0.1 , . n , 271 , (n — 1)71 n 

(vi) Show that sin- sin— ... sin - = — .. . 

' ' n n n 2”-i 


From Eacample {v) above, when a — 6, we find 

cos 710 — cos TMC 71 sin 710 ^ 

22n-2 

1 


lim 


cos U — cos a 


sin 0 


n—l fji / fji\ 
= 22”-2 77 sin-sin (0 + —)* 
1 n \ n/ 


Let 0 —> 0, then n^ = 22”-2 77 


2 77 sin2(—], 

1 \ 71/ 


from which the result follows since 


sin — > 0 (r = 1 to 7 i — 1). 

(vii) Express sin® 0 cos* 0 and sin® 0 0032 0 as linear combinations of the sines 
and cosines of multiples of 0. 

Let z — cos 6 i sin 0, then 2 cos 0 = z + 1 /z, 2i sinO = z — l/z. Also 
2 cos 7 i 0 = 2 ” + z~” and 2 z sin 7 i 0 = 2 ” — 2 “”. 

Thus (2«i« sin« e)(2« cos* 0) = (z - j)°(z + i)* 

= (z“ + z-“) - 2(z« + z-®) - 3 ( 2 « + 2 -«) + 8 ( 2 « + z-*) + 2 ( 2 !* + 2 -*) - 12 
i.e. 512 sin® 0 cos* 0 = 6 — 2 cos 20 — 8 cos 40 + 3 cos 60 + 2 cos 80 — cos 100. 
Similarly, 16 sin® 0 cos® 0 = 2 sin 0 + sin 30 — sin 50. 


10 . 061 . Demoivre^s Theorem. {Rational Exponent) From the laws 
of indices, the function is interpreted as one that satisfies the 

relation = 2 (t/i is a positive integer). 

Let z = r(cos 6 +ism 6 ) and w = p(cos (f) + i sin ^). Then 
p^(cos mef) + i sin m<f>) = r(cos 6 -f i sin 0). 

Since p is real and positive, p = ; and we have also mtf) = 2hn -h 6 . 

Thus one value of ^ is 0/m and there are (m — 1) other values that 
lead to different values of w\ these may be taken as (0 -\-2k7t)/m 
(A; = 1 to m — 1). One value of is therefore 

i sin (0/m)) 

and there are (m — 1) other values obtained by adding multiples (integer) 
of 27 i/m to the amphtude. The function z^^'^ must therefore be regarded 
as m-valued, unless its amphtude is specified. It is convenient in prac¬ 
tice, however, to regard the symbol (when r is real and positive) as 
one-valued and as meaning the real positive value. 

More generally, if p, q are integers, prime to each other, and y > 0, 
the function 2 ^/^ is rP/®(cos pO -f i sin^0)^/® and therefore one of its values 
is {cos {pO/q) + i sin {pd/q) } ; it has {q — 1) other values obtained 
by adding multiples of 27 t/q to the amphtude of the above value. The 
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symbol is in this case used for the determinate number (real and 
positive) l/(r~P/3) if p < 0. 

Taking r = 1, we can therefore say that one of the values of 
(cos 0 + i sin 0)^ is cos nd + i sin nd {n rational). 

Note. When a is irrational, (cos d i sin 6)^ may be defined as the limit, if 
it exists, of (cos 6 + i sin 6)^ where a„ is any sequence of rational numbers that 
tends to a. This has an infinite number of values given by 
lim {cos a„(0 + 2k7i) + i sin a„(0 + 2k7ik, i.e. cos a(0 + 2k7i) + i sin a(0 + 2k7t) 
since cos sin ^ are continuous fimc^ns of </>. 

When such a function occurs, however, we are usually concerned with the par¬ 
ticular value cos olO + i sin a0, and in any case, it is more appropriate to use the 
exponential (and logarithmic) function in its expression. 

10.062. The n nth Roots of Unity. The roots of the equation = 1 
are called the n nth roots of unity. By the previous paragraph, they are 



Fia. 3 


271 . 271 

i.e. 1, a, a^, . . ., where a = cos— + i sin—. They are given 

n n 

by the vertices of a regular polygon of n sides inscribed in the circle 
-f 2/2 ^ 1. {Fig. 3.) It is useful to note that 
1 -f- oc -j- oc^ -{“••• = 0. 

This follows from the fact that the coefficient of in the equation 
2 ” — 1 = 0 is zero (or because (a^ — l)/(a — 1) = 0, a 1, or by the 
vector law of addition). 

The three cube roots of unity are often denoted by 1, cu, co^ where 

. 2:7r „ 27i . . 27i 

(o = cos — + ^ sin —, o>2 = cos — — ^ sin — 

3 3 3 3 

i.e. CO, co^ = |(— 1 i\/3) and 1 + co + co^ = 0. 

Note. If y is any root of the equation ^ then the other roots are ya, 

« , , 2n ,, 271 

ya% . . ., ya”-i where a = cos-h ism—. 

' ' n n 

Examples, (i) The three roots of z® + ct® = 0 are — a, — aco, — aco^. 

(ii) Solve the equation 4- 1 = 0. 
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One root is cos7r/4 + isin7i:/4, i.e. (1 + i)l\/2, and so the four roots are 
given by ± (1 ± t)/V2. 

(iii) Solve the equation 2 ® = 1 — iy/Z. 

1 — = 2(cos 71/3 — i sin 7r/3). The roots have modulus 2^ and their 

amplitudes may be taken as — tt/IS + r7r/3, (r = 0 to 5). Thus, the six roots 
may be written 

± 26(cos 7i/ 18 — i sin ti/IS), ± 2^(sin ti/Q — i cos 7r/9), ± 2^(sin 27i/9 + i cos 27r/9) 

(iv) Solve the equation + (2 + 2)* = 0. 


Here 


2 + 2 ± 1 ± ^ 


2 

The roots are — 1 ± (1 ± ^2)%. 


(see Example (ii) above). 


10.07, Sequences of Complex Numbers, If are convergent 

sequences of real numbers that tend respectively to a, b then the sequence 
of complex numbers + Wv) is said to tend to the hmit a + ib. 

This is consistent with the definition of hmit for real sequences, since 
it may be shown that the necessary and sufficient condition that 
should tend to a limit is that — ‘Zn\ should be ultimately small. The 
condition is necessary because 1 2 ;^ — 2^1 < + l^m “■ ^/nl s^nd 

it is sufficient because \x^ — x^| < \z^ — and \y^ — y^\ < \z^ — Zn\, 
Thus if z^ a, then, given e (> 0) we can ^d such that | 2 ;^ — a| < e 
for all ; i-^- the points z^ for n'^n^ are within the circle 

centre a and radius e. 


10.08, The Sequence z^, li z = r(cos 0 + i sin 0), 

_ ^w(cos nO + i sin nO), 

Therefore 2 ;^—>0 when \z\ < 1 (since | cos^0|, | sin7^0| are < 1 ). If 
l^l > \,z^ oscillates infinitely (except when 0 = 0 or 2k7z, when z is real 
and positive and z'^ — > + oo)- \z\ = z^ oscillates finitely on the 
unit circle \z\ = 1 (except when 0 = 0 or 2kn, when z^ — 1 ). 

Notes, (i) If jz^l is bounded and 2 ^ does not tend to a limit, the sequence 
is said to oscillate ^tely. If |2^| is unbounded, then 2 „, in general, will oscillate 
infinitely. If, however, amp tends to a definite value a, we may say that 2 „ 
tends to co in the direction a. For example if 2 = c + where c, are real and 
?/„ tends to + 00 , we may say that 2 ^ tends to 00 in the direction of the y-axis and 
write 2 ^ —>■ c ioo. 

(ii) If z^ —> a, 2 ^' —> Pf 2 „" —>■ y, . . ., then by proofs similar to those for real 
sequences, we deduce that z^', zf' , , ,) —> R{ol, y, . . .) where R denotes 
a finite number of fundamental operations on its arguments and where there is no 
division by zero. 

10.1, Functions of a Complex Variable. When x, y are con¬ 
tinuous real variables, we may regard z (= x + iy) as the continuous 
complex variable since z —> a ib when x, y tend continuously to a, 6 
respectively. A function w of the form u(x, y) + iv(x, y) is a function of z 
(in the general sense), since, when z is given, x and y are known and w is 
determined. Actually, however, as we shall see later, the function that 
is important in this theory is a particular type of this general class. It 
should be noted that for the general class, is a continuous function of 
z '\i u, V are continuous functions of x, y (continuity being defined in an 
23 
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obvious way). For if u —> a, v —>■ jS when x —>■ a, y ► b, then 

w —>■ a + 

when z —> a + ib. 

Thus {x + iyY, x — iy, ^/{x^ + y®), ^/\xy\ are all continuous func¬ 
tions of z for all X, y. 

Also the fundamental theorems on limits of functions of a real variable 
may be extended to functions of a complex variable. More definitely, 
if Wi —> jO, Wi-^a when z —>■ z#, then (by the method used for real 
variables), Wi + —> p +o, —>■ pa, {Wi/w^ —>• (p/ a) (<r 7 ^ 0), when 

Z-> Zo. 

10.11. The Polynomial and Rational Function. A function of the 

form -f-. . •+<*«, where m is a positive integer and 

Uo, Ui, . . ., are complex is called a Polynomial of degree n in the 
complex variable z. It is obviously continuous for all values of z. 

A function Rlz) of the form P(z)/Q{z) where P(z), Q{z) are polynomials 
is called a Rational Functim of z and is continuous for all values of z 
except those that make Q{z) zero. 

Example. The polynomial \ + nz + ~ ^ 2 ^ -|- . . . + 2 ” is equal to 

(1 -I- 2 )”, the proof (by induction, for example), being the same as for the real variable. 

10.12. Series of Complex Numbers. If where m„, 

are real, then (= Nw,.) = Zu^ + iSv„ and therefore converges to 
111 

n n ^ . 

u + iv, if Evr converge respectively to u, v\ and we may write 
1 1 

00 

S = Ew^ — u+ iv. 

It is necessary and sufficient for convergence that, given e (> 0), we 
can find a suffix such that 

I < e for all m>nt and all positive integers p. 

m+1 

10.13. Absolute Convergence of Gwnjilex Series. Since 

m+p y n+p 

^ EV\’ 


m+l 


7H+1 


OO ^ 

the convergence of E\w^\ implies that of Ew^.. In such a case Ew^ is 

OO 

said to be absolutely convergent. The convergence of Z\Wj,\ implies 

that of and Z\Vn\ where = «» + iv„ (and conversely); and 

1 1 

QO 

therefore the value of Ew^, when the series is absolutely convergent, is 
1 

independent of the order of summation of the terms. 
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+ 1 ) , 

Example. 1 + t—Z ^-^--JT— 2 * 

■' l.y l-2.y(y + 1) 

Here ^1 = A 

Wn+i\ \(n + cL)(n + P) \z\ 


(Hypergeometric Series). 


as n- 


mere is aosoiute convergence wnen \z\ < i {y not oeing a negative integer;. 
If \z\ > 1, the series cannot be convergent since the nth term does not tend to zero. 


If 


| 2 | = 1 , 




W^n+1 




(k^ bounded) 


= 1 + ^ (A^ bounded) 

whore p = R(1 + y — a — /S). 

'Phere is, therefore, absolute convergence when \z\ = 1 if R(y — a — jS) > 0 
and the series cannot otherwise be ohsolutdy convergent. It may be proved (Chapter 
XIy § 11.07) that the series converges (not absolutely) when 0 > R(y — a — jS) > — 1 
except when z = 1 and that the series does not converge when R(y — a — )S) < — 1. 


J0.14. Power Series. (Complex Variable.) Let 

F(z) = ao + a^z + a^z^ + . . . + + . 

an 


Suppose that lim 


''n + l 


exists and has the value R. The series is 


absolutely convergent if \z\ < R and is not convergent when \z\ > R. 
Tlius F{z) is defined at all points within the circle | 2 ;| = i? and possibly 
for points on this circle. The circle is called the Circle of Convergence 
and R tlie Radius of Convergence. 


Note. The series need not converge at any point of the circle. It may converge 
absolutely at all points of the circle (e.g. Sz^/ri^); and series can be constructed 
that converge (not absolutely) at all points of the circle. (Pringsheim, Math. Ann.y 
m. 25, (419).) 

In many cases i can be expressed in the form 

(l+f^/n+kjn^)p 

(p, ^ independent of n and |p| = R), where is bounded, from which it 
follows that |an/^n+il is of the form (I + a/n + A^/n'^)R where is 
bounded and a = There is therefore absolute convergence for 

\z\ ~ R when R(//) > 1. 

Notes, (i) It may be shown (C^p^er XI, § 11.19) that there is convergence (not 
absolute) when 0 < R(p) < 1 on | 2 | = i? except when z = R and that the series 
is not convergent on \z\ = R when R(p) < 0. 

(ii) In many cases is real and the problem of convergence is simplified. 
Suppose for simplicity that = 1 (a case to which the general case is reduced 
(K:p±0 or 00 ) by the substitution z — R^). 

When \z\ = 1, z = cos 0 + i sin 6, and the series becomes 
(Xa^ cos nO) + ^(-27a„ sin nd). 

This converges when both the series 2a„ cosw0, Xa^Binnd converge. Thus 
there is absolute convergence when Xa^ is absolutely convergent. More generally, 
there is convergence (not necessarily absolute) when a^ —>- 0 (0 0 or a multiple 

of 2n ); if 0 == 0, Xa^ cos nO converges or diverges with Xa^, whilst Xa^ sin nO = 0. 
(Chapter XI, § 11.08.) 

Many of the properties of power series in the real variable can be 
extended to power series in the complex variable, appropriate modifica¬ 
tions being made in the meanings of the terms employed. The pro- 
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perties involving integration will be given later in this chapter (§ 10.43 
et foil.), but in the meantime we note the following: 

QO 

I. is a continuous function of z within its region of convergence. 
0 

II . {EuaZ^) X i^Kz^) =S{ajb^ + + . . . + aj)^)z>^ at least 

0 0 0 

when z is within the region of convergence of both the series . 

QO QO 

III. lAmZay^z^^ — Euj^z^^ when the series on the right converges 

c ;—0 0 

where \zq\ = R and z —> Zq along a radius {AbeVs Theorem, sirn'plifisd). 
The properties I, II may be proved by the same method as that used 
for the real variable; and property III in this simple form is an imme¬ 
diate consequence of AbeFs Theorem for the real variable. 

For let z — ^(cos a + i sin a) where Zq — R(coh a + i sin a); then 
on the radius through Zq, 

ZUf^z^ = 2a^(cos noL -f i sin wa)P, {t real with 0 < ^ < i?). 

But it is given that cos noL R^^ and Ea^ sin non 7?" are convergent. 
Therefore by Abel’s Theorem for the real variable, it follows that 

ra„2™ -> Ea^zl 

when t —> R. 


Notes. —(i) The result may be proved true when z — > by any path in the 
circle that lies between two chords passing through e.g. when the path cuts the 
circle at z^ at a finite angle. {See Picard, Traite d^Analyse, / 1, 73; Titchrmrsh, 
Theory of Functions, 7.6.) 

(ii) The converse of Abel’s Theorem, viz. that if F^a^^ —>- s as z —> z^ along 
a suitable path (where \zq\ — B), then — >s is not true in general; but this 

converse is true if (i) = o{l/n) (Tauber), (ii )a„ = O (\/n) (Litthwood). 

10.15. Derivatives. If lim exists, the limit is called 

6^—>0 OZ 


tlie derivative oi f{z) and is written/'(a;) or 



Thus since 


(z -f- dz)^ — = nz^^~^ dz + 0 (\dz\^) 

the derivative of z” is nz'^~^ when n is a positive integer. 

Note. We use the symbol 0{\0{z)\} for F{z) when \F(z)/0(z)\ is bounded in 
some neighbourhood. 

Now consider the continuous function f(z) = + iy-. 

„ f(z + dz) —f(z) _2xdx + 2iy dy + {dx)^ + i{dy)‘^ 
dz dx + i dy 

and this does not tend to a unique limit when dx, dy tend independently 
to zero. 

In particular, ii dx = h cos on, dy = h sin a, then dz^O when h —> 0 
along a fixed direction (a constant). The limit is 

2 h{x cos a -f iy sin a) -f 0 (h^) _ 2 (x -f iy tan a) 

A(cos a H- i sin a) i + i tan a 

which depends on the value of a. 
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It is therefore indicated by the above that the type of function that 
is important in this theory is one that possesses a derivative independent 
of the way in which dz 0. It is obvious that such a function as a 
polynomial has this property, since a polynomial consists of certain 
simple operations on the variables x, y when these variables occur only 
in the particular combination x + iy. The property itself is, however, 
independent of the way in which the function possessing it is expressed 
or determined and provides a suitable definition of the class of such 
functions. 

L0.16. Analytic Functions. {Cauchy.) The previous paragraph 
suggests the definition of a class of functions and these are called analytic. 
If w is a function of 2 : such that ]im 8w/dz exists at a given point when 
ds; —> 0 in any way, the function w is said to be analytic at that point; 
and if w is analytic at every point of a given domain D, it is said to be 
analytic throughout D. 

Let w =f{z) and let 2 :, Zq be two points of the domain in which/( 2 :) 

f(z) — f(z ) 

IS defined. If w is analytic at Zo /^—tends to a limit which may 

2 ; “ 2^0 

be denoted by f{zo) as 2 : 0 ; i.e. given e (> 0), we can find 8 (> 0) 
such that 

fi^) =f{^o) + - ^o)f{Zo) + Hz - Zo) and |X| < e 

for all points z within the circle \z — Zo\ = 8. 

10.17. Elementary Analytic Functions. The rules for the differentia¬ 
tion of w^w^, wjw^ obviously apply to functions of the 

complex variable; and in particular the derivative of 2 ;^ is proved to 
be nz^-^ (at least for n integral) by the same method as that used for 
the real variable. Thus the rational function is analytic except for those 
values that make a denominator vanish; and its derivative is obtained 
by the application of the above rules and by the use of the derivative 
of z^. Again, a function defined by a power series is analytic for the 
interior of its circle of convergence, and its derivative is obtained by 
differentiating the series term-by-term. It has been shown in the proof 

00 

for power series in the real variable that if F{x) = Sa^^x^ then 

0 

E{Xq + h) = t{xQ) + hF i{Xq) + . . ^ + -rF^{xQ) + . . . 

rl 

where F,.{Xo) is the series obtained by differentiating F{x) r times term- 
by-term with respect to x, and where |A| < i? — \x\ ; and that by using 
the property of continuity, F,.(Xo) = F^H^o). The same proof is applic- 

00 

aide to the series F(z) Ea^z^^ so that not only is F{z) analytic within 

its circle of convergence but it possesses analytic derivatives of all orders 
and is capable of expansion in an infinite Taylor series at 2 ; = given by 

F{z) = F(z„) +{z- z„)F'(z,) + . . . -h V)( 0 „) + . . . 
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tliis series being convergent at least within the circle determined by 
|2J Zq\ = R l^oj. 

Thus the rational function and functions given by power series are 
not only analytic within a certain domain ; they possess analytic deriva¬ 
tives of all orders within that domain. This property is true of all 
analytic functions, but to prove it generally we must introduce the notion 
of integration. 

10.2. Contours. The integral of a function of a complex variable 
is an integral along a curve on the x-y plane, but we shall deal here 
only with simple curves of an elementary type. 

It will be assumed, therefore, that (i) when the curve is given para¬ 
metrically by the equations x = x(t), y = y{t) (^o < ^ <T) the functions 
x{t), y{t) are continuous and possess derivatives x\t), y\t) which are con¬ 
tinuous except possibly at a finite number of points where the discon¬ 
tinuities are finite; (ii) two different values of t do not lead to the same 
point (x, y) ; (iii) the curve can be divided up into a finite number of 
parts in each of which y (or x) can be expressed as a continuous function 
y{x) (or x{y)) possessing a derivative y\x) {x\y)) continuous except at a 
finite number of points when the discontinuities are finite. 

If x{Q = x{T) and y{Q = y{T), the curve is closed, thus providing 
a single exception to assumption (ii) above. In this theory, it is usual 
to call a closed simple curve a closed Contour, but this must not be con¬ 
fused with the other use of the term as a level curve. We shall regard it 
as obvious that a closed contour divides the points of the x—y plane 
into three categories (i) those on the curve, (ii) a set forming the interior, 
(iii) a set forming the exterior ; and if Zq is interior to the curve, the 
change in amp {z — z^) when 2 ; describes the curve once in the counter¬ 
clockwise direction is 2 n, whilst if 2:0 is exterior, the change is zero. 

The curve we consider here therefore does not cross itself, has a finite 
length, covers zero area and encloses a finite area, and may have a finite 
number of corners. 

We shall find, however, in subsequent applications that only arcs of 
circles or segments of straight lines are used to form the contours and 
therefore no difficulties relating to the general theory of curves need arise. 

10.21. The Process of Dissection for an Area. Suppose tha^t f(x, y) 
possesses a property in the domain consisting of a contour C and its interior 
A. Let the domain be divided into any two parts and suppose that the 
property is of such a kind that it must be satisfied hy f{x, y) for at least 
one of the parts. Then by a process of subdivision analogous to the 
process of bisection for an interval, it is possible to find one point of the 
domain in the neighbourhood of which f(x, y) possesses the property. 

A neighbourhood of an interior ]ioint P(Xo, ^o) i^'iay be defined as 
the domain specified by \x — Xo\ < d, \y — yo\ < d (d > 0), and d can 
be taken sufficiently small (but not zero) to ensure that all points of this 
neighbourhood belong to the domain. A neighbourhood of a point 
P(xo, yo) on the boundary 0 may be defined as the domain common to 
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the given domain and that specified by \x — Xq\ < d, |y — yo\ < d (d > 0 ); 
and (since a line parallel to an axis meets 0 in a finite number of points), 
d can be taken sufficiently small to ensure that this neighbourhood is a 
single area (i.e. is bounded by a simple contour). 

Take a square whose sides are parallel to the axis and is such that 
C is interior to it (Fig, 4 ); the sides of the square being given hjx = ai, 
Axi y = 6i, Bi, (Ai — ai = Bi — bi = c> 0), Divide this square into 
4 quarter squares by the lines 2x = ai -j- Ai, 2y = bi + B^, Then, c 
having been chosen sufficiently small, the lines of subdivision divide A 
into a finite number of parts, and/(a;, y) must possess the property in 



one of these sub-regions (including its boundary). Let the quarter 
square in which such a sub-region lies be specified by x = ag, A^', y = 62 , 
R 2 (A 2 — a 2 = B 2 — b 2 = c/2). Divide this quarter square in 4 quar¬ 
ters and let the process be continued. After (^ — 1 ) steps in this con¬ 
tinued subdivision, we have a square specified hy x = y — b„, 

Bn (An — an = Bn — bn = c/2^^^) and this square contains a finite 
number of sub-regions (belonging to the original domain), within one of 
which at least/(x, y) possesses the property. The monotones An 
obviously tend to the same limit Xo, and the monotones bn, Bn to the 
same limit yo. The point (Xq, ya) is interior (in the broad sense) to every 
selected quarter-square, and ultimately every selected quarter-square is 
interior to C, if (x^, y^) is interior to C (since a line parallel to an axis 
meets C in a finite number of points). Thus, when (Xq, y^) is interior 
to C, a neighbourhood (complete) of (cCq, y^) exists in which the property 
is satisfied. Similarly, if (Xq, y/) is on 0, a neighbourhood (partial) if 
(^oj yo) exists for which the function possesses the property. 
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10.22. Uniform Differentiability. If a function/(s;) is analytic in a 
domain D and is any point of D, then given e (> 0 ), we can find 5 (> 0 ) 
such that 




< e in \z — Zq\ <d. 


The value of d that is suitable at Zq will not, however, be suitable, in gen¬ 
eral, for all points of D. We can, however, show that a value of 5 (> 0 ) 
exists that is suitable for all points of D. An analytic function is there¬ 
fore said to be uniformly differentiable in D. Let D be divided into a 
finite number of parts Dj, . . ., If dj. is suitable for all the points 

of Dj. (r = 1 to m), then min ( 6 ^) is obviously suitable for all points of 
D. Suppose that d does not exist for D ; then by the process of dissec¬ 
tion, there exists a point z^ in the neighbourhood of which a d cannot 
be found. But the neighbourhood of 2:0 can be chosen sufficiently small 
to lie entirely within any circle \z — Zo\ < ^ and we thus arrive at a 
contradiction. 


10.23. Conjugate Functions. Let w =f(z) be analytic and let its 
derivative hef'(z). Then w may be expressed in the form u + where 
u, V are functions of x, y. The functions u, v are called Conjugate. Now 
=f'(z)dz -f X where |X| < e\dz\ in the neighbourhood of a point z. 
Let f'(z) = U + iV where C7, F are functions of x, y 

Then du = U dx — V dy p \ dv = V dx U 6y a 

where |p| = |R(X)| < [X] < e\dz\ 

and \a\ = |I(X)j < [X] < e|&|. 

Thus u, V are differentiable functions for which 

u^ = U = Vy and Uy = — V = — Vj.. 

The equations % = Vy ; Uy = — are called the Riemann-Cauchy 
conditions. 

Conversely, if u, v are differentiable functions in a domain D, such 
that u^ = Vy and Uy = — then u iv (= w) is an analytic function 
of 2 ;. For du = u^dx + Uy by + o{\Sz \); bv = v^bx + Vy by o(\bz\) 
and therefore bu -\-ibv = {u^ + ivf){bx + i by) + o(|(5a; + i by\) 

. du) 1 • bu ~1~ % bv . . j "L 1 

i.e. — = lun - exists and has the value 

dz bx +% by 

'^x + 

It follows from Cauchy’s Theorem (proved later) that u, v possess deriva¬ 
tives for all orders; and if we assume this result for the moment, we 
find that 


'^xx '^yy = 0 = Vj.j. Vyy. 

Thus u, V are solutions of Laplace’s equation V^F = 0 and are therefore 
called Harmonic Functions (in two dimensions). 

If one of the functions is known, the other may be determined (except 
for an arbitrary constant); for 


u = 



dx Uy 
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For example, v = 2 xy satisfies the equation = 0, and therefore 
u = ^{2xdx — 2y dy) = x^ — y^ + c. 

The gradient Mi of the curve u{x, y) = constant, at the point {x, y), 
is given by mi == — ; and the gradient ma of v{x, y) = constant, 

at {x, y), is given by mg == — vjvy. But mim^ = UxVjUyVy = — 1 and 
therefore the curves u{x, y) = constant, v{x, y) = constant, if they inter¬ 
sect in real points, do so at right angles. 

Conjugate functions are important in apphcations where it is required 
to determine solutions of Laplace’s equation V^F = 0, satisfpng certain 
boundary conditions. For example, if is a harmonic function 
F (= — c) is a solution that vanishes on the boundary u = c\ and 

if u were a potential function, v =■- constant would represent a line offorce. 

10.3. Complex Integration. Let the equations giving a simple 
curve of an elementary type connecting two points A{Zo), B(Z) be 

X = x{t), y = y{t). 

are continuous in ^ ^ (except 

possibly at a finite number of corners), where x^ = x{tQ), y^ = yit^), 
X -= x{T), Y = y{T), Zq=Xq + iy^, and Z = X + iY, It can be 
assumed that the parameter t is chosen so that T — t^ is finite. 


FIG. 5 



Suppose that | 


The fine integral j (P dx + Q dy) where P, Q are continuous functions 

J A 

of X, y is defined to be 1 {Px + Qy)dt. If P, S are two other continuous 

CB 

functions of x, ?/, the expression 1 (P + iR)d.x + (Q + iS)dy is defined 

J A 

rB CB 

to be 1 (P dx + Q dy) -]- i I (P dx + 8 dy) and is called a complex 

rZ 

integral. The expression I f{z)dz, hitherto undefined, is defined to be 

J Zn 




342 


ADVANCED CALCULUS 


J + iv){dx + i dy), i.e. J {udx — v dy) + ij {vdx + u dy) where 

f(z) is continuous and equal to w + iv. 

To justify this notation, let the interval (^o, T) be divided into n 
sub-intervals by the values where 

io ^ tz • . . •<! 1 ^ 

and let correspond to the value t,., with Po = ^, Pn = B. Let 
Zr = Xj.+ iyr- Also let be any point in the interval <t <^^+1 
and = 0 ?^ + iy^ be the corresponding point P^. 

Suppose, for the moment, that x, y are continuous functions of t in 
to < T. They are therefore uniformly continuous, and given 
(> 0 ), the interval (^o, T) can be divided into n parts at such that 
in every sub-interval 

Wr) - 

where are any two values in the sub-interval <« < 4 + 1 . By 

the mean value theorem, — x^= {*(«") }( 4 +i — 4 ) where is 

some value in the interval 4 < fC. 4+1 and therefore 

*r+l - = Wr) + X;.}(4+1 - 

where < £1 and is any point of the interval tr <t < 4 + 1 . Simi¬ 
larly yr+i — yr= Wr) +i“r}(4+i — 4) where \fir\ < £i (the number 
of sub-intervals being finitely increased, if necessary, to ensure that 

\ y{Q - 2/(01 < «i)- 

n—1 • 

Consider the sum /S^ = ^(4+1 - 4)/(4)- 

0 

Let u'r = M(a;', y^) and v'^ = u,.(a;', y '^); then 

n—1 

^ {{4-H— 4) + %r+l - Vr) KK -f W^) = -f- F„ 

0 

n—1 

where ^{*(«;) + Wr)}(K + »’<)(<r+i- 0 ) 

0 

n—1 

and Fn = ^(X, + iyr)iK + »0(<r+i - 4)- 
0 

If the number of sub-intervals — tj.) tends to infinity in such a 
way that max (^^+1 — tj.) tends to zero, then 

rT 

(^ + iv){x + iy)dt 

z ' 

i.e. to I f(z) dz. 
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Also l^'nl < 2Mei(r - to) where M = max |/(z)| on the curve. The 
function f{z) is continuous and therefore M is finite and so —*■ 0, 

y(Zr+l - 2r)/(z'r) 

thus iustifying the use of the symbol on the right. 

"~We infer also that inThe confcued subdivision, an integer exists 
such that for a given s (> 0 ), the inequality 


i.e 


ir 


< e for all 7i > ^o. 


f(z)dz — ^{Zr+l — 2 r)/( 2 r) 

9 0 

(*Z 

Since [ f{z)dz has been defined in terms of ordinary integrals it follows 

that {^f{z)dz == ['f{z)dz + ( f{z)dz where G is any point of the 
Ja JA jc 

rB CA 

AB, and in particular f(z)dz = - 1 f(z)dz. 

Also (i) for any curve AB, <^2 = lim ^(^r+i - 2 ^) = 2 - 

J Zo 0 


curve 


(ii) for any curve AB, 

cZ 

f 3 dz = hm 2 '(Zf+i — Zr)Zr+i = lim Z{Zr+i — z^)z^ 

J Z 0 

taking z^. successively at the ends of the interval, 

rZ 

i.e. j z dz = \ hm27(2Jy_|.i z,){z.j,j^i -f- z,^) = 

Js, 

(iii) f — where C is the circle Take x = R cos t, 

JO ^ 

y = Rmit where t varies from 0 to 2 ji:; then 

X A-iy = R{— sin t + i cos t) = iz 

and the integral is 1 i dt = 2m. It is the same for every circle whose 

J 0 

centre is 0 . 

Notes, (i) These results are unaffected when the curve AB has a finite number 
of corners at the points (r = 1 to m), since we may define 
rB rc, m_-i rcy+i 

1 f{z)dz as I f(z)dz-\- f{z)dz-\- I f(^)dz, 

Ja Ja jLjJc^ Jc,t^ 

(ii) When the curve is a closed contour (C), the integral round this contour is 
written S^f(z)dz. This, however, does not indicate the direction in which the contour 

is described, but we shall always assume, unless otherwise indicated, that the 
direction is counter-clockwise (i.e. in the same sense as the direction from OX 
to OY). When there is any likelihood of ambiguity, we can use the notation 
^^f(z)dz for counter-clockwise description and ^f(z)dz for clockwise. 
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10.31, An Upper Bound to the Modulus of a Complex Integral. The 
length I of the arc of the curve AB has been defined {Chap. IX) as the 
limit of the sum of the lengths of the chords AP^, P 1 P 2 , • • •, Pn~i^ 
when n tends to infimty in such a way that every — tj.) tends to 
zero : this limit has been shown to be equal to 

rT 

{x^ + y^)dt. 

Do 
n-l 

lim ^ - z,\ = 1. 


1’ 


Thus 


Then 


i [ Az)dz\ = 


Um 


n- I 


0 


- 2 r)/«) 


\f(z)\ on AB, 


/t— L 

< M hm — Zj\, where M is the upper bound of 

A 


i.e. 


i f J{z)dz 

\j Zi, 


[Ml. 


10.32. Camhy's Theorem. This is the fundamental theorem of the 
subject and is usually stated in the following form : 

is analytic and one-valued inside and on a contour C then 


I, 


f{z)dz = 0. 


Let a square be drawn, with its sides parallel to the axis, and con¬ 
taining C entirely within it. Let this square be divided into n^ smaller 
equal squares by equidistant lines parallel to the axes. {Fig- 0.) If n 



FIG. 6 
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is large enough, these hnes of subdivision divide the domain into m 
smaller squares (r 1 to m) and 'p irregular areas (5 = 1 to p), 
bounded by parts of the subdividing hnes and by parts of C, Also, since 
the contour is elementary, no small square contains more than one 
irregular area, if n is taken large enough. Let denote the boun¬ 


daries of the sub-regions. 


r r c 

ThenjJ{z)dz = ^ f{z)dz ^ f{z)dz, 


because in the total summation on the right the integrals along the parts 
of the subdividing hnes that occur in S^. and appear twice and are 
described once in each direction. 

Now since f(z) is uniformly differentiable, a number d (> 0) exists, 
independent of (x\ y'), any point of the domain, such that 




z — z 


< e 


for all z within the circle \z — z'\ = d. 

The greatest distance between any two points of or is < c\/2/n, 
where c is the length of the side of the large square, and therefore n can 
be chosen sufficiently large to ensure that \z — z'\ < d for every two 
points z, z’ of Sy, or Thus if z’ is a point within 

f f{^)dz = I* {f{z') + (Zg — z')f'{z’) + \}dz, where |X| < £\z — z'\ 

J s, J fit, 

i.e. I f(z)(lz =1 Xdz, since I ^ 2 ; = 0 = 1 zdz, 

J Js^ Js^ Js^ 


Now |X| < e\z — z'\ < eC's/2/n, and the length of S^. is 4c/n, 


i.e. 




Similarly 


!f f{z)^z 

Us, 

f f{z)dz = [ 

JT, JT, 


"kdz 


where |X| < ec\/2/n and the length of is < + 4c/w), Z, being that 

part of C that belongs to Tg, 


i.e. 

Thus 


f(z)dz\ < + m) + 

r> \ n 


i.e. < 4:ec^\/2 -|- ecy/2l/n, since s + m < 

where I is the length of the contour 0. Since e is any number (> 0), 

however small, the value of 1 f(z)dz must be zero. 

JC 

Notes, (i) It is sufficie nt for the truth of C auchy’s Theorem that f(z) should be 
analytic inside C and coTitinuous merely on C. For suppose that C is such that 
every line through some point 0 interior to C meets C in two points only (on opposite 
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sides of the point). Let 0 < fc < 1; then as z describes C, hz describes a contour 
Oj entirely within O, if the origin is taken at 0. 

Then - Jp/(z)<i2 = /(.(/(z) -f(hz)k)dz. 

But k can be taken sufficiently near 1 to ensure that \f(z) —f(kz)\ < e for all 
z on G, since f{z) is continuous on (and within) C. 

i-e. |Jo/(2)<fe - Jc/( 2 )dz| = |*J(,(/(z) -fikzj^z + (1 - k)!^{z)dz\ 

< kel + (1 - k)Ml ^ 

where I is the length of C and if = max |/(z)| on C 
i.e. LScf(^)dz - i^hz)dz'] = 0. 

But S^f{z)dz — 0, since f{z) is analytic inside and on and therefore 
5cf(^)dz = b. 

The result may be extended to a contour, the interior of which can be divided 
up into a finite number of parts bounded by contours similar to that used in the 
proof. 

(ii) Cauchy’s Theorem may be proved by Green’s Theorem in two dimensions, 
if we assume that f'(z) is continuous, i.e. that Uy, Vy are continuous. 

For the line integral 

Jc(w + iv){dx + i dy) 
is equal to the double integral 

Si + ^'^x) - (^ 1 / + ^’^ 1 /) dy = 0 

by the Cauchy-Riemann conditions. 

This proof (called Riemann’s) assumes more than is necessary, although we 
shall prove (by means of Cauchy’s Theorem) that the derivative f'(z) actually is 
continuous (and analytic) in the domain. 

10,33. Multiple Contours. The integral round a contour that crosses 
itself {Fig. 7 {i), {ii), {Hi), {iv)) or round the boundary of an area, that 







consists of more than one contour {Fig. 7 {v) (m)), may be expressed as 
a linear combination of simple contour integrals. 
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In the examples illustrated, areas bounded by simple contours are 
marked with the numerals 1, 2, 3, . . . and the multiple closed curve 
is assumed to be described in a given direction (indicated by an arrow). 

If Cr is the boundary of area r, then we can expiess ^f{z)dz round the 

curves shown in Fig. 7 (i), (ii), (Hi), (iv) in terms of simple contour integrals 
as follows: 


(i) 

[ f{^)dz = 

[ f(z)dz - f 

f{z)dz 



J 

'c 

Jc, J( 




(ii) 

[ f{z)dz = 

f f{z)dz + 2\ 

[ f(z)dz- 

[ f{z)dz 


J 

Ic 

J Cl J 

' c. 

Jc, 


(iii) 1 

[ f{z)dz = 

f f{z)dz + { 

f(z)dz + f 

f{z)dz - f 

f{z)dz 


1 c 

) c, Jc, J 

c, J 

c. 

(iv) 1 

^J(z)dz = : 


[ f(z)dz + 
'c. 

f f{z)dz + 

Jc, 

[ f{z)dz 
Jc, 


and if/( 2 :) is analytic inside or in any area r, the corresponding integral 
is zero. 

Now consider an area bounded externally by a simple contour 
and internally by another contour Cg (Fig. 7 (i;)); and suppose f(z) is 
single-valued (but not necessarily analytic) in this domain (including 
Cl, Ca). Join a point A of Ci to a point B of Cg by a line lying within 
the domain. Let P, R be any two other points on Oi and Q, S any two 

- > -> 

other points on Cg, where PAR, QBS are counter-clockwise. Let Zq be 
any point between Ci, Cg; then if z describes the single contour 
PABQSBARP in this order amp (z — Zq) increases by 2n, and therefore 
this is the correct description for the corresponding contour integral. 
The integral round this contour may therefore be written 

f j{z)dz — [ f{z)dz 
J Cl J c, 

since [ f(z)dz + f f{z)dz = 0. 

Ja jb 

If then /(z) is analytic on Cj, Cg and in the area between, we have 


[ f(z)dz = [ f(z)dz. 

J Cl J Ca 

This result is important for the evaluation of the contour integral 

1 f(z)dz, when f(z) is not analytic at all points within (7i; for we can 
Jci 

choose Cg to be a simple curve (a circle for example) and evaluate the 

integral 1 f(z)dz which is equivalent if f(z) is analytic in the area between 
Jcj 

Cl, Cg. 
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Similarly, if there are n contours Ci, . . within a given contour 
C, and f{z) is analytic between these and C then 



{ f(z)dz=i:{ f(z)dz. (Fig, 7(vi.) ) 

Jc 1 J 

10.34, The Indefinite Integ\ 
rz 

the integral I f(z)dz, where f(z) is analytic i 


a domain D and the path of integration is a 
curve APB lying in D, (Fig. 8.) This 
integral may be regarded as a function of its 
upper limit Z which may be denoted by F(Z). 
Let AQB be another path joining AB lying 
in D. Then APBQA is a simple contour and 
therefore by Cauchy’s Theorem, 


[_ ^f(.z)dz - f— ^f{z)dz = 0 

JAPE JAQB 

rZ 

i.e. F(Z) = 1 f(z)dz along any path joining AB that lies in D. 

JZo 


Now 


F(Z + dZ) - F(Z) 


rZ+SZ 


L 


f(z)dz. 


But since f(z) is continuous, \dZ\ can be chosen sujficiently small to 
ensure that \f(z) —f(Z)\ < e for all values of z in the region \z — Z\ < \dZ\. 
Thus F(Z 4- SZ) — F(Z) =f(Z)dZ + X, where |Xl < e\dZ\, 

F(Z + bZ) - F(Z) 


i.e. 


lim - 


bZ 


exists when bZ —> 0 and its value is/(Z). Therefore, with a change of 

notation the integral F(z) = I f(t)di is an analytic function of z whose 

Jzo. 

derivative is f(z), any path of integration being drawn in the domain 
within which f(z) is analytic. Now the only analytic function w that 
satisfies the relation dw/dz = 0 is a constant since u^ — Vy, = Uy = Vy — 0. 

Therefore | f(z)dz = G(z) — G(Zq) since the integral vanishes when 

J ^0 . . . J, 

z = Zq, where G(z) is any function whose derivative is j(z). 

A point where f(z) ceases to be analytic is called a singularity. If 
one path of integration can be deformed into another without crossing 
a singularity, the corresponding integrals are equal; but if there is a 
singularity in the domain bounded by the two paths, the integrals are, 

general, different. The value of the integral f f(z)dz is therefore in 


in 


J z 


general many-valued, but (f(z) being single-valued) its diifferent values 
differ by constants (the periods of the integral). In evaluating an inte¬ 
gral, the relationship between the route and the disposition of the singu- 
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larities must be prescribed in order to give a definite result j and although 
a particular functional value (or branch) may be chosen for G{z), it is 
the difference between the values of that branch that must be evaluated 
as z describes the prescribed path. 

Examples, (i) Find J 2 " dz when n is an integer positive or negative but not 
equal to — 1. 

71 > 0; 2 ^ is analytic all finite 2 . 

Therefore | z” (fe = {z«+i - !)/(« + 1) for all paths. 

n< — 2; 2 ” is analytic all finite 2 except 2 = 0. 

But ■^ 2 »+i) = in 1 ) 2 " (2 ^0) and 2^+1 is single-valued. 
dz 

Thus I z^dz = ( 2 W +1 — l)/{n + 1) provided the path does not pass throiighO. 

' f 

llierefore if n is an integer, positive, negative or zero but not — 1, I dz = 0 

JC 

except that when n is negative, C must not pass through 0. 
dz 

(ii) Find 1 — where C does not pass through O. 

JC ^ 

C dz 

Tf O is exterior to 0, — = 0 by Cauchy’s Theorem. 

Jc" 

If O is interior, | ~ = I ~ where is any circle centre O 

= 2m (§ 10.3). 

= 0 if the point a is exterior to C and its value is 2ni if a 


dz 




Similarly j 
is interior. 

10.4. Functions expressed as Contour Integrals. Let C be a 
simple contour drawn in a domain D within which f{z) is analytic ; and 
let a be any point within C. 


Then 


I 


f {^)dz 

c{z - a) 


f(z)dz 


where Ci is a circle centre a and radius p 

lying in D, since C can be deformed into Ci without crossing the point a, 
the only singularity of the integrand. 

Since/( 2 ;) is continuous, p can be chosen sufficiently small to ensure 
that 1 /( 2 ;) —f{a)\ < £ at all points of Ci, 


^ f _ r f(^) ^ ^ 2 ;, where |X| < e on Ci. 

Jcz — a JcA^ — a) 

f /(^ ^ 2^(0) (§ 10 . 34 ) 
Jc,2 — « 


But 

and 


If Xdz 

f dz 

— 

< £ - 

Jc,z-a 



< 271 £. 


24 










r 
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1, 


J{z)dz 


= 27iif{a) + //, where |/f| < 27ie 

I 


10,41, Derivatives of Analytic Functions, Let C be the contour of 
the previous paragraph and let a, a -f- ff be two neighbouring points 
within C, Then 

/(. + h) -M - 

The identity {z — aY — {z — a — h){z — a + 7 ^) = gives 

___ 1 _ h ^_A 2 _ 

z — a — h z — a (z aY (2 — — a — h) 

and therefore = ±,f + / 

h 2mJ c (2 — a)* 


= A.f 


f(z)dz 


where ^-. 

2m} o ( 2 ^ ~ — a — h) 

The points a, a + 7^ are within C and therefore I 2 ; — a| has a lower 
bound (5 ( > 0) and | 2 : — a — A| a lower bound 8 — |7i |. Thus if max \f(z)\ 
on C is M 

Ml\h\ 


\i\< 


27cd^(d - 1 ^ 1 ) 


, and therefore I —> 0 when h ■ 


0 . 


h 2ni} o — aY 


Thus 

/i—>^o 

Again, differentiating the identity 

1 1 h 


+ 


A2 


(z — a — h) {z — o) (z — aY 
with respect to z, we obtain 

1 1 2h 


(z — aY(z — a — h) 

H- 


(z ~ a — hY (z — aY {z — aY 
where |i?i( 2 )| is obviously bounded on C, And therefore 

lim if ( ^ _1 

A_».rt hj c\{.z — a — 


hr (2 


i.e. /"(a) = lim 
h —^0 


f'ia+h) -na)_ 1 


ll 


/W V, 

ih] c\(z — a — hY (z — aY/ 


=Ar 

2m J c(z — aY 


It may be noted therefore that/'(a),/"(a) are obtained by differen¬ 
tiating the integrand with respect to a. 

Let us assume that/(^^(a) is obtained in this way, i.e. that 




f{z)dz 


f.(2 —a)"+i‘ 
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Taking the 9 ^t}l derivative with respect to z of the identity given above, 
we obtain 


1 


1 


(m + l)}i 




{z — a (z — (z — 

where \Rn{z)\ is obviously bounded on C, so that f(z)R^{z)dz 

IJc 


is finite. 



+ *) —/^”'(a) 

A-^O 

h 

n! f 
— hm 1 

( M 

/,—^o 2 mAj 

o\(z — a — A)“+i 

= lim — f 1 

/ w + 1 |_ ; jrj , 


[(z - a)»+ 2 + " 

_(n + l)!r 

f{z)dz 

2 m J c 

fz — a)^+ 2 * 


/(^) 




That the formula is correct follows by induction. 

J0.42, Taylor^s Expansion for an Analytic Function. Let f{z) be 
analytic inside and on a simple contour C and let a be a point within C 
whose distance from the nearest point of C is ^ (> 0). 

For any point z within C 

2m]cw-z 

Now 

+ . . . + ~ = 1 _ / z - a Y+^l 

w — a {w — a)^ (^ —(w — z)\ \w — a) J 

= ¥/'«(«) i 

i.e. 

/(«) =/(«.) \ {z- «)/'(«) + + . . . + 


where 


__{z — 


R 


— f(w)dw 

2m J o ~ 


af+i‘ 


Let \z — a\ = p; then \w — z\ > d — p (> 0) on C and also \w — a\> d, 
\f{w)\ <M on C, 

pn+l ]^l 

i.e. |7i„| < ^— —-- which —> 0 as w oo since p < 6. Thus 

Ztz (o — 

/( 2 ) =/(«) +(z- a)f'(a) + . . . + (^-)-/(n)(a) + . . . 

the series being convergent if \z — a\ < 

An analytic function is therefore always expansible in an infinite 
power series in (z — a), when a is a point within the domain of the func¬ 
tion. We deduce therefore (i) that the radius of convergence of this 

























352 


ADVANCED CALCULUS 


series is the distance from a to the nearest singularity of the function, 
(ii) an analytic function given by a power series in {z — a) with radius 
of convergence R must have a singularity on the circle \z — a\ = R. 
This, of course, does not mean that the power series is not convergent 
there. 

A function of the real variable need not possess derivatives of all orders and the 
corresponding expansion in powers of (z — a), considered in Chapter II, is finite, 
involving the values of/(a),/'(a), . . .,/(”)(«) and a remainder term involving the 
(n l)th derivative. A result corresponding to this for the complex variable has 
been given by Darboux in which the remainder term is that given by Lagrange 
(for the real variable) multiplied by A where |A| < 1; but the determination of the 
remainder in this form has not the same importance here since it is sufficient to 
note that |i?^| = |2 — a\^+'^M/(n + 1)!, where M —>-/(^+l)(a) as z — >a. Thus 
for a fixed |i2„| = 0{\z — a|w+l), (which is true for the real variable when/(^+i) (a) 
exists); and also R^ —0 when n —> oo (|z — a| < ^), (a result that is not neces¬ 
sarily true for functions of a real variable x that possess all derivatives with regard 
to a; at a; = a). 


10.43. Integration of Power Series. Let 

f{z) = ao + a^z + a^z^ + . . . + + • • • 

have a radius of convergence equal to R. 

The series F(z) = a^z + a^- + a^- + . . . + + . • • ob- 

o n ~p I 

tained by integrating term-by-term also defines an analytic function for 
at least \z\ < R. But F'{z) =f{z) and therefore 

f f{z)dz = F{z) 

Jo 

(since F{0) = 0), when the path of integration is any curve within 
1^1 < R. 

10.44. Cauchy^s Inequality for a Power Series. If M{r) is the upper 
bound of \f(z)\ on the circle \z\ = r lying within the circle of convergence 
1 2 ; I = R of power series for 

f(z) = fa,z- 
0 

then [aJ < for all n. 


For a^ = where C is the circle \z\ = r, 

^ 2m] 


i.e. 


|«n 


<1 ^ 
^ 27r‘ 



10 . 45 . lAouville's Theorem. If \f{z)\ is bounded for all finite z and 
also as z —>• 00, then/(2), if analytic for all finite z, is constant. For f(z) 

00 

is expressible as a power series Za^z^ for all finite z ; and \af\ < Mr~^, 

0 

all r and n, where M is the upper bound of \f{z)\ (independent of r). 
Let r —00 ; then 0 if > 0 and therefore f{z) is constant. 
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Notes, (i) It is obviously sufficient that f(z) should be bounded on a sequence 
of contours that tend wholly to infinity. 

(ii) If \f(z)\ is analytic for all finite z and f{z) = 0{\z^\) as \z\ —>■ oo, then f(z) 
is a polynomial of degree < m. 

m-l 

For [/(z) — + . . . is obviously bounded for all z 

0 

and therefore am+i = o> 7 n +2 = . . . = 0 

i.o. f{z) = Oq + ajZ + . . . + a^z^. 

(iii) Every equation + a^z^-^ + . • • + a^ = 0 has a root (and therefore 
n roots). 

For the polynomial f(z) = a^'^ + + . . . + is analytic for all finite z 

and if it never vanishes, \f{z)\ must have a lower boirnd m > 0 ; therefore l^(z) is 
analytic for all finite z and is boimded (obviously) as z —> co ; i.e./(z) reduces to a 
constant and we thus arrive at a contradiction. 

If is a root, then f(z)l(z — a) is a polynomial of degree (?i — 1) and by con¬ 
tinued application of the theorem we deduce that 

/(s) = ao(z - ai )(2 - aj) . . ■ (z - a„) 
where the numbers are not necessarily different. 

This theorem is sometimes called ‘ The Fundamental Theorem of Algebra.'' 

(iv) Liouville’s theorem is important in the theory of elliptic functions, which 
are defined to be analytic for all z (except for poles (§ 10.48), and to have two periods 
2(Oi, 2 o )2 (coa/coi not real); for all the possible values of an elliptic function must 
occur in the parallelogram (cell) whose corners are a, a + 2coi, a + 2 a> 2 , 
a -f 2ft>i + 2(02* To prove that a given relation E{z) = 0 is true, it is sufficient 
therefore to show that E{z) is elliptic and possesses no infinities in a cell. 

10.46. Singularities and Zeros. If /(a) = 0, f'(a) ^0, a is called a 
simple zero of/( 2 ;); andif/(a) = 0 =f\a) = ... = f^^~^\a) \f^'^\a) 5 ^^ 0, 
a is called a zero (multiple) of order n. In the latter case, the expansion 
of f{z) at z = a takes the form 

/(2) = (2 — a)”{-4o + Ai(z - a) + ^2(z — o)^ + . . . 

If a is a singularity of/(z) and a circle \z — a\ = p (p 0) can be drawn 
so as to include no other singularity but a, the point a is called an isolated 
singularity. In the next paragraph we obtain the expansion of an 
analytic function in the neighbour¬ 
hood of an isolated singularity a. 

10.47. Laurenfs Series. Let C^, 
be two concentric circles centre a 
and radii R^, respectively where 
Ry < i ?2 and let Ci, be both 
within the domain in which f(z) is 
analytic except at a. {Fig. 9.) Then 
f{z) is analytic within the ring-shaped 
region lying between these circles, and 
also on Cl, If y is a circle 
centre z, lying entirely within this 
region, and AB a line joining a point 
^ of (7i to a point B of C 2 not passing 
through z, the circle y can be deformed into the contour consisting 
of C 2 described counter-clockwise, Ci described clockwise, and AB 



FIG. 9 
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described once in each direction (§ 10.33). Therefore, f{z) being single¬ 
valued 

f{z) = — f = J_f _ J_f 

2ni] yW — z ^Tii] — z 2ni] q^w — z' 

By a proof similar to that given for the Taylor expansion, the first inte¬ 
gral may be proved to be 

tto + — a)+ a^z — a)2 + . . . + — a)^ -f . . . 


where 




f{w)dw 


- (K = 0, 1, 2, . . .). 


27ii]c,iw — «)”+' 

In the second integral use the identity 

w — a 


1 _ =(z - w)[-^ 

\z — a / \z — a 

since here \w — a\ < jz — a\. 

The second integral therefore is 


( 2 -a )2 


+ . . . + 


{w — «)"■ ] 
(z — a)’‘+ij 


J_f /(w) f 
2ni]cS^ - a)l 


1 +^“ + 

z — a 


{w — aY {w — ay^"^^ 




+ 


A, 


- aY — w){z — ay 

V2 ^ ^ 


dw 


z — a {z — ay^ ''' (z.-— aY 

where {w — aY~^f{w)dw ('^ = 1, 2, 3, . . .) 

2,711 j 




and 


^ 27zi{z — aY^^, 


l; 


f(w){w — «)"+! dw 


(z — w) 

Let max)/(to)| on Cj be ; let |z — a| = n (> R^. 
Then since \w — a\= R^, \z — w\ > p — Ri. 


Thus \En\ < 


Thus 


M,R, (R,\- 
-R\p) 


which —>■ 0 as w oo since /?, < p. 


/(«) = -«)"'" + ^an(z - «)“ 

where ^„ = if (w — a)^~^f(w)dw ; = if 

" 2Jr^Jc/ I >> n 


Notes, (i) If a is the singularity of f(z) nearest to a, or may be taken to 
be any circles of radii |a — a| (and centre a). 

(ii) Any simple contour may be taken for or Cg that can be deformed into one 
of these circles without crossing a singularity. 

(iii) By writing = a—the formula for will be correct for all n positive, 
negative or zero. 

10.48. Poles and Essential Singularities. Residue. If 
Afi+i ~ Aj^^2 — • • • 
are all zero, so that/( 2 ) takes the form 
A. , A. . I A- 1 

“T • • • “T 


(z — aY — aY~^ ' ’ ' — Cl) 

the point a is called a pole of order n. If the part involving negative 
powers of n is infinite, a is called an essential singularity. 


+ ao + afz — a) + . . . 
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In the case of a pole, the part 


■ + . 


A, 


• is called the 


(z — a)^ ' ’ ’ ’ ' (z — a) 

'principal part oif{z) at 2 : = a, and in all cases, the coefficient Ai is called 


the resid'oe of f{z) at a since 

2m 



10,49, The Residm Theorem, Let 
C be a simple contour within and on 
which f{z) is analytic except at a finite 
number of singularities (isolated) at 
«!, ag, . . . a^. (If there is a finite 
number only, they must be isolated.) 

Draw small closed contours Ci, 
(72, . . . Cg enclosing a^, ^ 2 , , , , a^ 
so that each contour is external to 
every other. {Fig, W.) Then the 
contour 0 may be deformed into the 
s contours (7i, . . . (§ 10.33) and 

therefore 



f(w)dw = f{'w)dw = 27zi{Ai + ^2 + • • • + 

Jc 1 J Cs 

where Aj. is the residue at a^ {r = 1 to 5 ). Later in this chapter we shall 
apply this theorem to the calculation of different types of real integrals. 

10.5. Conformal Representation. If w == u -\- iv, we may sup¬ 
pose that u, V are the co-ordinates of a point w which may for convenience 
be represented on a plane different from the 2 :-plane. Sometimes it may 
be more useful to mark the point w on the 2 ;-plane itself. 

If is a single-valued function, to each point (x, y) there corresponds 
a single point {u, v) (the converse not being usually true); and we may 
obtain some idea of the nature of the functional relationship (or trans¬ 
formation) by finding the paths described by {u, v) when (aj, 'y) describes 
a given path such as a circle or a straight line. Conversely we may 
consider the path (not usually simple) in the 2 ;-plane corresponding to a 
circle or straight line in the ^(;-plane. 

Let 'Wq correspond to z^^ (i.e. Wq ^/{zq)) and let z^, z^ be two points 
near z^ with the corresponding values If Pr, Qr denote the points 

z,,, 'Wj., the triangle Q^^QiQ^ corresponds to the triangle {Fig-11) 


Now ——— and ^both tend to the same limit 


2:2 — 2 ;o 


. fdw 
imit ( — 
\dz, 


, rru — 'Wq . , 1 X ^2 

Zi, 2 : 2 —> 20 * Ihus, near Zq, -is nearly equal to — 


2^1 — 2^0 


when 

e 

- and. 


therefore, if ^ 7 :^ 0 , 
dz 


'Wi — 'Wq 


0 

1 

e 

s 

1 


2:2 — 2:0 


and 


amp — 'Wq) — amp {'w^ — = amp {z^ — z^) — amp {z^ — Zq) 

(ignoring terms of the order \zi — Zq\^, \z 2 — Zq\^), 
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In the figure, these results are equivalent to QiQo/QzQo — P 1 P 0 /P 2 P 0 
and Z Q 1 Q 0 Q 2 = Z- P 1 P 0 P 2 ; i-e. the small triangles P 0 P 1 P 2 , Q 0 Q 1 Q 2 


are similar. 



w 



FIG. 11 


Thus the relation w ==f(z) transforms the 2 ;-plane into the ^t^-plane in 
such a way that corresponding neighbourhoods are similar. A trans¬ 
formation of this kind is said to be conformal. 

Again let dw correspond to dz ; then 


dw 

dz 


dw = ^dz + 0(|(fep). 
dz 

\dz\ and amp (6w) — amp (6z) amp 


/dw\ 

[d^j- 


Thus \dw\ is nearly 

The displacement dw is therefore obtained (approximately) from 
dz by a magnification of amount \dw/dz\ and a rotation of amount 
amp {dw/dz). 

In particular, it follows that if two curves in the 2 ;-plane intersect 
at an angle a, the corresponding curves in the ii;-plane intersect at the 
same angle. For example, the curves \w\ = constant in the 2 :-plane are 
orthogonal to the curves amp w = constant since these curves are respec¬ 
tively circles, centre origin, and the radii of these circles in the t(;-plane. 
The curves \w\ = constant are appropriately called level curves and the 
orthogonal system amp w are called Lines of Slope, We verify also 
that the curves u {= } = constant are orthogonal to the curves 

V (= I{w)) = constant, since these are obviously orthogonal in the 
ti;-plane. 

Notes, (i) The conformal representation breaks down at a point where 
dwjdz = 0. 

(ii) For any transformation given hy u = u(x, y), v — v{x, y) (where w, v arc 

differentiable functions and J = ^ 7 ^—( ^ 0 ), if ds. is the element of length in the 

d(a;, y) 

u-v plane corresponding to ds of the x-y plane 

ds\ = (w^ -f v\)dx^ + 2(u^Uy + v^Vy)dxdy + 

To secure conformal representation we must have = A; 

u^Uy + v^Vy = 0 since ds^ = dx^ + dy^ and A is the magnMcation. Assuming that 
none of these derivatives vanishes (and so ignoring a trivial solution), we find that 
if = Bvy, then Uy = — dv^ and — 1 ) = — 1). The only non-trivial 
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solutions are given by 0 = ±1. The solution 0=4-1 gives = Vy^ Uy — — 
i.e. w = f(x 4- iy)» The solution 0 = — 1 gives w = f(x — iy). In the former the 
direction of rotation is preserved and in the latter it is reversed. More generally, 
when a surface is transformed into another in such a way that corresponding surface 
elements are similar, the transformation is called conformal. 

10,51, The Polynomial, We have abeady seen that the polynomial 
w =f(z) = a + . . . + can be expressed in the form 

ao (2 — Zi){z — Z 2 ) • . . (z — zf),, where some of the numbers Zi, Z 2 , . . . 
z^ (zeros) may be equal. 

Consider the change in amp w when z describes a simple contour C 
not passing through any z^., but containing 5 zeros within it. 

n 

The increase in amp iv is equal to the increase in E amp {z — zfj. if 

1 

Zy. is within C, the increase in amp (z — z^) is 27r, and if it is not within 
C, the increase is zero. 

Thus the increase in amp w when 2 : describes C is 27cN, where N is 
the number of zeros within C, 

For a multiple contour (that can be deformed without j)assing over 
a zero into a finite number of simpler contours Ci, Cg, . . . Cp) the 
increase in amp w must be 27tN where N is an integer (d:) or 0. 

Example, w — 2{z -- \Y(z^ 4-1)* 

For definiteness, suppose that the initial value of z is z^ and that z describes a 
closed path not passing through ^(1), B(i), C( — i) (the zeros of w) and return to z^. 
{Fig, 12.) 




The increase in amp w is 20^ 4- ^2 4 ^3 "''^b^re 0^ is the increase in amp — 1 )> 
02 the increase in amp {z — i) and the increase in amp {z 4- i)^ If the circuit is 
simple (and counter-clockwise), there are eight possibilities since A, B, C may or 
may not be enclosed. 

Thus in Fig. 12 (i), for I (none enclosed), the increase is zero ; for II (B enclosed), 
it is 271; for III (A, C enclosed), 671 ; and for IV (all enclosed), Sti, For a circuit 
that is not simple but equivalent to a finite number of simple circuits (i), the 
increase is 2 k 7 i where k is an integer positive or negative, or zero. Thus in Fig. 12 (ii), 
the circuit shown is equivalent to a double circuit (4-) round B, a single circuit (—) 
round the double zero at A^ and a double (4-) circuit round C. The total increase is 
471 — 4jr 4 - 47r = 47 t. 
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10,52, The Disposition of the Zeros of a PolynomiaL We have seen 
that the increase in amp w for a simple counter-clockwise circuit C is 
2N7t where N is the number of zeros within (7. The following pro¬ 
positions give a rough idea of the disposition of the zeros. 

I. If 00 is the positive root of the equation 

F{d) = \a,\d^ ^ - \a,\d^-^ - ... - = 0 

all the roots of = 0 He within or on the circle \z\ = 0o (i-e. the modulus 
of every root is <0o)- 

By Descartes’ Eule of Signs, the equation in d has only one positive 
root. That there is at least one, is obvious since F(oo) is -f and -F(O) 
is —. Now w = aQZ^{l -f- p) where 


p = ^+^ + . . .+J^. 

The change in amp w is the increase in amp z^ + the increase in amp 
(1 + p). Let z describe the circle \z\ = R where R > 0o* 

The change in amp z^ is 2n7t, 

The change in amp (1 + p) is zero if |p| < 1. 


But 


IpI 


+ ■ 


+ 


\a^^\ 

(^nV 


< 1 


if > \a^\R^-^ + ... + [ 

This is true since R > 0o- 

The number of roots inside is therefore n. 

I (a). If ^0 is the positive root of the equation 

+ . . . -f — \a„\ = 0 

then all the roots of = 0 he outside (or on) the circle \z\ == 0o- 
This follows from I by writing z= 1/C and considering the equation 

C-f{1/0 = 0. 

II. The change in amp w when z describes an arc 6 of the circle 
|z| = R tends to nO as R —> oo. In the notation of I, = aQZ^{l + p), 
where p 0 as |z| oo. Therefore the change in amp (1 + p) must 
tend to zero, i.e. the change in amp w tends to nd (the change in amp z^). 

III. If a,, is real (all r) and p + iq is a root of = 0, then p — iq 
is a root (p, q being real). For if/(^ + iq) = A + iB (A, B real), then 
f(p — iO = A —iB and if f{p +iq) = 0, A = 0 = B and therefore 
f (p — iq) = 0. Thus the imaginary roots of an equation /(z) = 0 with 
real coefficients occur in conjugate pairs. 


Note. A complex number p -f iq is often called imagiriary when q^O. It is 
called purely imagirvary if ^ = 0, q^O. 

Examples, (i) The equation 2® + 62® = 3000. 

(a) The positive real root of i?® = + 3000 is easily found to be 6-302 

approx., by taking i? = 6 ^ and using Newton’s approximation. 

(h) The real roots of 2® -|- 62® = 3000 are similarly shown to be 3-183 and 
— 6-302 approx. 

Therefore the 6 roots all lie between the circles \z\ = 3-18 and \z\ — 6-31, two 
only being real. 

(c) Let 2 = iy (the imaginary axis -|-oo>?/>— 00). 

The corresponding curve in the (u-v) plane is — i;® = 6®(w + .3000)® described 
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from (— 00 , oo)to(— oo, — oo), and a rough sketch of the curve shows that change 
in amp w is zero. 

(d) When z describes the semicircle of | 2 :| = i?, 'R{z) > 0, the change in amp w 
as It —> 00 is Gn, There are therefore 3 roots on the right of the ?/-axis. Thus, 
since imaginary roots occur in conjugate pairs, there is an imaginary root in each 
quadrant. 

(ii) The equation w = z^ 2iz^ + ^ -f 1 = 0. 

There are no real roots and no roots purely imaginary. The a;-axis is 
transformed into the curve u = 1, 

v = 2x^ + I (i.e. 2^{u - 1)6 = (v - 1)8), and 
the y-axis into the line 

u = — 2?/6 + 1, V = 1. 

As y varies from — oo to 0, w decreases 
from 4- 00 to 1 and as y varies from 0 to + oo, 
u decreases from 1 to — 0*09 (approx.) and 
then increases to + oo (Fig. 13). The change 
in amp w when z describes Y-^-ooOX^ao is 
zero and so the change in amp tv Avhen z 
describes the first (infinite) quadrant is 47t.. 

There are two roots in the first quadrant.. 

Similarly there are two roots in each of the 
other quadrants. 

Solving the equations = 2R^ + ■\/2 ; 

+ 2R^ = ^/2 for the positive roots, we 
find that the eight roots lie between the circles 
\z\ = 0*8 and \z\ = 14. 

(iii) Discuss the change in amp w where w = z^ — 4:Z 6 and s describes 

(a) the square 0, 1, 1 + i, ^; (b) the square 0, 3, 3 + 3i, 3j; (c) the rectangle 
— 2i, 3 — 2i, 3 + 3i, 3i; (d) the circle | 2 | = 3. Also obtain the curves in the 
le-plane corresponding to these contours. 

Since w = (z — 2 i)(z — 2 — i), the changes in amp tv for the counter¬ 
clockwise circuits are 

(a) 0 ; (h) 2n; (c) 471; (d) 471. 

These results are verified when we determine the corresponding circuits in the 
«i;-plane. (Fig. 14.) 

Since u = x^ — y^ — 4x -i- v = 2y(x — 2), any straight line parallel to an 
axis in the (x-^j) plane is transformed into a parabola in the (w-v) plane. The 
arcs of the parabolas that correspond to the sides of the squares and rectangles arc 
shown in Figs. 14 (i), (ii), (iii). 

With regard to the circle j^j = 3, take z — 3( cos ^ ^ sin ^) and its trans¬ 

formation is 

ii = 9 cos 2<l> — 12 cos -h 5, v = 9 sin 2<^ — 12 sin (f). 

Take a new origin at u = — 4, v = 0 and the initial line as v = 0. Then 
the equation in polar co-ordinates will be found to be r = 18 cos 0 — 12. 
(Fig.l4(iv).) 

10.53. The Rational Function. A rational function w can be written 
in the form 



^ Az - «i)(z -a^) ... {z- an) 

{z - b,)(z -bi) ... {z- bj 

where A, a^, bg are constant. A simple closed contour described counter¬ 
clockwise produces an increase in amp w of amount 2{ki — where 
kx is the number of points a,, enclosed and k^ is the number of points bg 
enclosed. 
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Example. Let to = (s + *)/(z — i); and let z describe the perimeter of the 
square whose comers are (1, 0), (1, 2), {- i, 2), (- 1, 0). Find the corresponding 
boundary in the 247-plane and verify that the change in amp 247 is — 27 z, 




FIG. 14 


The point i is within the square but not the point — 2 , and therefore there is a 
decrease of 2:71 when z describes the boundary of the square counter-clockwise. 


If 247 = 


z + ^ 


XT- ,u -h 1 -h . 

then z = z- -. — r, i.e. x = 

24 — 1 -f 227 


22; 

(24 - 1)2 + t;2’ y 


^^2 _|. ^2 _ 1 
+ 272 * 


The side DO A becomes the arc of the circle 242 -f 272 = 1 from (0, — 1) to (0, 1) 
passing through (— 1, 0). Similarly the other three sides become semi-circles as 
shown in Fig. 15. 
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10.54, The Point at Infinity. Let w = 1/z, then \w\ —> oo as 2 ;—>0 
(in every direction); also as z 00 in every direction w —> 0 (for 
\w\ —> 0). We may therefore regard 00 as a single point of the Argand 
Diagram. With this assumption we can give, for descriptive purposes, 
a convenient representation of the 2 :-plane by means of the surface of a 
sphere. There are various ways of doing this, but the one chosen here 
is known as the Stereographic Projection of a spherical surface. 



Take a sphere centre 0 and radius P, referred to rectangular axes 
Ox, Oy, OC, the co-ordinates being x, y, C- (Fig- 10.) Using an obvious 
analogy, we may refer to the points N(0, 0 , R), S{0, 0 , — R) as the north 
and south poles and C = 0 as the equator. Let the co-latitude of a 
point Q on the sphere be a and let the longitude of Q be 0 measured west 
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of the meridian that passeKS through (R, 0 , 0 ). Take Oy in the meridian 
plane a; = 0 where 0 = 7 r/ 2 . Let NQ meet C = 0 in P. Then 
OP ~ ON tan /_ ONQ == R cot |a. 

The polar co-ordinates of P in xOy are therefore 

p (— R cot ^a), 0, 

z X iy, then z = R cot |^a(cos 6 + i sin 6) and the points Q on the 
sphere are in 1 — 1 correspondence with the points of the plane. In 
particular, N corresponds to oo and S to the origin. Circles of latitude, 
a = constant, are transformed into concentric circles \z\ = R cot Ja and 
meridians of longitude 6 = constant into the radii of these circles 
(amp z = constant). 

If dsi is the element of length on the sphere 
dsf = R^{doL^ + sin^ a dO^) 

whilst the corresponding element of length ds in the 2 :-plane is given by 
ds^ = dp^ + p^ dd^ 

= ^R^ cosec^ (^a) + sin^ a dd^). 

Thus \ds/dsi\ = I cosec^ (|a) and since this does not depend on the 
direction of dsi at (a, 6), the transformation is conformal with magnifica¬ 
tion cosec 2 (^a). 


Note. Let NQ meet the tangent plane at S in and let SQ meet the tangent 
plane at N in Pg. Also take P = j. Kegard the tangent plane at S as a ^^-plane 

in which Ox^ is parallel to Ox and Oy^ parallel to Oy ; and regard the tangent plane 


at A as a ^g-P^ane in which Oajg is parallel to Ox and Oy^ parallel to yO (not Oy). 
Then = 2 jB cot ^a(cos 0 -f i sin 0); Z 2 = tan ^a(cos 0 — i sin 0) so that if 
Ji = ZjZ2 == 1. 

This is Neumann’s method of representing the points of a spherical surface on 
a 2 :i-plane and illustrates the transformation z^Zg = 1. 


10.55. Bilinear Transfoi'mations (also called Lineary. If w is the 
rational function (az + b)/{cz -f d) (where ad — be ^ 0 ), there is a 1 — 1 
correspondence between the 2 :-plane and the ^/;-plane, and the trans¬ 
formation is therefore called bilinear (or linear). Since there are 3 
independent constants, the transformation is made definite if we know 
three sets of corresponding points. Thus if 2 ; =: 0 , 1 , 00 corresponds 
to 24; = — 1 , 0 , 1 , the relation is w = (z — \)/(z 4 1 ), and, more generally, 
2=25 2:3 are transformed into iCg, if 


— W2 _ (Z — Zi)(Zs' — Z2) 

W — wf Wz — (Z — Zz){Zz — ^i)’ 

This transformation has the special property of transforming circles 
(or straight fines) into circles (or straight fines). 

Consider the locus determined by PA = kPB where A, B are fixed 
points and k is a constant. The locus of P is a circle (if ^ 52 ^ 1 ) for which 
A, B are inverse (the circle of Apollonius), and a diameter of this circle 
is the fine joining the points that divide AB internally and externally 
in the ratio k:l. Any circle, therefore, can be expressed in the form 
\(z — Zi)/(z — 2 : 2 )! = k (k 9 ^ 1 ). If k = 1 , the locus of z is the right 
bisector of the fine joining Zi, 2 ^ 2 . If Wi, W 2 are the points in the ii;-plane. 
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corresponding to in the 2 :-plane, for a bilinear transformation, this 
relation must be of the form 


w 


tv 


— = ^ (when iv^ are in the 


finite part of the plane). 

z — Zi\ 


txu 


The circle 


2 — 2:0 


= k transforms into the circle 


w — 

w — W 2 


= /:lx| 


so that a circle and every pair of inverse points is, in general, transformed 
into a circle and a pair of inverse points. If one of the points, say, 

is at 00 , the transformation must be of the form w -- w^ = y^ ~ 


so 


2 — 20 


Z — Zr 


= k with its inverse points z^, z^ becomes the 


(a) The circle is \z — 2i\ =2 and this becomes | — 2i 


= 2 


that the circle 

2 — 2:2 

circle of centre and radius ^;|X|. 

If in the first case |X|A; = 1, the circle becomes a straight line. 

2 z 3 

Examples, (i) liw = ^- ^ , find the transforms of the circles (a) + y 2 _ 4 ^^ 

(/>) a:* + = \x. 

]Aw + 3 
\rv — 2 

i.e. |4'w -f 2v + 3 + i(2u — 4:V — 4)| = 2\u — 2 iv 

or + 2^u 4 - 44?; + 9 = 0. 

(h) The circle is |2 — 2 | =2 and this gives |2??; + 7| = 2|??; — 2 | 
i.e. (2u + 7)^ + 4^2 = 4(?? — 2)^ + 4?;^ 

or the straight line 4 ?a + 3 = 0. 

(ii) Find a relation that transforms the upper half of the z-plane into the interior 
of the circle |??;| = 1 . 

As the two corresponding boundaries are described, the rotation from the tangent 
(in th(^ direction of motion) to the mimrd-drawn normal to corresponding areas 
must be the same for each plane. 

Thus it is sufficient to make the points z = 0, 1, 00 in this order correspond to 
1 , ?, — 1 for w. 


'Phus 3 = 


l^ + 1 


w + 1 ? • 


i \ 


V) — \ Z — ' 

or w= — 


Z + 1 


(iii) Find the general transformation that will make the circle |??;| = B coiTe- 
8^K>nd to | 2 :| = A. Any two inverse points for \z\ = A are a, — and the corre- 


a 

z — cc 


spending transformation may be taken as ??; = ^ (thus allowing 

for a = a = 0 ). 

2=0 gives w = jli(x/A\ and 2 = 00 gives w = p/oi. 

Tf these are inverse for |??;| = B, |)i| = BA, i.e. we may take 

2 — a 

w = AB(j) + i sin ^). 

(iv) Consider the simple transformations (a) w z + b, (6) w = kz, (c) w = 1/z. 
{a) w = z -{■ h. Here w is obtained from 2 by a simple translation determined 
by the vector b. Straight lines and circles are unaltered except in position. 

( 6 ) w = kz. In this case |? 4 ;| = |A| \z\ and amp w = amp 2 + amp k; i.e. w 
is obtained from 2 by a magnification of amount |A| and a rotation of amount amp k. 
A straight line is transformed into another straight line and a circle into another 
circle. 


I 























r 
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(c) w = X/z. Here \w\ . |z| = 1 and amp w — amp z, so that w is obtained 
from z by inverting z with respect to the unit-circle \z\ = 1 and taking the invage 
in the a;-axis. A straight line or a circle becomes a circle (or a straight line). 

A straight line y becomes a circle C (or a straight line if y passes through O). A 
circle C becomes a circle 6 " (or a straight line if C passes through O). The general 

QfZ "" 1 *^ b 

transformation w = -—^ is a combination of these three transformations for 

cz a 


^ if = — ad)zjc^^ Sg = 2)1 = z -j- — (c 92£0) and 

c 

w = Z 2 h/d, where z^ — az/d when c = 0 . 


10.56. Eocamples of other Transformations. 

(i) w = z^ — r”(cos nJd i sin nB). 

The conjugate systems u — constant, v = constant are given by r” = 24 sec nd 
— V cosec nB. If n — 2, we obtain the systems of rectangular hyperbolas 
= ni 2xy = v. (Fig. 17.) 




|z*-l|=co^5t anip{z^-\)» const 

FIG. 19 


(ii) w = a^/z = a 2 (cos 0 — i sin B)/r. 

The conjugate systems are the two systems of circles 
ru — a^ cos 0, rv = — sin 0 
or u(x^ + v(x^ + 

We have already seen that circles and straight lines are in general transformed 
into circles. 

(iii) w = z — a?'/z = (r — a?‘lr)eo^ 0 + i{r + a^/r) sin 0 . 

The systems u = constant, v = constant can be expressed in the form 

^—(aj2 _ qix — a^), x^ = — — vy a^). (Fig. 18.) 

X ~~ It y ■“ 2^ 
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The circles r = p are transformed into the confocal ellipses 

1 


where A — p — a^/p^ = p + a^/p. 

Since the circles r = p, r = a^/p are transformed into the same ellipse, the whole 
i/;-plane is represented by the circle \z\ — a and its interior (or exterior). 

(iv) w = — 1. 

Consider the orthogonal systems given by |w?| = constant (the level curves), 
and amp w = constant (lines of slope). 

Let JB be the points (1, 0) and (~ 1, 0) respectively. {Fig. 19.) The curves 
\w\ = constant are gi\ en by AP.BP = constant, where P is a variable point. These 
are Cassinian Ovals and are given in Cartesian co-ordinates by the equation 
(x^ + + 1)^ — = k. 

Their shapes may be determined by using the formula y = {(4:X^ k)^ — \ }i 

and completing by symmetry. When A; > 1, there is one oval and when 0 < A; < 1, 
there are two. In the limiting case A; = 1, the locus is the lemniscate = 2 cos 20. 
The lines of slope, amp (z — 1) -f amp (z -f 1) = constant, are rectangular hyper¬ 
bolas x^ — 2xy cot OL — y^ = \ and they all pass through A, B. 

JO. 57 . Saddle Points. The conjugate systems u = constant, v = con¬ 
stant (where w =f{z) = u + iv) being orthogonal, one of them, say the 
former, may be regarded as the level lines of the surface Z = u{x, y) 
and then the other represents the lines of slopes (or lines of steepest 
descent). The stationary values of u(x, y) are given hj u^ = 0 = Uy, 
and since Uj. — Vy, Uy = — v^, these equations determine also the 
stationary values of v. If (xq, yo) is a stationary value 


dht 


2 {u{x, y) — \i(xa, Vo )} = (a; — “ *o)(2/ — 2 / 0 ) 


dhi 

'dxo dyo 


+ ( y -~ 2/0) V2 + 

^ 2/0 

where ^ dp — \z — Zo\. 

d^u 

But ^ h ^ therefore all the stationary values of a 

function harmonic in a region D are saddle points. Its maximum or 
minimum value can occur only on the boundary of D. 

Since f'(z) = u^. -j the saddle points are obtained by solving the 
equation f'{z) = 0. 

Thus, in the above examples, when (i) w = z^\ the only saddle point 
is 2 = 0, and (ii) when w = z — a!^/z, the saddle points are ± ia. 

10.58. Residue at Infinity. If ^ = 0 is an isolated singularity of 
/(I/C) then 2 = 00 is called an isolated singularity of/( 2 ). Consider the 

integral — I f{z)dz, where (7 is a contour exterior to which 2 = oo is 
2m J Q 

the only singularity. A consideration of the representation of the 
2 -plane on the sphere shows that when C is described counter-clockwise 


to 0, it is described clockwise for 00 . 

is defined to be the residue of/( 2 ) at 00 . 
25 


For this reason — f f(z)dz 
2m Jc ' 

Thus the sum of the residues 









366 ADVANCED CALCULUS 

of a function for all its singularities (if all isolated) including infinity 
is zero. 

Again, a Laurent series exists near C = 0 for /(1/C) in the form 
. . . + + . . . + A,C-^ +ao + a,C + . . .+ • • • 

so that the series near z = oo is 

. . . + . . . +AiZ+ao + ajz + . . . + a„/2” + . . . 

The residue for oo is — f /(z)dz which is equal to 

2711J Q 

^iWr)S 

(Cl being described counter-clockwise for C = 0 ) must therefore be — ai. 

It should be noted that f{z)dz where oo is the only singularity 

2711 j c 

exterior to C is the coefficient of 1/z in the expansion of 2 ; near 2 : = 00 . 

If in the above expansion = ^^+2 = • • • = 2 j = 00 is 

a pole of order n. If Ai = =... = 0, 00 is not a 

singularity ; whilst if also ao = = . . . = expan¬ 
sion is of the form -f + . . . and 00 is a zero of order m. 

10.59. The Zeros and Poles of a Rational Function. Let 
O/f^Z Of-^{z a^ ... (25 ^m) _ ^m(^) 




Quiz) 


bo{^ — bi)(z — 62 ) • • • ( 2 : - K) 
where no is equal to any 6 ^. 

The zeros are ai, ag, . . . in the finite part of the plane and the 
poles are 61 , 62 ? • • • ^n* 

If n > m, 00 is a zero of order n — m, and if n <m, 00 is a pole of 
order m — n. 

If n = m, 00 is neither a zero nor a pole. 

Thus in all cases the number of zeros is equal to the number of poles 
(this number being the degree of the equation P(z) — cQ{z) = 0). 

If we take account of multiple poles in the expression for f(z), we 
may write (60 = 1 ) 

f(2,) _ ^mi^) _ 

^ (z ^ b,Mz--. . . {z-b.y. 

where fi + + • . . + = n. The expression of this in partial frac¬ 

tions gives the principal parts for each of the poles (and 00 if this is a 
pole); for this expression is 

_^2 

.. 


ApZ^ + • • • -h A Q 




+ 


(2 - 


+ . . . + 


(2 


-XyJ 


the numbers Aq, . • • Ap being zero if m < n and we verify that the 
« 

residue at 00 is — 2^(qAi) = — (sum of the residues at the other poles). 
1 

The only singularities of a Rational Function are poles, and con- 
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versely if the singularities of an analytic function are poles (for the whole 
plane including oo) it must be rational; for when the sum of all the 
principal parts are subtracted from the function, the remainder must be 
constant by Liouville’s Theorem. 

10.6. Algebraic and Transcendental Functions. The algebraic 
function w is one that satisfies an equation reducible to the form 

Po(z)w''‘ + + . . . + P^{z) = 0 (= F{w, z)) 

where m is a positive integer and a polynomial. 

The theory of algebraic functions is beyond our scope but we can 
give a rough indication of their nature by the consideration of some 
simple types of explicit functions. When 2 = 2„, there are m values of 
w, (woi, W02, • • •, some of which may be equal and some may be 
infinite (when Pfz^ — 0 ). A point where two values (at least) are 
equal is {in general) called a Branch Point. It can be shown that for 
the variable 2, the equation determines m functional values (or branches) 
w„ W2, . . ., that can be expressed as analytic functions in a domain 
limited by a finite number of isolated singularities. {Ref. Appell and 
Goursat, Fonctions Algdbriques d’une Variable, IV.) To determine, in 
practice, the approximate forms for the branches, we can use the method 
of Newton’s Polygon. The branch points are formed by solving the 
equations P = 0 = F^, although every solution of these equations is 
not necessarily a branch point. The points where a value of w becomes 
infinite are determined by solving the equation P„(2) = 0, and such a 
point may or may not be a branch point. We infer therefore that 

(i) If Po(2o) 0 and 2, is not a branch point. All the branches 

w’l. • • •> are expressible in power series in (2 — 2#), the radius of 
convergence being the distance of 2„ from the nearest singularity. 

(ii) If Po(2o) = 0, and z„ is not a branch point. At least one branch 
has a pole at z ^; and a branch that is not infinite at z„ is expansible in 
a power series. 

Thus if 2# is not a branch point, Wj, . . ., w,,, have expansions like 
rational functions. 

(iii) If (2o, Wo) is a ‘ point ’ for which P = 0 = P^, the first approxi¬ 
mations to the branches will be given by a set of relations of the type 

{w — w„)™ = A{z — 2o)« 
where n K rn, s integral (±) or zero. 

In general, of course, the value 2* for 2 will give other values to w 
besides w^. Thus for the relation 

F{w, z) — w* — Zwz 4- 2® = 0 

the pair of values 2 = 0, w = 0 satisfies P = 0 = P,„. When 2 = 0, w 

has a triple root 0 and a single root — 1. By using Newton’s polygon, 

we easily find that the approximations for 2 = 0 are 

w=\z^ -V . . w® = 3 z + . . .; w = - 1 + 32 -f . . . 

Now consider the relation w" = 2». Let 2 = r(cos d 4- i sin 0 ) where 
B is prescribed initially, say the principal value of amp 2. Take w > 2 
and let s be an integer (i) or zero. 
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The values of w are therefore Wi, w^, . . where 


and 


(cos Ojy + i sin dp) 


6 . = '-? + 

^ n 



\)n 


Let describe a small closed circuit round 2; = 0 ; the increase in 
amp^^^p is Ins/n, 

If s is an integral multiple of n (including unity), the values of 

are unaltered by the circuit. Otherwise s is of the form qn + (x. 
where q is an integer (±) 01 zero and a is one of the integers 1, 2, . . 

1 ). The description of the circuit therefore changes Wi, w^, • . 
i/;^intoi^^«+i,i^a+2, . . Also, in this particular example, 

a positive circuit round 0 is equivalent to a negative circuit round 00. 
Therefore a positive circuit round 00 (i.e. clock-wise round a large circle, 
for example) changes 

K 2^0 is a point for which ^ = 0 = 

and a small circuit described by z round Zq (i.e. one containing no other 
point for which F — 0 = jF^), changes the value of a branch, Zq is then 
called a branch point. The branch points must be finite in number (and 
therefore isolated) and there must be at least two. For if Zq were the 
only branch point in the finite part of the plane, a circuit round Zq (which 
changes therefore two branches at least) is equivalent to a circuit round 
00. Thus 00 must be a branch point. The aggregate of branches may 
be called the algebraic function w and two methods have been devised 
for removing the ambiguity that arises in the 
value of w when z describes all possible paths. 

(a) {Cauchy). Let the branch points be 
J5i, . . ., ; it is then sufficient to cut the 

plane along the lines {Big- 20 ), 

and to regard these lines as impassable barriers. 
The lines maybe deformed, if necessary, 

provided they do not pass through some other 
branch point. On such a plane, the various 
branches are obviously single-valued. The 

above method of cutting the plane is not unique, 
and, as we shall see in the examples below, may be simplified. 

(6) {Riemann). This method consists in representing w on m z-planes 
(occupying the same position in space, with axes coinciding, but assumed 
for the moment to be unconnected). Each plane is associated with one 
of the branches. The planes are cut along lines BfS^^ so that no line 
BJBg contains any branch point other than B^ or B^. One edge of 
the cut B^Bg in any particular plane is coimected to the opposite edge 
of the corresponding cut in another plane, the connexion being made to 
secure the correct interchange of the branches ; i.e. in such a way that, 
for example, when the variable point z (with value meets the line 
BiBg, the point passes into the plane appropriate for the point Bq. It 
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is simpler, for descriptive purposes, to take the spherical representation 
of the m planes. We have then m spherical surfaces, coinciding in space, 
but connected only along the branch lines Such a surface is, in 

general, not simply-connected. {Bef, Appell and Goursat, Fonctions 
Algebriques.) 


Examples, (i) —z^. 2 = 0 and 2 = oo are branch points. 

Wp = r7/3|^cos Iy + - ^3 -1 + ^ sin |y +-^ J P — 1» 2, 3 

i.e. amp w^, tv^, 4- jfi -f \n. 

One circuit round O changes Wg* ^3 i^to and three circuits restore 

their values. 

To make the branches single-valued, we can draw a semi-infinite line through O 
(e.g. the positive half of the a:-axis). 

If the relation had been = 2 ®, with a corresponding notation, one circuit 
changes W 2 , into 

(ii) = 2 ®. 

Wp = r2/3[cos aj, + i sin a J where + i(p -- 1)^^, (p = 1 to 12) 

A single circuit round 0 changes w^, . . hito w^, • • •, and 

three circuits restore their values. 

(iii) — z\z 4-1). 

The branch points are — 1, 00 . 2 = 0 is not a branch point although two values 
of w are equal there. The plane may be cut along the real axes from — 1 to -f c». 

(iv) = zi^z — i)(z — 2)(2 — 3) ; 2 = 0, 1, 2, 3 are branch points, but 00 is 
not a branch point. 

A circuit round any of these points changes into and therefore it is sufficient 
to cut the plane along the real axes between 0 and 1 and between 2 and 3. 

1 / Q _1 

(v) If = z and Wi = |2l”(cos-4- ^ sin-j be denoted by 2 ^, obtain the 

_i 

derivative of z^ directly. 


d {r(cos d 4 - i sin 0 )} = (cos 0 4 - ^ sin 6)(dr 4 - ir dd) 




0 


dicos —h ^sin- , 
' ' n 71/ 


-) r = (cos - 4-i sm « )(“ r” dr 4 --r”d 0 ) 

71/) \ 7h ^ / 


1 i-i 


0 0 \ 

/cos - 4 - ^ sin-Vdr 4 - ir d 0 ), 


TlJ 


Thus exists and is equal to ^|cos — 1^0 4- i sin — l)0| i.e. may 


1 -- 1 . 

be denoted by — 2 ^ 

71 


(vi) = 2*(2 4- 1)^(2^ 4- i)H^ — i)- 

Take the initial value of 2 to be 1 and its initial amplitude zero. The branch 
points are 0, — 1, — i, i, 00 . When z — I, 2®/® (cos 7 r /4 4- i sin 7 r/ 4 ) and the 
initial values of the six branches w^, are 

/ n . . n\ 
where = 23/* (^cos — 4 - ^ sin —y 

IVoQ = (OW^Q, W20 = CO^W^Qy W^Q = — Wio, W^Q = — W 2 oy w^o = — W20 

and CO = cos \7i 4 - i sin Jtt. 

The increase in amp w when 2 describes a given circuit is |0i 4 - J 02 4- ^03 4- 604 
where 0^, 02 , 03 , 6^ are respectively the increases in amp z, amp (2 4- 1), amp (2 4- i) 
and amp (z — i). Suppose that the suffixes of branches are written in the order 
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(123456) initially. A circuit round O (and no other branch point) increases amp w 
by 4jr/3, and the su£5xes take the order (561234). The following table gives all 
the possibilities for simple circuits: where A is — 1, 5 is O is — i. {Fig, 21,) 

Branch points enclosed Order of suffixes 

(None); (0,0); {A, B, C) 1 2 3 4 5 6* 

(B) ; (0, A); {O, B, C) 2 3 4 5 6 1 

(0 ); {O, A, B) 3 4 5 6 1 2 

(A) ; (5, C); {O, A, C) 4 5 6 1 2 3 

(0); (A, B) ; (O, A, B, 0) 5 6 1 2 3 4 

(0, B); {A, C) 6 1 2 3 4 5 

It is sufficient therefore to cut the plane along BA, AC and along the real axis 

from O to cxD. On the cut plane a circuit 
round A, B, C possible (as it should be); 
but the circuit round O, C is not possible. 
If the latter were required, we could cut 
the original plane along 00, along BA 
and from A to — oo along the real axis; 
but since this makes a circuit round 
A, B, G impossible, this method therefore 
is not so effective as that of Riemann. 

10,61, The Eleynentary Transcen¬ 
dental Functions, Functions of the 
real variable defined as power series 
may obviously be defined by these 
21 series for the complex variable ; they 

are analytic within the circle of 
convergence, and possess those properties that have a meaning for the 
complex variable and can be proved by analogous methods (such as by 
the differentiation and integration of series or the multiplication of series). 

10,62, The Exponential Functim, 







is taken as the definition of the exponential function of z and is written 
c® (or exp z). It is defined thus for all finite has the derivative and 
has the property X 

10,63, The Trigonometric {or Circular) Functions. 

The function cos 2 : is defined to be 1 — — + _ . . and the 

2 ! 4 ! 


function sin 2 ; to be z -; + — 

3 ! 5 ! 


They satisfy the relation 


cos^ z + sin^ 2 ; = 1, have an addition theorem and their derivatives are 
— sin z, cos z respectively. 

It is easily verified that 

cos 2 ; + i sin 2 ; = e^^ and cos 2 ; — i sin 2 : = e '~'^^; 
thus cos z, sin z are related to the exponential function by the equations : 

cos z = \{e^^ + ; sin 2 ; = — e~^). 
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10.64. Hyperbolic Functions. Similarly cosh 2 ; is defined to be 


2! 4! 


and sinh 2 ; to be 2 ; + ~ + 

3! 5! 


Thus cosi 2 ; 
e 




cosh z ; cosh iz = - 


+ 6“^ 


= COS 2 : and 


' ~~ e ~ 

sin iz = —= i sinh z ; sinh iz = -= i sin 2 ;. 

2 ^ 2 


The other circular and hyperbolic functions are defined in an obvious 
way ; thus tan z = sin 2 ;/cos z, sec 2 : = 1 /cos z, cosech 2 J = 1 /sinh z, 
coth z = cosh 2 ;/sinh z, &c. 

10.641, The Conjugate Functions for e^, sin 2 ;, sinh z, c6c. (i) Let 
w = u iv = ^ \ then u -\-iv — e^e^^ = e^(cos y + i sin y). 

Thus R(e®) = cos y ; I(e^) = ^ sin y\ 

[e^l = ; amp (e^) — y + Inn, 

Thus X = constant are transformed into circles u'^ = e^^ and 

y = constant to the radii of these circles. 

(ii) Let w = sin 2 ; = sin a? cos iy + cos x sin iy 

= sin X cosh y i cos x sinh y 
so that w = sin a; cosh y, v = cos x sinh y. 

The fines x = constant become the confocal hyperbolas 
wV(sin^ x) — v^/{cos^ x) = 1 

whilst the fines y = constant become the orthogonal system of confocal 
ellipses u^/{Q>osh.'^ y) + /{sin\i^ y) = 1. (The foci are ± 1, 0.) 

A zero of sin 2 : must make sin^ x cosh^ y + cos^ x sinh^ y = 0 and 
this can only be satisfied if sin x cosh y = 0 and cos x sinh y = 0, 

Now cosh y ^ 0 and therefore the zeros must satisfy the equations 
sin X = 0, sinh y = 0, i.e. are nn (as for the real variable). 

Similarly if = cos z, the fines x = constant, y = constant are 
transformed into the same confocal systems as the above, since 
cos z = sin {z + \n). Also cos z has the same zeros as for the real 
variable. 

(ifi) Similarly if = sinh 2 ; or cosh 2 ;, the fines x = constant, y = con¬ 
stant are transformed into the same confocals as the above, with the 
hyperbolas and ellipses interchanged. 

10.65. The Logarithmic Function. If z = e^ and w = u iv, then 
z = e^(cos V + isin v), i.e. e^ = \z\ (= r) and v = amp z (= 6 2nn), 

where 0 is the principal value of amp z and n is an integer, positive or 
negative or zero. 

Thus the equation defines w as the many-valued function 
log r + i{d + 2nn). 

It is thus defined for all z (except 2 ; = 0) and one value (n = 0) 
agrees with the definition of logo? for a real variable a? (> 0). It is 
therefore called the logarithm of z and its general value is often written 
Log 2 ;. The principal value of Log 2 ; is defined to be log r -f id and is 
usually written logz. 

Thus Log 2 ; = log 2 ; + 2nni, 
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Examples, (i) Log i = \m + 2w7r; log i = \ni. 

(ii) Log (1 + i) = J log 2 + ^ (i^r + 27m). 

10.651. Conjugate Functions for Log z. Let 

w = u -\-iv = Log 2 ; = log r + i(d + 2n7t). 

The lines u = constant correspond to the circles r = and the lines 
V = constant to the radii 0 = constant. The whole 2 ;-plane is deter¬ 
mined byO<r<oo, —7r<6<7r and is therefore represented by the 
infinite strip of the «^-plane given by 

— 00 < w (= log r) < 00 ; —71 <v <7t. {Fig. 22.) 

The whole of the 2 ;-plane is also represented by any such infinite strip 
of breadth 27t parallel to v = 0. 



10.66. The Function or. The function a^ {a ^ 0) is defined to be 

c^Loga j[g sometimes called the generalised power. It is therefore 
many-valued (except when 2 ; is a positive or negative integer). The 
function ® is called the principal value of a^ and is therefore equal to 
^ exp { 2 :(log \a\ -f i amp a) } 

^ where amp a is the principal value. 

Examples, (i) Determine the conjugate functions for a*. 
a^ — exp {(x + iy) {log \a\ -f- i(amp a + 2n7i) }] 

= exp [ {x log \a\ — t/(amp a + 2n7i) } + i {a;(amp a + 2nn) + y log |a|}] 

= |a|®c-y(anip a + 2.nn) (cos ^ i sin <!>) 
where <l> = a:(amp a + 2rm) + y log |a|. 

(ii) Find the principal value of (1 -f 

exp {(1 - i) log (1 + i)} = exp {(1 - i)(J log 2 + Jm)} 

= V'2ei^{cos (JjT — J log 2) + ^ sin (Jjr — i log 2)} 

= ei^ {(1 + i) cos ii log 2) + (1 — i) sin (J log 2)}. 

10.67. The Inverse Circular and Hyperbolic Functions, li z = sin w, 
we can determine tt; as a many-valued function of z, which is denoted 
by Sin”^ z (or Arc sin z). 

For 2iz = e^^ — from which we find that e^^ = iz:^ (1 — z^)-, 

where (1 — 2 ; 2 )Hs used to denote the value that tends to 1, when z —> 0* 
Thus w = Sin“i z = — i Log {iz ih (1 — 
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The value that tends to zero when z 0 is denoted by sin"" ^ z, and 
is therefore equal to — i log (iz + (1 ~ z^)^). 

Now \iz + (1 — z^)^}{iz — (1 — 2 ;^)^} = — 1, 
and therefore 


— i Log {iz — (1 — z^)^ } = — i[— Log {iz + (1 — z^)^ } + in] 

= 7z + i Log {iz + (1 — 

Thus, taking into account the various values of the Log function we 
have Sin“i z = mTT + (—1)^ sin“i z (m integral or zero) agreeing 
with the result for the real variable. 

Similarly we may find that if z = tan w 



and tan~i ^ 



being the value that tends to zero 


when z tends to zero. 

Cos“^ z is defined to be 7 r /2 — Sin“i z and is easily deduced to be 
2pn ± cos“^ z where cos“i z = n/2 — sin“^ z. 

The general value of Cos“^ z may also be written 
— i Log (z J:: (z^ — 1)^ }. 

Sinh“i z may be defined as — i Sin“^ (iz) and is Log {z^ (z^ + 1)^ j. 
Cosh“^ z similarly is Log {2 ± ( 2 ^^ “ 1)^} 

Tanh~^ 2 ; is Log = — i Tan“i (iz). 


Example. Solve the equations (i) sin z = 2, (ii) tan 2z = 2i, 

(i) If sinz = 2, — e-** = 4^ and therefore — 1=0, i.e. 

= i(2 ± V^) giving iz = log (2 ± V^) + i(2m + \)n. 

Thus z = — ilog(2 db V^) + (2m + \)7i or z = titt + (— l)»^a where 

CL — \7Z — i log (2 — V3), 

(ii) If tan 2z = 2^, z = — Ji Log (— J) = log 3 + i(2m + 1)71. 

dz 

10.68, The Logarithmic Series, If z = ^ therefore 

|(Log*)_i(log.)-l. 


Now-= 1 — z + z^ . . ., when |z| < 1. 

1 +z ' ' 

Integration from 0 to z gives 

log (1 + z) = 2 - i • • •. {|2| < 1) 


since log (1 + z) is the value that tends to 0 when z tends to 0. We 
have already seen that this series is valid for z = 1 and that it is not 
convergent for z = — 1. 
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It can be shown to be convergent at all other points of the circle 
{Chap, XI, § 11,08), and therefore (by Abel’s Theorem) the series is equal 
to log (1 + z) at all points of the circle except z = — 1, 

ft? 

10,681, The Series for tan~^ z, \iz = tan w, — — \ z^ and there¬ 
at/; 


fore 

Now 


1 + 2 ;' 


= 1 — Z* + . . . (|z| < 1) 


and therefore by integration since tan~ ’ (z) ^0 when z —>• 0, we have 
tan-i z = z - I + ^ . . . (|z| < 1). 


We have already seen that the series are valued for 2 ; = + 1; it is 
obviously not convergent for 2 : = ± i, but it can be proved convergent 
for all other values on the circle. {Chap, XI, § 11,08,) 

10,682, The Binomial Series, The function F{z) defined by the 
general binormal series 


\ -\-vz -\- 


v{v — 1) 




+ 


v{v — 1) , , , {v — n + 1) 


z^ + . 


1.2 ^ ‘ ' n\ 

where v, z are complex, has a radius of convergence unity since 


lim 


1 ^ +1! 


= 1 . 


The method for the real variable (§ 5,72) is applicable to show that 
F{z) = (1 + zY at least for \z\ < 1 where (1 + z)*' means 

exp (r log (1+ 2 ;)} 

i.e. —> 0 when z 0. 


Now ! —— I = 1 H-+ of-^Y where a,^ is the coefiicient of z^^ 

in the series and v = <x ip. There is therefore absolute convergence 
on \z\ = I if R{v) > 0, but if R{v) < 0, there cannot be absolute 
convergence on | 2 ;| = 1. When 2 ^— 1 , exp {v log (1 + 2 :)} is continuous 
and therefore F{z) = (1 + 2 ;)" when \z\ = 1, R{v) > 0 (except possibly 
at 2 ; = 1). But when z = — 1 + pe"'^, p small and |^| <. (so that 

points near — 1 of the domain are under consideration), we have 
[exp {v log (1 + 2 ;)}| = 

which —> 0 as p —> 0, if a > 0. Thus the value of the series is zero 
when z = — I and R{v) > 0. 

When R(v) < ~ 1, the terms do not decrease in absolute value and 
therefore the series does not converge. {For the case — 1 < R{v) < 0 
(ke Chap. XI, § 11.19.) ^ 

Note. Actually, when 2 : = — 1, we can find a simple expression for the sum 
of the first (n + 1) terms; for the (n -f l)th term is — Pn-i, where 

P„ = (l-v)(l-|) . . . (l_3, (n>2). 
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i.e. 


where 1 + = Pj 

5„ = p„ = (1-o(i-|)...(i-3. 


If V is a positive integer N, Sn Sn + i = • • .=0 and F{z) = 0. 
If V = 0, F{z) is obviously I. For other values of v. 


lim (P„) = 


e-n 


lim e 


... + 1 ) 


P(i-0, 

(Chap. XII, %12.3.) 

8o that if R(v) > 0, lim = 0 ; ii v — (P real), oscillates finitely; and 
if R(v) < 0, P„ oscillates infinitely or diverges to i oo. 

10.7. Functions defined by Integrals. Consider the integral 

I tv dz, where the path of integration is the straight line joining Zq to z 

when this straight line does not pass through a singularity of w. When 
it does pass through a singularity a, the path must be deflected by means 
of a small semicircle whose centre is a; and the path is made definite 
by choosing that semicircle whose description by a point z gives an 
increase of 7t to amp {z — ol). We have already seen that if G{z) is a 
function whose derivative is w, then 


wdz 


i.e. we can write 


G{z) - G(zo) = r 
Ji 

I wdz = F{z) where F\z) 
Jzo 


w, F(z^) = 0 and the 


path of integration is the straight line joining Zq,z (modified if necessary). 

Note. The semicircle used to avoid a singularity on the path is called an 
Mentation. When dealing with the variation of a fimction when z describes the 
boundary of a given domain, and when a is a point of the boundary, we should 
usually draw a semicircle (or arc) that excludes the singularity from the domain. 

By Cauchy’s Theorem, the value 
of the integral is also F{z) by any 
other path that can be deformed into 
the line joining Zq,z without crossing 
a singularity ; and it may be called 
the principal value of the many¬ 
valued function defined by the 
integral for all possible paths. Let 
A, P he the points 2 : 0 , 2 ; and let 
^ 1 ( 2 : 1 ) be a singularity of w. Also let 
us suppose (for the moment) that z^ 
is the only singularity. {Fig, 23.) 

Let Cl be a small circle centre Ai and radius Si, and let Bi be the 
point of Cl nearest to ^ o- Take any continuous path C' j oining A^toP not 
deformable into the straight line A^P, {Fig. 23.) Then C' is equivalent to 

— >. -> 

the closed path y' consisting of O' + PAq followed by AJP. The increase 
in amp {z — z^ when y' is described is 2mi7t where mi is an integer (±). 

The integer is not zero, for then C' could be deformed into A^P. In 
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general, the value of w after a circuit of Aiis changed to Wi (when A^isa 
branch point of w); if Ai is not a branch point, its value is unaltered. 
Thus for a singularity, in general, 

f wdz = mS wdz [ (w — w^dz + f Widz 

J C' J Cl J Zo J ^0 

but if the value is restored after circuits (or if A^ is not a branch 
point), 


^ wdz = mij w dz -[- F{z), 


Similarly, if there are p singularities at (s = 1 to p) and no two are 
on the same line through z^, we obtain for the general path C' 

f wdz = f '^8-1 \ ^ (^s-i “ + f w^dz 

Jc' 1 L Jc^ J Zc Jzo 

a definite order being chosen for the points Ag, When a point A hes 
on the line z^Agy it is necessary to indent the path z^Bg in the usual way. 
In many cases, the integrals round tend to definite limits Ig when 
we can then write 

f wdz = slmgig + I * {Wg_i Wg)dz + j Wgdz 

JC' 1 L J^To 

In particular, if the only singularities enclosed are poles A^, A^, . . 
Ag^ (which are not branch points), we obtain 


£ 


wdz = F{z) + + mjc^ + • • • + 


where is the residue of w at A^. 


Eocamples, (i) Let w 


= Lr 


dz 

Y - , 2 where O' is any continuous path from 

+ z 


0 to z. The function defined by the relation z = tan w (viz. Tan~i z) satisfies the 
relation dwjdz = 1/(1 + s^); and the above integral provides a suitable definition 

" dz 

of Tan~ 1 z. The principal value tan~i z is defined to be i , ”2 ^he straight 

line joining 0 to 2 ; (suitably modified when z = iy and y\ > 1). The function is 
not defined for 2 = ± these being the only singularities. 

^ ^ * 

1+ 2* ■" 2(2 + i) 2(2 - i)' 

'iiz^iy (I 2 /I > 1), 

i 

tan-l« = 2 + 2 ^) — log (^’ — } 

since the value on the right —> 0 when 2 —> 0. 

The residues at 2 = ±_i are ^ \i respectively. Therefore, if O' is a path from 

O to P{z) (Fig. 24), which is such that the closed path formed by O' and PO encircles 
± i, m^, and mg times respectively, then 

dz 


I. 


-——2 (= Tan“i 2 ) = tan-i 2 + 2m. r (mg — m^) 
f/1 ~r 2 " 


= tan~i 2 + Nn 


where N is an integer (± ) or zero. 
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If APB (an angle between 0 and n inclusive) is denoted by 6, 
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tan~i z 


= 


PA 


± i(d — JT + 2m7i) f 


where m must be chosen so that tan“i (0) = 0, according as R(e) ^ 0. But 

lim 6—71 

z —^0 

and therefore 

i PB (n 6\ 

tan-J2 = 2log^±V2~2/ 

according as R( 2 ;) ^ 0. 

i 1 "f" y 

Also tan-i {iy) = ^log if Ivl < 1* 

Tf 7 / > 1, tan-i (iy)> if the path is deflected into the region R(z) > 0, must be 



l_ Iq„ y —J: _ lyj if the path is deflected into the Region R(z) < 0. 

2 + 1 

This is verified by noting that (y > 1), 

f'*' = ipf" -2/ jj r * ^hgre y is the semicircle 

= \ since ^ 

where g(z) is analytic at z = i. 

Again since = “ F+Y^’ simply define tan-i(«) to 

be — tan-*i( — z) when y < — 1. 

Notes, (i) The whole z-plane is represented on the w;-plane by the strip 
— 7 i /2 <u < 71 12, although the point z = oo is represented by w = ji/ 2 and also 
by w = — 71 12. The points A, B also may be regarded as being given by 
c ± 700 respectively where |c| < 7i/2. 
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(ii) The conjugate functions for tan-i z are in general given by 0 = constant, 
FA == hFB^ i.e. two orthogonal systems of coaxal circles, in which Ay J5 are the 
critical points. 


[ dz 

i) J ^ starting from O with the initial value + 1 for 

^9\ 

>r the moment that z is not real. Then the principal value sin~i z is 
^ 2 ) straight line Oz. The singularities ± 1 are branch points as 

well as infinities of the integrand. 

Let Cl denote the circle |2 — 1| = and Co the circle |z -f- 1| = Cg* Near 


i: 


27i\^ei 

V(i ^i)’ 


2 = 1, |(1 — 2^)1 > ej(l — ei) and therefore f - 

|J^y(l -22) 

[ dz C dz 

J V(1 - **) -> 0 a« e, 0; and similarly J 

A circuit (in either direction) round ± 1 changes V(1 — 2®) into — ^(1 — ; 

therefore two consecutive circuits round either of these points may be ignored. 
The value of the general integral due to one circuit of is therefore 


- 0 as So 


p dx p dx 

Jo v(r-^) + Ji “ vd -V) + Jo “ 


dz 

v(i - 


— n — sin ~ 1 2 


and the value fora single circuit round Cg is — — sin-i 2 , whilst the value for a 

circuit round Ci followed by one round Cg is 2jr + sin-1 2 ; for a circuit round C^ 
followed by one round Ci the value is — 2^1 + sin-i 2 . Since either of these double 
circuits may be repeated and then be followed by a single circuit round one of the 
points ± 1> we conclude that the general value of the integral Sin —1 z is 


mn + (— IJ^^sin-iz. 

We have already shown that sin-i z = — ilog {iz + V(1 — 2^)}- When 2 = a; 
(real) and |a;| < 1, sin-i 2 = sin-i Xy where — n/2 < sin-i x< n/2. 

To give definiteness to sin -1 a; when |a;| > 1, we can choose the path from O to a: 
that is defiected at db 1, in such a way that the branch point is on the left of the path. 

Thus amp (1 — 2 ) increases by n and therefore V(1 — becomes — U 

for the indentation at + 1, i.e. 


sin-1 x(\x\ > 1) 


-i-i: 


dx 




• — i cosh -1 X. 


Then a; < — 1, sin ^ x = — \n i cosh - 1 a; (since sin-i ( — a;) = — sin-l x). 

Note.. The lines u = constant, v = constant have been shown to correspond 
to the system of confocal conics (foci ±1). If the 2 -plane is cut along the real 
axis from a; = l toa;= + oo and a;=—1 toa; = — 00 (the points of the cut 
being omitted from the 2 -plane), there is a 1 — 1 correspondence between the cut 
plane and the open region <u <^ 71 . The cut from + 1 to + cx) is repre¬ 

sented by one boundary u = 7i/2y but it is represented twice on this line ; when it 
is regarded as the limiting position of the upper edge of the cut, it is given by v >• 0 
and if of the lower edge it is given by v < 0. 


10,71. ChristqffehSchwarz Transformations. Consider the transfor¬ 
mation w = sin~^ z discussed in the example above ; and suppose now 
we confine z to the up'per half of the 2 -plane, the boundary of which is 










CHRISTOFFEL-SCHWARZ TRANSFORMATIONS 


379 


y = 0 indented by small semicircles centres ± 1, the semicircles being 
drawn to exclude ± 1 from the region. Also let the radii of these circles 
tend to zero ; then the value of rv on the real axis has, in the limit, the 
following values 


71 


— ^ + i cosh ” 1 x{— 00 < a; < — 1); sin”i x (|a;| < 1); 


71 


- + i cosh~i a; (1 < a; < oo). 




FIG. 25 

As z describes the x-axis from — oo to + oo, describes the boundary 
of the semi-infinite rectangle determined by {v > 0) and 

V = 0(|t^| < V2)* 25.) The upper half of the 2;-plane is on the 

left of the moving point; therefore it corresponds to the interior of this 
rectangle. There is a one-one correspondence between the regions and 
w is therefore called a simple (or schlicht) function for the domain 1 ( 2 ) > 0. 

This is a particular case of the more general transformation indicated 
by th(‘ relation 

dw A 

= /( 2 ) 




(2 - ««)" 


dz [z — ai)\z 
where A, a^, are constants. 

For purposes of illustration we shall consider the simplest type of 
the above transformation, viz. that in which the numbers a,., are real; 
and determine the boundary in the i^;-plane that corresponds to the real 
axis indented by the upper halves of the circles C,. given by |2 — a^l = 

(r 1 to w). The origin of the i/;-plane may be chosen at any point 
since no constant of integration has been specified. In particular we 
may take 

Adz 

~ Jo (2 - . . . (z - 

SO that w — 0 when z = 0 (provided when w is not convergent 

there). 

Since the effect of the multiplier A is merely to give a magnification 
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and rotation, the essential character of the transformation is not altered 
by taking A to be any particular number. The point z == oo is in general 
a singularity of the integrand, but since this point may be transformed 
into a point x = c by the transformation z = (z — c)~^ (c real and 
52^ aj.)y we may without loss of generality assume that 00 is not a singu¬ 
larity of f(z). By choosing 0 at a suitable point (this being a simple 
translation of the 2;-plane) and taking in the correct order we can write 

0 < «! < ag . . . < 

and by a suitable choice of A we can take 

“ (ai - 0)''* . . . (a„ - 2)^ ■ 

Let the initial value of 2; be 0 with initial value for f(z) 

(i.e. amp f(z) = 0 ). 

A case of special simphcity arises when all the integrals round 
tend to zero when 0 , i.e. when w is finite for all z (including 00). 
On the circle |z — a^| = |/( 2 :)| < K/e^t where K is bounded, and 

therefore I f{z)dz—^(d when >0 if < 1 . When |z|—> 00, 

J Cy 

\f(z)\ = 0 (|z|~-^) and therefore w is finite as z—> 00 if > 1 . 

If infinity is not a branch point, iTX^ must be an integer. Its smallest 
value in that case is 2 and we shall see that in this case the real axis is 
transformed into the sides of a convex polygon and the region I{z) > 0 
into its interior. Now amp/(2:) is zero from — 00 on the real axis to 

X = a,, and its value at any point there is I , -;-n—• 

JoK- 2 )''- . . . (a„ - 2 )^ 
This increases from the negative real value 

r - ”_^_p _ dt 

Jo («i - •••(«»— zfn “ “ j0 (ai 


+ <)"• . . . K + <)"» 


at a; = — 00 to zero at a: = 0 and then to the positive real value 

pij 

I 1 -^ at «!. The description of Ci causes a 

J 0 v^i ' ... (cin « 

decrease in amp (ai — 2;)^^ of amount XiJt {< 7 z); and as z describes 
w describes the straight line from w(ai) to w{a2) which makes an angle 
XiTT with V = 0 . The length of this line is 
r"2 dx 

JaA^ — . . . (a^ — xfn 

Similarly when z describes the other segments agag, . . ., w 

describes the sides of a polygon. {Fig. 26 .) The polygon is convex 
since X,. < 1 . When z describes amp f{z) is = 27 t, and there¬ 

fore w moves parallel to the line v = 0 , when z describes to A{-\- 00). 
But 00 is not a singularity of w, and the integral converges there. There¬ 
fore, by Cauchy’s Theorem, the value of w at A{-\- 00) is the same as 
that at A{— 00). Thus as z describes to A{+ 00), w describes the 
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real axis = 0 from to A, thus completing the polygon. The real 
z axis (indented) is transformed into the sides of this polygon (when the 
radii of the indentations tend to zero); and the interior of the polygon 
corresponds to the upper half of the 2 ;-plane. The function defined is 
simple for I{z) > 0. 



When the integrals round Cj. do not converge to zero, suitable modi¬ 
fications may be made in the representation of w, when, for example, 
the integral tends to a hmit. Thus if ai were a simple pole, and not a 
branch point, the point w{a^ is at infinity on the real axis of the ii^-plane. 
The segment corresponding to is then parallel to the real axis at a 
j distance hn above it, where k is the residue of f(z) at a^. 

Note. Since the real axis of z may be transformed by a bilinear substitution 
into the unit circle \z\ = 1, the transformation above gives a representation of a 
polygon on a circle. 

dw 

I Examples, (i) ^ = z~^l — 2)~1(1 -f- z)-^ — f{z). 

Take amp f{z) to be zero for 0 < a; < 1 and let w = 0 when 2 = 0 (the integral 
being convergent there). The branch points are 0, ±1, oo, the integral converging 
at each. 

As 2 describes the real axis (indented), w describes a quadrilateral OACB whose 
i vertices correspond to 0, 1, oo, — 1 respectively. {Fig. 27.) 



A 
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The increases in amp dw at these vertices are each and therefore the quad¬ 
rilateral is a rectangle. 

dx 


The length 


of OA is { 

Jo 

£ 


VWl -»*)}’ 

dz 


and the value of w at B is 
dt 


zi(l - «)i(l -f z)\ 






since z — te^^, i.e. OA = OB, and the rectangle is a square. That all four sides 
are equal may be verified by the substitutions x = \/u, = — v in the integral 

for OA, 


Note, The length of the side is JI u-i(l — u)-i du (x = u^), • The value of 

Jo 

this is {r(i))^/2's/{2n) (Chap, XII, ^12,24) and therefore the substitution 

2aV(27i) p dz 

{/’(i)P JoVWl-z“)} 

transforms the real axis into the perimeter of a square of side a and the region 
1 ( 2 ) > 0 into its interior. 

dw 

(i») ^ - 2)~” (A + /i + V = 2). 

Let A = 1 — A/n, p = 1 — B/n, then v = I — C/71 where A, B, C are the 
angles of a triangle. Since the increase in amp f(z) when z passes a is Aji = ji — 
with a similar result for the point p, it follows that the real axis is transformed into 
a triangle ABC, 

In particular, if we take a, y to be 0, 1, 00 , the corresponding transformation 
is given by 

dw 1 

dz ~~ 2^(1 — 2 )^' 

The length of the side opposite the angle C 


. dt 


ty 


Note. This integral is easily evaluated in terms of F fimctions (Chap. XII, 
§ 12.24), and from the properties of the F function it may be verified that the sides 
of the triangle are proportional to the sines of the opposite sides. The length of 


the side opposite A 
dt 


r dt 

‘“Ji 


1)M 


and the length of the side opposite B is 


I 


0 + 0^ 


The side opposite C has length 




f* dz 

and therefore w = transforms the real axis into a given triangle 


ABC i£X^\-A/n. ,1 = 1 - B/n, k = r(A/n)r(B/n)r(0/n)' ^ 

perimeter of the circumoircle of the triangle ABC. 


In particular, w = 


27ta 


V3{r(i)}8 

equilateral triangle of side a. 

(2 - 1)1 


f* <i 2 


transforms the real axis into an 


dw 

(“) jr = 


dz z(z + c)l 


=/(2). (C > 0). 
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The singularities are 0, oo, 1, —• c (the last two being branch points). The 
integral converges at 1, — c. Take w — 0 when s = 1, with amp f(z) = 0 for 
a; > 1. 

As X increases from 1 to -1- oo, is real and positive increasing from O at A to 

-f- 00 when x—> + oo (where A is z = 1). {Fig. 28.) Between 0 and A, 



amp (z — 1)4 is Jtt. Thus as z varies from 1 to 0, tv describes the lower half 
of its imaginary axis. The integral round the indentation at 0 increases w by 
m (residue at z = 0) = ni{il^/c) = — n/ '\/c. In the interval O to — c, amp z 
is now 71 and amp dw is Jtt, so that w moves upwards parallel to the imaginary 
axis to the point B for which z = — c. In the interval x <. — c, amp (z 4* c)l 
increases by \7t and therefore amp w decreases by Jtt. w therefore moves parallel 
to the real axis v = 0 with increasing until finally when x —>■ — oo, w—y oo 
as shown in Fig. 28. 

The distance between AO{-\-) and BO( — ) has been shown to be Tif's/c. The 
distance between AE{-\- oo) and BE {— oo) may be found by noting that 

“'iC-oo) - «’£(+«>) = lim j" /(«)& 

where C ia a large semicircle, |z| = R, I{z) > 0, and R—> oo. But when |z| is 
^rge /(z) = ~G{^) where 0{z) — \ K where K is bounded and therefore 

lim I f(z)dz = 71% 

H —^ooj Q 

i.e. the distance between the parallel lines is 71, 

10.72. Analytic Contimuition. Consider the function f{z) defined by the power 
series /(z) = z — z^/2 + zy3 . . . 

It is an analytic function within the circle |z| =1. Without assuming the 
logarithmic function, we can easily prove the property 

/(*) =/(*») +/frTlf) 

where |z| < 1 and jzo| < 1, provided \ < 1. 

II + 

For if F{z, Zo) =/(z) -/(z,) and G{z, Zj) = since 

1 + 2o 0{Z, Zq) 

f'(z) ia obviously (|z| < 1), i.e./(z) -/(z,) = 

/(2^o) = ^ when Zq = 0. 
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But the region determined by 1^ — ^ol < U + ^ol interior of the circle 

centre Zq and radius |1 + Zq\ and has a part outside the circle l^l = 1 (except when 
Zq is real and negative). The relation, therefore, determines an analytic function 
for a region that is partly outside and which overlaps the original region \z\ — 1. 
Now an analytic function in general has a unique expression as a power series for 
any point within a domain for which the function is defined. We may therefore 
regard the two expressions as different forms (both limited in scope) of the same 
analytic function, since they agree over their common domain. This process of 
contin'mtion may be extended over a wider region of the plane and is only limited 
by the occurrence of singularities on the various circles of convergence. Thus in 
the case given above,/(«) may be extended over any finite region of the plane that 
excludes the point — 1. We may then say that a power series together with its 
continuations determines an analytic function. 

Suppose that a function f(z) is continued by means of the domains Dj, Dg, . . •» 

where overlaps ; and let • • •, indicate a second method 

of continuation where Z)„' overlaps Z>„. The value of f{z) in this overlapping part 
is not necessarily the same; for the regions given by + ^^2 + • • • 

+ Dg + . . , may be such that there lies between them another region 

across which f{z) cannot be continued (i.e. where f(z) has a singularity). The function 
is in this case many-valued; but if it is possible to continue f{z) across the gap in 
a finite number of steps, then the values of f(z) in must be identical. Thus 

to take a simple case to which the general case is reducible, let Cg, be three 
circles, each overlapping the other, but containing a gap between them. Suppose 
that a function /^(z) defined for is continued into Cg giving a function /g(z) which 
is identical with f^(z) in OjOg; and similarly let f^{z) be the continuation of f^{z) 
into Cg where /^{z) = /^(z) in OgOg. Suppose also that f^(z) can be continued into 
a circle that contains the gap entirely within it, and that the value of fi{z) in 
^4 13 / 4 ( 2 ^) where/i(z) =fi(z) in C^C^. In the region and there¬ 
fore /g =/4 in ; similarly /g in C'gC' 4 , i.e. /g =/g = 7 ^ in and 

therefore /2 = /s in OgOg. 

The term analytic function, which is used to define a fimction for a certain 
limited domain, may be applied to describe the more general function obtained by 
its continuations through power series. The region of its existence is limited by 
its singularities, but for any point lying within this region (in the strict sense), there 
exists a power series for its representation. For this latter region, the function is 
given by its various power series together with their continuations, and is therefore 
sometimes described as regular. The word “ monogenic ” is sometimes used for 
analytic. The term holomor'phic is used to describe a single-valued analytic function 
in a region where the function has no singularities, whilst mermorjphic is used to 
describe the function when its only singularities are poles. The terms uniform and 
multiform are used for single-valued and many-valued respectively. 

The following example illustrates the use of continuation in a simpler form. 

Example. Consider the expansion of (1 — z + z^)-! —f(z). 

When |z — z^l <1, we have 

/(z) = 1 -f fz”(l - z)~. 

1 

It is legitimate to rearrange in powers of z at least if |z| + \z\^ < I for then the 
series written out at length is absolutely convergent; this inequality is satisfied 
if |z| < J( — 1)> i-e* < 0-6 approx. 

Thus (1 — z -H z2)-i = Eu^z^ for |z| < *6 where 
0 


= 1 - (n - 1) -f 


{n - 2)(n - 3) 
1.2 


{n - 3)(?i - 4)(w - 6) 
1.2.3 


there being (Jti -f 1) terms in if n is even and J(n -f 1) if ri is odd. It is easily 
verified that u^ + Un+2 = ^+1 and therefore Un-^-i + ^n+3 = 'i^n+2* Thus 
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Un+z — — SO that since «, = 1, Mj = 1, % = 0 we find that is either ± 1 or 

00 

zero and therefore the radius of convergence of the series is actually 1. By 

0 

the principle of continuation it follows that the expansion is valid for \z\ <1, 
since it is valid for the smaller region \z\ < *6. The series is of course obtained 
immediately by expanding (1 + 2 )/(l + z®); and in any case, a knowledge of the 
distance from z = 0 of the nearest singularity of f{z) enables us to state beforehand 
that the radius of convergence must be | — co| = | — co^l =1. 

Note. The continuation of the function given by a power series is related to 
the position of the singularities on the circle of convergence, and various tests have 
been devised for determining whether a given point is singular or not. It is import¬ 
ant to note that the convergence or divergence of the series at a particular point 
does not by itself give any information as to whether that point is singular or not, 

00 

Suppose, however, that the series Ea^ has a unit radius of convergence. It can 

0 

be shown that (i) if > 0 or (ii) Ea^ —> ± oo {a^ being real), then z = 1 is singular; 

QO 

more generally, it has been established that if Ea^z^ is divergent at z == Zp on the 

0 

unit circle, then z^ is a singular point if —> 0. (Ref. Landau, Ergebnwse der 

FunJetionentheorie, 18.) 

10.8. Calculation of Real Definite Integrals by Contour Inte¬ 
gration. By a suitable choice of integrand and contour it will be 
shown in the examples that follow how certain types of definite integrals 
may be evaluated. It will be found that the contours chosen consist 
of straight lines and arcs of circles ; in the most important and interest¬ 
ing cases, the result is obtained by allowing some part of the contour 
to tend to infinity, and takes the form of an infinite integral. The 
estabhshing of the convergence of the integral is effected naturally in 
the course of the work. 


10.81. Calculation of Residues. The residue theorem states that 
I f(z)dz = 2m(Ai + . . . + Ag) where (7 is a closed contour witliin 

Jc 

which/( 2 j) is analytic except at points z^, . . Zg where there are poles 
of residues Ai, . . ., Ag. 

In many cases the integrand may be written in the form F{z)/G(z) 
where 2 : = a is a root of G(z) = 0 but not a zero of F{z). 

(a) If the root is simple, then G(z) = (z — a)H(z) where H{a) ^ 0 
and therefore the residue at a is F(a)/H(a) = F{a)/G'(a). 


Examples, (i) The residue of 


z^ = — 1 is 


/(«) _ */(«) 

4a» 4 • 


z* + 1 


at any root a of the equation 


(ii) The residue of/( 2 :)/(sinh z) at 2 ; = in is f (in)/(cosh in) = -~f(in). 
(b) If the root is multiple of order s, G(z) is of the form (z — aYH(z) 
(H(a) 5 ^ 0 ), and therefore the residue is the coefficient of (z — in 
the expansion of F(z)/H(z) in powers of z — a, 

I p(a)] 

(s — 1)! da^^AjS(a)] 


i.e. the residue is 
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It is usually better to write z = a + C in F{z)/G{z) and expand in powers 
of C- 

^az \ 

Examples, (i) Residue at a of _ ^) 3 (. _ p) i® 

, ( 2a 2 \ 

la^ ~ (a+ (a - /J)»J ' 


(ii) Find the residue at i of . a . i\ 2 / 

{z L) {z 1) 

Take z = i ^; then the residue is the coefficient of f in the expansion of 

(2j+wTiT?)’ - rf.•)• 

10,82, The Unit Circle \z\ = 1, 

I. The integral f F(cos6, suid)dO 

J 0 

is equivalent to the contour integral J f {z)dz where 

and C is the perimeter of the unit circle \z\ = 1, since z on that circle 
may be taken as cos 0 + i sin 0 (0 < 0 < 2n), The integral may there¬ 
fore be evaluated ii f{z) is analytic within and on C except at a finite 
number of poles within C, 

+ l)dz 


Co8 20d0 1 f (s- 

Example. J ^ g-qri^e = iij ^ 


4- l){z + 2)* 


The only poles within C are at 2 = — ^ and 2 = 0. 

Itesidue at — ^ is (1 4~ yV) ” ri* 

Residue at 2 = 0 is the coefficient of z in the expansion of 
(1 -f 2*)(1 + 2z)-^2 + 2 )-i 

near 2 = 0, i.e. is — 5/4. 

, . /17 5\ 71 

Therefore the integral is 4 / ” 6' 

II. Conversely, i{f{z) is a function analytic on and within C except 

at a finite number of poles, the integral I f{z)dz leads to a result of 

J c 

the form 

{^’(0) -f iG{d) }dd = A + iB when 2 = e^^, 

) 

^ CLZ dz 7 C 

TH - TT? -since — is the only pole inside. 

(32 + 1)(2 + 3 ) 4 


Example. 


i: 
■L 


Taking a real, we find, on putting 2 = e^, that 


Jq 


r2n e- a sin e 00 s (a cos d)dd 7i , 
5 + 3cosd - 


j*-" e-« sill ® si 

’ Jo ^ 


sin (a cos d)dB 71 . . 

- - «8inia. 


3 cos 6 
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10.83. Infinite Semicircles. Let C be the contour determined by 
the upper half F of the circle 
1^1 = R and the diameter AB 
that closes it. (Fig. 29.) 

is chosen so that J f(z)dz tends to 

zero when R —>-oo, we may obtain 
the value of a definite integral of 

the type 1 f{x)dx. Suppose 

J —oo 

that f(z) has no singularities on the 
real axis and that the only singu¬ 
larities within the finite semicircle 
are isolated (and therefore finite 

in number for a fixed R). Then J f(z)dz + J f{^)dx = 2niS^^ where 

is the sum of the residues of f(z) within R. 

Generally, the number of singularities will depend on R. If 



I 


f(z)dz —> 0 as C30 


then 


{ = li 

J —oo R — 


lim 27iiS r 


if this limit exists. 

The contour F should not of course pass through a singularity. Sup¬ 
pose that the singularities lie on the circles \z\ = r^, where 

< ^2 O'a • • • 

(there being a finite number on each). Then there is no loss in generafity 
if we take R^ = i(r^ + r^+i), and write f(x)dx = lim 2mS^ where 
is the sum of the residues oif(z) within the semicircle determined 
by l^l == Rn, provided | f{z)dz 0. It will be found that appropriate 

integrands for this contour are 

I. e^^^<f)(z) II. {log (z — a) }^<^(«), (p real). 

I. Let f(z) = e^P^(l>(z). 

The following lemmas are sometimes useful in determining whether 


or not 


^J{z)dz 


0 as R 00. 


(a) If \z(l){z)\ —> 0 uniformly on F as \z\ —> oo, then | e^^^(f>(z)dz 
tends to zero if p > 0, 
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(6) If \(l>{z)\ —> 0 uniformly on F as \z\ oo, then J e^^^(z)dz 

tends to zero when p > 0. 

These cases are not mutually exclusive. 

We say that \G{z)\ —> k uniformly for the sector ai < amp z < ag 
when l^l —> 00 , if, given e ( > 0), we can find JS ( > 0) such that 

16^(2;) —• A;| < e 

for all \z\ > R and all 6 (= amp z) in the interval aj < 6 < ag. 

(a) |J e^^^(f){z)dz\^ < j* e~'P^^'^^\z(l>(z)\d6 {z = Re^) < tie, since p > 0 


and therefore c <1 (0 <0 <7r). Therefore J f(z)dz—>(^, 

(b) jj c^P^<}){z)dz <ei2j* dd (where |<^( 2 ;)| < e). But 

^-vRsme < ^-i2pm)/Tc in 0 <d < ^7z (p > 0) 
since (sin6)/0 decreases steadily from 1 to 2 /tt in this interval. 

Therefore I { f{z)dz < 2Re{^e-^^P^^/^de< -(1 - e-P^) < - 
Ur Jo P V 

i.e. J f{z)dz —0 as - 


00 . 

Piz) 

In particular let (f)(z) = —— where P(z), Q(z) are polynomials of 

(J(z) 

degrees m, n respectively, then J f{z)dz-^0, when 

(a) w > m + 2, ^ > 0 (6) > m + 1, > 0. 

ze^pzdz 
1^22 + aa 


Examples, (i) Consider 


L 


_L /ra > ^)- 


By Lemma (6), f(z)dz — > 0 when R —>• c3o if ^ > 0. 

The only singularity is at z = ia, and the residue there is 


iae-P^ 

-vr- — = ie-P« 


Thus 


Jo 


J —a 


xe^P^ dx 
x^ + a2 


= Ttie-P^ 


x{eipx — e-^P^)dx 
x* + a2 


= me~P<^ or 


f °° x sin px , 7t 

Jo = 2^^^^ > 0, a > 0). 


Note, If ^ = 0, the last integral is zero; if < 0, the integral is — {a > 0). 

QIPZ 

(ii) Let/(z) = ^ + 6») («><>> ^ > »> “5^*)- 

By Lemma (a), i^f(z)dz —> 0 if p > 0. 
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Thus, as in example (1), 
2 co&pxdx 


I 


0 (a:® + a“){a;* + 6*) 


= 2m'' 


e-pa 




e-pb 


2ia(b^ - a2) ^ 2ib{a^ - b^) 


cos px dx 


) 0 + a^)(x^ + b^) 2ab{a^ — b^) 


{ae~P^ — be~po>) (^ > 0, a > 0,6 > 0, a ^ 6). 


It is worth while pointing out here that this integral is a continuous function of 
a, 6 or ^ in the intervals a > aQ> 0, b > bQ> 0, p 0 ; and that it is legitimate 
to differentiate them under the integral sign with respect to a, 6 or p (within the 
above intervals); (for the proofs of these results, see Chap. XI, §§ 11.54, 11.56). 

Thus (a) if b—^ a, f” cos pxdx jt 

Jc +‘a»)S = > 0, a > 0). 


I 


(a;2 + a2j2 

(6) Differentiation with regard to a gives 

^ cos px dx 71 


^ (x^ 4- a2)2(a;2 h^) 4a^6(a2 — b^)^ 

dx 7i(2a + b) 


[— be~P^ {pa{a^ — b^) + — 6^} -f 2aH~P^^ 


(c) 

(d) 

(e) 


Jo 

r 


{x^ 4 - a^)^{x^ 4 - b^) 4a%(a 4 - 6 )^ 

dx 7i(a^ 4- 3a6 4- b^) 

(x^ 4- a^)^(x^ 4- 6^)2 “ 4a®6®(a 4- b)^ 

X sin px dx 7i{e~P^ — e-P<^) 

, &c. 


{x^ 4- a^){x^ 4- b^) 2(a2 - 52)^ 

It is necessary, however, that the resultant integral should be convergent 
(§ 11.56). Thus the third derivative with regard to p gives 

x^ sin px dx 71 


f 


- bH~P^), 


)o (a;2 4 - a2)(a;2 4- b^) 2(a^ - b^) ' 

only for p > 0, u > 0, 6 > 0, and the fourth derivative is not convergent, 
(iii) Let /(z) = (a > 0). 

Here Jj,/(z)<lz —>-0 by Lemma (a). 
x^ dx 

= 27zi (sum of residues at aa, oa^) where 


'^rherefore 2 


r 


4- 

a = (1 4- 0/V2, a3 = - (1 - i)/^/2 


^ 4a®a® 4a®a® 


a® 4- a 
4a 


i\/2 

4a 


so that 


f* x^ dx 71 's/2 

j 0 (®* + ~ ^ 


As in the previous example, it is legitimate to differentiate under the integral sign, 
any number of times, with regard to a (if a > 0). 


Thus 


r 


x^ dx 


{x^ 4- a^)® 
(iv) Let f(z) = 


71\/2 

"16^ 

1 


and 


p x’^dx 

Jo (a;^4-aY“ 


57ly/2 

128a** 


(3* 4- 1) coshyrz’ 

There are poles at i, ft, . . (n — J)t, . . . 
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Take R, the radius of the semicircle, to be n. Then on \z\ — n, cosh nz must 


have a lower bound m > 0 and therefore \i^f(z)dz\ < ^ 
as n —>- 00 , 

+ 1 ) coshTKC 2i ^ m (r — i)* — 1 ^ 

/ 2 2 \ 
= - ;i 4- 4 + (- 1)« ^ j - 2 to - i) 


which 


0 


i: 


dx 


2 - Jtt. 


(x® + 1) cosh TlX 

11. Let f(z) = {log (2 - a) Y<f>(z). 

Take log {z — a) to be the principal value and suppose that a is 
outside the semicircle, i.e. 1(a) < 0. 

Assume that on \z\ = R, \(l>{z)\ = 0(R~^), (fi > 0). Then 

\m\==o{(iogRr/R^} 

and since the length of the semicircle is 27iR, J f{z)dz—>0 if P > 1. 
In particular, if (l>{z) = P{z)/Q(z) where P, Q are polynomials of degrees 
, n, j* f{z)dz 0 if n > m + 2. 

{log (z 4- i) V 


m, 


Examples, (i) Let f{z) = 


22 + 1 


Then J f(z)dz 0 and J ~~ ^ ~ 2 4* in/2Y, 

Now log (x 4-0=4 log (a ;2 4 - 1 ) -j- — arc tan 

Equation of the real parts gives 


if {log{:.2 + l)}2 p 

4 J-. --+1 


{^71 — arc tan xY dx 


But 


(^71 — arc tan xY dx 


riTi v3 

“I \2 ~ ^ therefore, writing 

J —Jtt 


«“ + 1 

L ... 

r\rz 

tan 0 for x, we find 1 (log cos 0 ) 2^0 = J;r{(log 2)2 4 - 

Jo 

Equation of the imaginary parts gives 

f {log (x^ 4- 1)} (4^ fl-rc tan x }dx 


= :rr{(log2)2 - 


— 71^ log 2 . 


But 


f log (0:2 4- 

J-» + i 


1) 


arc tan xdx — 0 by symmetry and therefore 


rrc /2 


(log cos 0 )d 0 = — J;? log 2 . 
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(ii) 


pOO 

J —0 


log (a; + ia) . 


If 2 = ih + C, 


Therefore 


i: 


r 


log (a;2-j-a^)+i\^4:^-arc tan 


(a;2+62)2 

Equation of real parts gives 


== ib) (a > 0). 


_1 ^ 

f, ^ , 1 

i{b + a) "i" ■ ’ 

“T6 + • • •/ 

= ^log(a+6)- 

71 7th 

1 

2b^a+b) 46» 


poo 

Jo 


log (a;2 + a^)dx tt ,, ^ ^ 

^ — ^=^8^1og(a + 6) 


( a ;2 + 62)2 - 268 

Equation of the imaginary parts gives simply 

dx n 

(a;a "" 46» 


-—I 

o + 6J 


f 


10,831, Integrals from c — ioo to c ico (c real). Suppose that/( 2 ) 
has a finite number of poles in the finite part of the plane and that 
/(z)—>0 as |z|--> 00 . 

C Wsider the integral f e^f(z)dz where a is real and A is the left 

Jr, 

half of the circle [ 2 ; — c| == R (c real).* The transformation z = c iC 
changes A the upper half A of tho circle |f| = and the integral 

into j* + i^)idC which tends to zero as i?-> 00 if a > 0. 

Similarly the integral 1 e^^f{z)dz where A is the right half of the 
circle \z — c\= R, is transformed by the substitution z = c — iC into 
— j* — i^)i dC, which tends to zero as R —> 00 if a < 0. 

Let a > 0; and integrate 1 e^f(z)dz round the closed contour C 

Jc " 

consisting of the left half of the circle \z — c\ = R and the bounding 
diameter x = c. We obtain 

rc + ii2 r 

1 e^f(z)dz + I e^f(z)dz — 2mSi 
J c — iR Jr, 

where Si is the sum of the residues of e^f{z) within C, It is assumed 
that R, c are chosen so that C does not pass through a pole. 

rc + ioo 

Let R-^ CO] then 1 e^^f(z)dz = 27tiSi where Si is the sum of 

J C _ ioo 

the residues of e^f{z) on the left of x c. 
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Let a < 0; and integrate round the right half of \z — c\ = R and 
also along the bounding diameter x = c. Then 



where S 2 is the sum of the residues of on the right of a; = c. 

K the number of poles is infinite, we must replace (or by the 
limit of the sum. 

Note. If \zf(z)\ —>- 0 as [ 2 1 —>- 00 , the integral round either semicircle tends 
to zero as R —>- 00 if a = 0; and therefore the integral is continuous at a = 0. 
This is verified by noting that i^f(z) dz where C is the large circle |z — c| = 22 is 

zero, i.e. 8^’\- 8^=^ 0. 



Examples, (i) Let/( 2 ) = ^ then 


Examples, (i) Let f{z) == 


e^f(z)dz is equal to 


(a) c> 1; m(e(^ — cos a — sin a) (a > 0); 0 (a < 0) 

(b) 0 < c < 1; — m(co8 a + sin o) (a > 0 ) ; — me^ (a < 0 ) 

(c) € <0; 0 (a > 0); — m{e^ — cos a — sin a) (a < 0). 



0 (0 < ^> < 1), (0 h). 

10.832. Indented Semicircle. Let F(z) have a pole (of order m) at 
25 = 0. Indent the contour consisting of F, the upper half of |25| = R 
and the diameter along y = 0, by the upper half y of the small circle 


|25| = p. (Fig. 30.) Suppose, as before, that I F(z)dz —> 0 as 22 —> 00 ; 


r 



FIG. 30 


and let us determine conditions for which I F(z)dz tends to a limit K 


y 


when p-^0. When these conditions are satisfied, since 


r Jy JDC JAB 


F(z)dz — f F(z)dz + f F(x)dx + f F(x)dx = 2niS 
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where S is the sum of the residues within the contour, and A, B, C, D 
are respectively the points p, R, — p, — R, then 

f ^ F{— x) }dx = 27iiS + K 

Jo 

where S is the sum of residues at all poles a for which 1(a) > 0. 

Let the principal part of F{z) at 2 ; = 0 be G{z) where 

m 

0{z) = 

1 

r A 

Then 1 G(z)dz = niA^ +27—^ which tends to the 

Jy 2 I—r 

limit TiiAi only when A 2 = A 4 = A^ = . . . = 0. Thus 

F(z)dz TtiAi 

f y 

if the principal part of F{z) a.t z = 0 contains only odd powers of I/ 2 :, 
i.e. f {F(x) I- F(— x)}dx = 2 m{S + JSo) where So is the residue at 0. 

J 

hJxample^i. (i) Let F(z) = 

J F(z)dz — > 0 as 00 if p > 0 ; F{z) is of the correct form at 0. 


I 


'riM^rofore 


C^2i sin px 

Jo ^ 


dx = Jii or 


I smpx 

Jo 


dx = Jji {p > 0). Also the integral 


is equal to 0, (p = 0) and — Jjt (p <0). 

(ii) Ijct F(z) = (a, h, c real). Then 

J F{z)dz —> Oifajh, c> 0. The principal part of F{z) at 2 = 0 is 

2 {ab he ca) 

Ii + 


and is of the correct form. 


Therefore 

^sin ax h sin bx + sin cx — sin (a + 6 + c)x 


dx 


= -^ah + 6c + ca) {a, b, c> 0). 
Tt is obvious from the form of F(z) that we may also have a, b, c zero. Thus 


f 


sin ax + sin bx — sin (a + b)x , ^ 

-=- dx ^-xob (a, b > 0). 

x^ 2 


The integral (which is convergent for all finite a, 6, c) takes a different form when 
any of the numbers a, b, c is negative. The reader may easily verify that the value is 

(i) a, 6 > 0, c < 0; J7r(a -f c){b + c) (a + 6 + c > 0); 

— ^7i{a^ + b^ -i- ab + be + ca) (a + 6 + c < 0) 

(ii) a > 0, 6, c < 0; + c* + a6 + 6c + ca) (a + 6 + c> 0); 

— J7i(a + 6){a + c) (a + 6 + c < 0) 


J 
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(iii) a, 6, c < 0 ; — in(hc -f ca + ah). 

Also a>0, 6<0; / = l7ih{a + 6) (a -f 6 > 0); — J 7 ra(a + 6) (a + 6 < 0). 


a<0, 6<0; / =— \ 71 ah where I 

Particular cases are 

° 3 sin X — sin 3a; 


/•OO . 

I si: 

Jo 


sin ax + sin hx — sin (a + 6)a; 


dx. 


f 


dx 


_ ^ f 

“ 2 = Jo 


(2 sin 2x — sin 4a;) 


dx =• 271 ; 




GO^xdx = 7 . 

4 


We may also consider the case when the semicircle is indented at other 
points on the real axis (to avoid poles). The real integrals obtained will then be 
Principal Values. For example, by taking F{z) = — c)(s2 + a^)} it will 

easily be verified, if ^ > 0, that 


fOO 

of -^ 

Jo 


cos px dx 


c^)(x^ + a^) 


:7rsm pc 
2 c(c^ + a^) 


p1 — 

Jo 


2a(c2 + a^) 
sin px dx 


and 


c^)(x^ + d^) 


71 COS pc 
2(c2 + a2) 


2 (c 2 4 - a 2 ) 



10,84. The Double Circle 
Contour. Let F denote the 
circle \z\ = R and y the circle 
\z\ = p, where R is large and p 
is small. Let these be joined 
along the real axes from p to R. 
Take as a closed contour the 
hne AB from p to R followed by 
r, then DC from i? to p and 
finally y (described clockwise). 
AB is coincident with CD but is 
shown distinct in Fig. 31 for 
clearness. 

Such a contour is suitable for 
the integration of a function that 
has a branch point at 0 , e.g. 
F{z) = (log z)p/( 2 ) or z!^-^fiz). 


In particular, let us suppose that J F{z)dz and j" F{z)dz both tend to 

zero when R —> co and p —> 0 respectively. Let \he value of F{z) on 
AB be denoted by F{x), and its value on CD (after a circuit of 0) be 
Fi{x), Then 


j 

Jo 


{F{x) — Fi{x) }dx = 2mS 


where S is the sum of the residues of F{z) at its singularities between y 
and r (these singularities not being branch points). Also it is assumed 
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that F(z) has no singularities on the real axis. We shall consider the 
typical case.s 

I. (log 2 )P^ II. {p positive, a real) 

V(2) v(2) 

where in each case the principal values of (loge)^ and are taken 
on AB, and where P, Q are polynomials of degrees m, n. 

I. Let F{z) = (log2)P^. 

On r, (z)| = therefore 

Ii.e. J(z) -> 0 if w > m + 1. 

On y, \F{z)\ = 0{|log/o|^}, (z = 0 not being a zero of Q{z)). 


Therefore 


J F(z)dz 


= 0{p\\ogp\^} and therefore tends to zero as 


0. Thus, under these conditions, 


i: 


{(log x)^ — (log X + 2m)^ ~ 27iiS, where S 

0 Qw 


P(z) 

is the sum of the residues of (log 2 ;)?^;=^ at the zeros of Q{z) (none of 

Q{z) 

which are assumed to be real and positive). 

By taking p = 1, 2, 3, ... 5, we obtain 5 linear equations for the 
determination of 

Since, however, the real and imaginary parts may be equated, these 
equations are redundant. 


Example. 


. Find r i 
Jo 


(log x)^ dx 
'2 + a; + 1* 


(log 2 )^ 

Take F(z) = ^^^d l^F(z)dz both tend to 0. The 


poles are a>, o)® = cos fjr + i sin f^r. 

(log xY — (log X + 2 inY 


Therefore 


r 


2 ni 


i.e. 


'--r 


a;^ + a; + 1 2 i sin f 71 

3J, - 6;iiG + = 


dx = ; r . T" — {(log o>Y — (log CO2)® } 

66 ;i^ 


27 V3 


where 

Therefore I. 


(log x)^ 


dx. 


a;^ + a; + 1 

log X dx 


-f 


a;* + ar 4- 1 


0 (a result that may be verified by dividing 
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the range into the intervals (0,1), (1, oo) and writing 1 jx for x in the second interval; 
similarly /„ = 0 if n is odd). 

16;i^ 


56;r^ 471^ 2 

Also /g = - ^3 + 

II. Let F{z) = (a real). 


; r / 2 a; + lM‘® 

3iarctan(^-^3-j|o = 


81V3* 


On jT, \F{z)\ = 0(72“+"^“^“^) and therefore J F{z)dz—>0 if a < w — 

On y, |-F( 2 :)| = 0(p®~^) and therefore f F(z)dz—> 0 if a > 0. 

Jy 


m. 


Thus ifO<a<n--m, we have 


f 


|e(a-l)log* _ g(a-l)(log®+2m)J^ = 2niS 

Q{^) 


i.e. 


r 




Q{x) 


dx = 


sm cm 


f* a;a~l 7r6~oc^^ 

Examples, (i) I ——r dir --:-.(— l)a-l (0 < a < 1) 


jjg-aTrie (a-l)7t£ 

sin ocTT sin octt* 


(ii) 


/•CO _ 

I 3/ —P dx 

Jo 1+2* 008 ^ + :.^ where - ^ < A < ;r. 


For convergence \p\ < 1. The poles are — cos XT i sin X and therefore the 
correct amplitudes are nT X since these lie between 0, 27 r. 


f 


x~P dx ne-‘^^0-—p) g-ip(Tr-A) _ 

-S when ^ = - 


1 + 2a: cos A 4- 


sm jpjr 


^ . sm ^A 

S = e-^VT^ —— 7- and 
sm A 


i:r 


x-P dx 


2i sin A 
TTsinpA 


Thus 

Jol+X + X^ Jol 


4- 2a: cos A 4- a:^ sin pit sin A* 

y^dy __^ 

H- + 2^ "" V3 ’ 

dx 


r dx r 

Jq! 


y^dy 7i(V3 - 1) 


+ y^ 


V2 


Aotc. When Q{z) has zeros on the real axis, the contour may be indented to 
give principal values of real integrals. 

10.85. Sector of a Circle {indented if necessary). Instead of the upper 
half of 1 2 :1 = R together with its diameter, we can take for C the boun¬ 
dary of the sector of this circle determined by 0 < amp 2 ; < a (< n/2). 
{Fig. 32 {i).) If 2 ; = 0 is a singularity, this sector may be indented by 
the corresponding arc y of the small circle \z\ = p. {Fig. 32 {ii).) Sup¬ 
pose that J F{z)dz —>■ 0 as 12 —> 00 , and that 1 ^( 2 :) has at most a simple 

pole at 2 : = 0 of residue Aq. Then the limit of J F{z)dz is iouio {y being 
determined counter-clockwise with reference to 0). 
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On the radius OB, take z = te^. Then when R > oo and p —> 0 
we have 

1 F(x)dx — I F{te^^)&^ dt = ^niS + ic/,A^ 

Jo Jo 

where S is the sum of the residues of F(z) within the sector (it being 



assumed that there are none on the boundary). This may be written 

^30 

F(le^)e^ dt = F{x)dx - 2mS - iolAo. 

Jo Jo 

Examples, (i) Let F(z) = 

On r,z = /?(cos 0 + ^ sin 0) and \F(z)\ = c-^* cos 2e (q < 0 < a). 


Thus jj e 2 * ^ j* jTjg ij*sin0 dfj, where <l> = — 20, = Jjt— 2a. But 

}in <^ > 2<^ for 0 < (^ < Jtt, i.e. 0 < 0 < Jtt 


which —> 0 Si8 R —>• 00 if 0 < a < Jti. 

There are no singularities within the sector, nor on it. 


Therefore 

It can be shown that 
Therefore 


pQO -CO 

I g-t* (cos2a+i8in2a)eta 1 e~^* dx. 

Jo Jo 

[ «-** = 

Jo 


am = 


f 


{Chap. XII, § 12.24.) 


'\/7l 


g-a:* cos 2a {cos (x^ sin 2a) — i sin (a;^ sin 2a) )dx = -^(cos a — i sin a) 


r.-. 

Jo 

j: 


V n 

cos 2a cos {x^ sin 2oL)dx = cos a; 


a/jt 

g-a;* cos 2a sin (x^ sin 2a) dx = sin a (0 < a < n/4). 

These results are then obviously true for 0 > a > — n/4. 

27 
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, r ./o av3\, vstz r ... av3\, 

In particular I e~^ /2 cos I —^— jdx = —; I sin ( - ^ ~ " 4 " » 

r* r* 

I cos dx = I sin x^ dx = (Fresnel^s Integrals.) 

Jo Jo 

f* ^y7l ((a^ + 6^)1 — 

Also e-®** sin ( 6 *^^ = -_ — _)_ fc 2 )S —(a > 0, 6 > 0). 


(ii) Let F(z) = e^^jz. 


l^F(z)dz —>- 0 for 0 < a < 7 r; residue at ^ = 0 is 1 . 


Therefore 


r 


|g<a: (co8 a + i sin a) _ g—}— = — ai 


f* . (Za; f* sin x dx 

I g-a; 8 ina gm (x COS a).— = I -a 

Jo ^ Jo ^ 

converge. 

r ^ dx 71 

Thus I e~* « sin (^x cos a).— = ^ — a (0 < a < ti). 

Jo X Z 

By a simple change of variable, we obtain also 

r . , dx 7t /a\ , , 

I sin 6ic ~ = 2 “* 5 ^ > ^)* 

r . 

I c“^ sm a; — = 7i/4:. 

Jo ^ 


since the integrals converge. 


In particular 


10.86. Rectangles {indented if necessary). The following examples 
show the use of rectangles when the integrand contains a periodic 
function. 

Example, (i) Let F{z) = —r— and take the contour C to consist of the 
cosn Ttz 

.boundary of the rectangle determined by 

x=±R, y = 0, y = l (Fig. 33.) 

The poles of F(z) are ± ^72, ± 31/2, . . ., one of which is within (7, the others 
outside. 


Therefore 


1 


girt/ 

F(z)dz = 2711 .—r 

71% 

= 2ei«^ 


2 ca^ 


Along AB, z = R + iy (0 < ?/< 1) and |jF’( 2 )| < 
therefore 0 if a < 7i when R —>-oo. Similarly i^j^F(z)dz —>» 0 

if o > — TT. On BCy z — X i (|a;| < R) and therefore 


r 

F{z)dz = - — 

Jj5C J-/?V 


ga(a;+i) 


cosh Tlx) 


= + eo-^ 


f 

J -R 


dx 

cosh Tix' 


/•oo /•oo _ 

f . [ eo^dx 

J = 2 el®-, giving J = sec ia and 


J 

Jo 


coshaa; , , , .i i 

^3^<te = isecia(|a| <7t). 
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^iaz 

(ii) Take F(z) = {a real), and C to be the boundary of the rectangle 

A BCD, y = 0, y ^ 71, X = ± R indented at O, m. {Fig. 34.) 

The indentations consist of small semicircles (of \z\ — Pi), yz (of \z — in] — pj) 
drawn into the rectangle. 

If I P 2c-«y 

Along X = R, I F{z)dz\ < I ~~ r dy which —> 0 when R —> oo. 

\j AB I Jo® ® 

Similarly along x = — R, I F(z)dz — > 0. 

i CD 



Since the poles at O, i 7 i are simple we have as in previous examples 

1 t\z)dz —> — Tii (yi being described clockwise) when —> 0. The residue at 

Jv. 

2 = 171 is — and therefore I F(z)dz—> Tiie-^^ when pg —> 0. There are no 


singularities within the indented rectangle; and therefore 


^ f* dx 

J-OO®'"** ® ~ J-OO (“ ®* 
p 


{x+in) dx 


J_oj,8inha 


dx = 


sinh x) 

jjj(giaTr — e-Jarr) 
(eJoTT -j_ e-ian) 


= 7ii(l — e~®-) 


f sinaa; , 7t . 

or I r r - dx = ^ tanh — (a real), the 
Jq sinha; 2 2 

symbol P being now unnecessary. 

^idz 

(iii) Let F{z) = (a real), for 

the boundary G given x = 0, x — R, 
y = 0, y = 1 indented at 0, i. (Fig. 35.) 

The indentations consist of small 
quadrants y^ (of \z\ = p^) and y^ (of 
|2 — = Pj) drawn within the rect¬ 

angle. 

f^ e~^y dy 

Onx = R,\iF(z)dz\ < ‘ 


e-^y 

\ .e^ 


which 
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The points 0, i are simple poles and therefore I F(z)dz —> — when 0, 

Jyi 

the direction of the integral being clockwise. The residue at z = i is e-f^/2n and 

r ** 

therefore I F(z)dz —>• when —>* 0. 

Jy, 

There are no singularities within C, and therefore the imaginary part of the 

integral I F(z)dz is zero. 

Jc 

f f ^ sin ax 

Along the real axis 11 F(z)dz — I - - dx^ and along the opposite side 

f sin ax 

I - 1 

J J Pi 

Along the imaginary axis (of the rectangle) 

f ri“Ps ie,—ay^y 1*1“ Pa j 

I F{z)dz = - I ^ 27 oy - 1 = ^- e-“P.}. 

J J p, J Pi 

Also lim 11 F(z)dz = — J and lim 11 F(z)dz = — \e~^. 

J Yi J y. 

Therefore when p^, p^ —> 0, R —> oo we find 

rr^ sinox , sin ox 1 , v , 

^ - e-pp-lj = ie-a + j 

f sin OX , e® + 1 1 , , a 1 

Examples X 

1. Explain why the following statement is not a definition of a complex 
number: ‘ A complex number is a number of the form p + where p and q are 
real and i is a root of the equation x^ + 1 = 0.’ 

Express the numbers given in Examples 2-22 in the form a + ih where a and h 
are real. 


2. (1 - 202 


3. (3 - 0" 


4. 


4 — i 


(1 + 20 ^ (1 “• 20 ^ 

' (1 - 20 ^ (1 + 20 " (1 - 0 " 


(3 + 0^ 

(1 + 0 " (1 - if 


5. 


8 . 


(3 - 20(1 - 0 

(2 + 0" 

cos 0 + i sin 0 \ — i 


(cos 0 + i sin 0)2 


(1 + 0^ ' <l>+ i sin <l> 1 + / 

10. P* 11. (1 + 0" 12. Log (1 4- 0 

14. sin (30. 15. cos (t — 1) 16. 3m 


'• (1 + iV^f 

13. tan (1 -f- iV^)^ 

17. cot 18. Sin-1 (2). 19. Cos-i (^). 20. Cosh-i (- 1), 

21. Tan“^ (cos a + i sin a). ^ 22. Tanh~^ (2). 

Find the moduli and amplitudes of the numbers given in Examples 23-30. 


23. 


(1 ~ 0® 


24. 


28 


(1 -f if 

26. 1 -1- cos a 4- ^ sin a 27. 


(2 - tV3)(6 - tV3) 

1 + cos a + i sin a 

TT^ 


25. 


(3 4- 0(1 + 0 


(3 - 0 


28. 


1 


1 4- (cos a 4- sin a)2 
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29. 


1 + 


30. 


(x + iy) — (j? + iq) 


where x, y, p, q are real. 


1 4 . eU(i (x — iy) + {p — iq) 

If the co-ordinates of z are x, y, find the co-ordinates of the numbers given in 
Examples 31-5. 

31.23 32.1/22. 33. (3 + 42)/(2 - 2 ) 34. 22 -f 22 -f 4 

35. 1 - 1 / 2 . 

Interpret geometrically the relations given in Examples 36-44, where 2 is a 
variable number and 2 - a fixed number. 


36 ) = 0 37. - g») ]. ^ 0 

W — zj l(z — Zj)(Zi — Zj)J 


(:ei)= 


constant 


39. 


= constant 


38 . amp , . - 

\2 — Z<^f Z Z^ 

40. |2 — 1| + |2 + 1| = 2 41. \z — I’l — |2 + t'l = 2 

42. |2 - 1| - |2 + Ij = 1. 43. \2z - i\ -f 122 + = 6 

44 . 2^(25 — 2q) -f- 22(2^ 2^) -i” 23(24 25) = 0 

45 . Find the co-ordinates of the third vertices of the two equilateral triangles 
that can be drawn on the line joining {x^, y^), {x^, y^) as base. 

Provo the results given in Examples 46-61. 

/I + cos a + i sin a\^ , . . 

46 . ( -r—:- ) = cos noL t Sin noL. 

\1 + cos OL — t sin a/ 

sin-f 1)0 ^ - . . 1 nx 

47. 2:(cos 0 + i sin 0)»* = —-(cos i sin Jn0) 


0 


sin J 0 


1 -f 35 tan^ a . _ n 

48. 7tan2a= 3 + M 

49. sec^ + sec^ (y) + sec^ (y) = 416 

50. sec3 (y) -f sec® + sec® (y) = 192 

271 471 . Stc y/1 

51. sin y -f sin y + sin y = -y 


7 1 

52. U cos m = if a = 7r/15 
r=l 


53. tan-i ( 73 ) = j + tan-i (j) _j- tan-i (^) -f tan-i (1) + tan-i (i) 

54. tan~i ( 5 ^ = tan~i (^) + tan~i (1) + tan~i q.— 

55. 2^-1 cos H = cos 710 + "(7i cos (n - 2)0 + . . . + or "C'i(n-i) cos 0 

56. 128 sin® 0 cos® 0 = sin 80 — 2 sin 60 — 2 sin 40 -f 6 sin 20. 
sin 710 


57. 


sin 0 


= (2 cos 0 )»»-i - ”-2(7i(2 cos 0 )^-® + "“ 3 ^ 2(2 cos 0 )«- 


58. x^ — X* I = (x^ — 2x cos a -f l)(a;® -f 2x cos a -f 1) 

(a;® — 2a; sin a + l)(a;® + 2a; sin a + 1) (a = 15°) 


71 271 

59. cos — cos — . . 

n n 

71 , 371 

60. sin 7 “ sin 7 - ... sin 

471 471 


(271 - 1)71 (- 1 )^ - 1 . 


22 n-l 


if 71 is a positive integer. 


(^w-^ _ 2 i-w^ if 71 is a positive integer. 

47 ?, 


61. (- 1 + 7 V 3 )« + (-1 - 7V3)” = 2^+1 or - 2 " 

Express the functions given in Examples 62-5 as linear combinations of the 
sines or cosines of multiples of 0 . 

62. sin® 0 cos® 0 63. sin’ 0 cos® 0 64. sin® 0 cos^ 0 65. sin* 0 cos’ 0 


.d 
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Solve completely the equations given in Examjdes 66-84. 

66. + i = 0 67. = 1 - jV3 68 . (z - 2)« + z« = 0 

69. («a - 1)» = 8z« 70. z' + lOz^ + 20z - 31 = 0 71. z“ = t 

72. z‘ + 1 = »V3 73. z* - 1 = iV3 74. z’ - 1 = i 75. z» - V3 = i- 

76. 2zS - 1 = iV3 77. z^® + 1 = 0 78. cos 2z = 2 

79. sin z = i 80. tan z = 1 + » 81. e®*+® = » 82. sinh z = — 2* 

83. 2 cosh 3z = 1 84. tanh 2z = — 2 

85. Show that if n is an integer, 

g(g* )! •{(! + *1)®” + a)(l + coxif" + £0®(1 + toM)®”} 

X ^ ^ x^ 

^ 2!(3» - 2)! 5!(3re -^! + • • • + (3^^TT! 


86 . \iw — 


(z - 1 ) 3(22 + 16) 
(22 + 4)2 


, find tho increase in amp w when 2 describes the 


circle |2| = 3 once in the counter-clockwise direction. 

87. If w — az^ -f 62 -f c (a, 6, c real), show that the eircle \z\ = E becomes 
the lima9on p = R(2aR cos 0 + 6) where w — c — aR^ + 

Determine for the equations given in Examples 88-93^ the number of roots 
within each quadrant, and the number that are real or purely imaginary. 

88. 23 + 22 = 4 89. 2^ + 622 + 10 = 0 90. 2® + 1023 = 4 

91 . 2* + 62® = 10 92 . 23 + 3^2 = 1 + i 93 . 2^ + (1 — i)z^ = i 

94 . Prove that all the roots of the equation 2^ — 423 _j_ __ 242 + 76 = 0 

lie between the circles \z\ = 7 , \z\ = 1 - 25 . 

95 . If w;2 -- (2-2 _j_ 4)^22 _ 42 _|_ 8) and if 2, with initial value 4+2 for w at 
(0, 0), describe the circle a;2 + y2 _ jiy once in the counter-clockwise direction, 
find the values of w (i) when 2 crosses the y-axis (ii) when 2 returns to 0, for the 
values 1 , 3 , 5 for h. 

For Examples 96-8, show how to cut the 2-plane so that the branches of w are 
single-valued. 

96. v^ = (z^ + l)®(z® + 4 ) 97. u,® = J 2)‘ 98. «,» = 

99 . Discuss the behaviour of the values of 2* when 2 tends to zero or to ±00 
along the real axis. 

Prove the results given in Examples 100-7. 


cos OL — X 


100 . cos a + a; cos 2a + a;2 cos 3a + . . . =- -r-;—•„ (|a;| < 1) 

1 — 2a; cos a + a;2 ' 

101 . sin a — a; sin 2a + x^ sin 3a ... = z—(|a;| < 1) 

1 + 2a; cos a + a;2 ' ' 


102 . sin0 +-^ sin 20 + ^ sin 30 + -^ sin 40 + ... = 

^ cos 20 cos 30 ^ 

^ - ra + • • • = e cos (tan 0 ) — 2 

2! cos3 0 3! cos3 0 ' ' ' 


2 sin 0 


3 — 2+2 cos 0 


104. 1--+- 


= C 08 ^ 008 h^ 


105. 1 - 


4.(4!) 42 ( 8 !) 


107. 1 + 


+ 


+ , 


. = 0 106. 71 = (96)l(35)l(+35 - +33)1 approx 

71® 


+ ... = 


3^(3!) ^ 33 ( 6 !) ^ 3i(9!) 

Find the areas in the w?-plane that correspond to the first quadrant of the circle 
\z\ = 1, for the values of to given in Examples 108-12. 


1 

108. - 

2 


109. 2 - 1 


no. 


2 - 1 


111. 1 - 


112. —- 

2 — 1 
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113. Find the bilinear transformation for which 2 = 2, 3, 1 corresponds to 
w 2, 3 respectively. 

114. liw — find the transform of {x — 1)^ 

2 + i- 

115. liw = show that the circle {x — 1)3 + = 1 becomes the circle 

2 — ^ 


1^3 -j- |;2 __ 4t; -|_ 2W + 1 = 0. 

2^5 I- 

116. liw — —show that the circle x^ — h transformed into the 

2 — 2 ^ 

circle (4 — k)(u^ + t;3) -f 4(1 + k)u + 1 — = 0. 

117. liio = , (a, by c, d real), where ad — he = 1, prove that the upper 

C2 + ct 

half of the 2 -plano is transformed into the upper half of the ti;-plane. 


118. If 1 ^; = -determine the regions of the i<;-plane that correspond to the 

2 — 1 

eight regions of the 2 -plane bounded by \z\ = 1 and the co-ordinate axes. 
az h 


cz -f d 


, prove that the circle \w\ = 1 becomes a straight line if 


119. lfw = 

= |c|. 

120. Show that ii w = 1 where 6 is real and 1(a) > 0, the half plane 


1 ( 2 ) > 0 is transformed into the unit circle < 1. 

121. Find the general bilinear transformation of the half plane R( 2 ) > 0 on the 
unit circle |2i7|< 1. 

Obtain the level curves \w\ = constant for the functions w given in Examples 
122-4. 

122. 123. 2 + a3/2 124. sin 2 . 


125. If 2ttJ = 2 + show that the circles \z\ — k correspond to confocal ellipses. 


126. Ii2w — az + h/Zy show that the circle \z\ = 1 corresponds to an ellipse 
whoso foci are given by = ah and whose axes are |a| ± \b\. 

127. If w; = --^-4 (c real), show that the semi-circle determined by \z\ < c, 

(2 -f- icy 

R( 2 ) > 0 , is transformed into the real w axis and the upper half of the t<;-plane. 


128. lfw = 



then the real axis l{w) = 0 is represented by three circles 


through 1 , — 1 of centres i, 0 , •— i and also by the real 2 -axis; show also that the 
eight regions bounded by these loci represent I(ii;) > 0 and I(i«?) < 0 alternately, 
the point -f ioo being in the region I{w) > 0 . 

129. If w; is the principal value of z\ prove that the ring-shaped region bounded 

by \w\ = \w\ = e—^ corresponds to a similar ring-shaped region in the 

2 -plane. 

130. If w = — ic cot 42 (c real), determine the region in the t<;-plane that 
corresponds to the semi-infinite strip in the upper half of the 2 -plane bounded by 
a; = 0 , a; = 71, 2 / = 0 . 

131. li w a -y hz C 23 , prove that the a;-axis corresponds to a parabola which 
reduces to a straight line if I( 6 /c) = 0 . 

132. If = 4/(2 + 1)3, show that the circle l^j = 1 becomes a parabola. 

133. Prove that the transformation w — 22/(1 -f 2 ^) establishes a 1 — 1 corres¬ 
pondence between the interior of the circle = 1 and the whole of the w^-plane 
cut along the real axis from 1 to 00 and from — 1 to — co. 
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134. A circle of radius a in the z-plane has its centre at the point ia sin p. It 
is transformed to a curve in the ti?-plane by means of the relation w = z /z. 
Prove that this curve is a circular arc. 

135. Show that w — az hz^ (a, b real, positive and a b = 1), the circle 
|w;| = 1 lies outside the curve in the t/;-plane corresponding to \z\ — 1 except at 
w = I where they touch. 

136. Show that the substitution w = {az b)/{cz + d), where ad^ be, trans¬ 
forms the circle \z\ = 1 into \w\ \ ii (m + bb = cc dd and ab = cd, 

137. If = (2 -f k)/{z + 1)(0 <k < 1), prove that the locus of points whose 
distance from the origin are unaltered by the transformation consists of two 
orthogonal circles. 

138. The tangent at O to the circumcircle of OP^P^ meets P 1 P 2 on Q, If z^, Zz 
correspond to P 1 P 2 (0 being the origin), and z corresponds to the midpoint of the 

chord of contact of the tangents from Q to the above circle, show that - = 4- —. 

2 2 , Z 2 

^2—1 

* dz, show that as 2 describes the real axis from + 00 to 


139. If w 


=1? 


— CO, w describes its positive real axis from + 00 to 0 , then from 0 to -f 00 and 
then the line v = — in from + cx) to — 00 . 

Determine for Examples 140-3, the regions in the i 47 -plane that correspond to 

1 ( 2 ) > 0 . 

dw 


UO.f 
,42. J = 


141. 


dz 

dw 


: 2 - 1(22 _ 


143. ^ = - 1)-3(2 + 1 )-| 

dw 

144. If ^ = z-^z^ — I) ~l, prove that 1 ( 2 ) > 0 is represented by the interior 

of a quadrilateral A BCD, where these vertices correspond respectively to 2 = 0 , 
1, 00 , — 1 , and lie on the circle whose diameter is AC; and that AB = AD with 
/_BAD = 71/3. 

2 


145. Show that w 


= cj^(l -2« 


) ^ dz represents the interior of the circle 


[ 21 = 1 on the interior of a regular polygon. 

Prove by contour integration the results given in Examples 146-203. 


146. 


148. 


£ 


dd 


3 cos 6 
dd 


n 

2 


147. 


r 


cos 40 dd 
5 4 - 4 cos 20 


n 
' 6 


cos 0 -f- sin 0 — 2 


= — ny/2 


149. [ cos’^ 0 d0 = 0 if w is odd and f cos” d dd = - -.2n if 

Jo Jo 2.4 ... n 


150. J ^ 00 = 271 or 0 according as n is odd or even. 

f2- 

151. 

Jo 

r27T , 

152. 

Jo « 


9 + 16 sin^ 0 


2n 

15 


+ b cos 0 02 


\/(o2 — 02) J (fl^ |5| > Qj 
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153. 

155. 

156. 

157 

158. 

160. 

161. 

162. 

163. 

164. 

165. 

167. 

169. 

170. 

171. 

173. 

175. 

177. 

178. 


r: 

j: 

I 

I 

r 

Jo 


(4 + cos 2d)(iJd _ n 
~ 2 


17 + 8 cos 20 


gcos 0 cos (0 + sin Q)dO ny/e 
6 — 4 cos 0 “ 3 




cos 0 + cos 20 ) 


+ 8 cos 20 


rf0 = 


cos px dx n 
xsmmxdx n , 

^ ^ ^ ^ =-^e-”'/V-^sin(,m/V2) (m > 0) 


cos^ xdx n 


(x^ + 1)2 “ 

cos (nx)dx 


:/ 3 \ 

f 


.59. J 


cos (h7lX)dx 71 , 

- __ — p — JTC 

Q + 4 8 


71 

— -ze-\n\/^ 


x^ sin pxdx n 

( 3 ^ + a«) ^ cos (pa/V^) (p > 0 , o > 0 ) 


i: 

1 
I 

tan-i a; P 

f X tan -1 x 

Jo = 


(1 + a;2) cos (^7ix)dx n 
log (x^ + 1 ) 2n 

^ +-T = 73' 

(** + 1) log (x^ + l)(te n , 

0 ■ ^ + =.^ + 1 - = 73 


X tan-1 X 


dx = 


4a(l + a) 


{a > 0 ) 


/*ao 

. 168. I 

J 0 


3^ + x^+l 12V3 
log (** + !) 


a;2 + 1 


dx = 71 log 2 


log cos 0 dO = — ^71 log 2 


cos mx — cos nx 71 
-- dx =-^(n - m) { 


r 

f 

f 

f*" cos X _ Iti 

I 
I 
I 


sm(a;2) n 

- rta; =— 

X 4 


sin2 X 

0 xWTi)^^ 

sin X dx 


2 ' 

172 


. > 0 ) 


174 

7i(\ + e2) 


f ^ sin a; _ Iti 

•J.—.*=-7 

^00 

J 0 


a; — sin a; ^ 71 ^ 

^ 3 ^ 2 - 71 + = 4i<® - 


4e2 


/•OO 

L ^ 


sin2 X dx 7 i{5 + c2) 
2 = 


+ 1)" 


8e2 


1 


= “(1 + e-i^^) 


a:(2a;2 — 27tx + 71 ^) tv 

sin 2a; dx 27i(\ + c 2 ) 

(71 — 2 a;)(a ;2 + 1 ) ~ e 2 ( 7 r 2 _ j _ 4 ) 


bsl a 
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tna r°° tan-1 a:<fo: „ p sin‘a: n 

sin® a; 115jr sin® a; , IItt 

'*■• J. ^ - 384 

^00 . 

1 SU 

Jo 

.j 

Jo 


183 

184 


sin® X , 115jr 

sin a; + sin 2x — V3 sin a;V3 n 

--^ dx = -(17 - 9V3) 


sin ax sin hx sin cxdx n , 

- ^ -— =-^(2bc + 2ca + 2ab — — c^), 


(a>6>c>0, 6-fc>a) and -^c (a> b> c> 0, b -{■ c< a) 

sin ax sin^ bx , Tia nb^ 

-- dx = -g-(46 - a) (0 < o < 26), (o > 26 > 0). 


185. f* 

J 0 

f* sin’a* , , 

186.1 —^(fo; = _(a>0) 

there are \n tern 
r xfl'-^dx _ 

Jo 


»«-1 - n(n - 2)»-1 + -- r ^- \ w-4)»-1 


where there are Jr^ terms (n even) or 

: 71 cot ajt {0 <a <\) 
71^/2 


1.2 

+ 1) terms {n odd). 


■) 


188 

189. 


190 

192. 

194 

196 

197 

198. 


f 

■f 

r 

•f 

J -a 

•f 

^30 

Jo 

r 


x^ dx 

7^ + 1 "" 

a;3a dx 

X^ + X + 1 

X dx 
sinh X 


a( TIOL . 7taL\ 

^[cos -J- + sin 


(- 1 <a <3) 


271 


= i7Z^ 


\/3{l + 2 cos 2a7c) 

: cos mx dx 


,H<« = 


/•QO 

193. f 

Jo 


jl2g-7n7T 


sinh X 


dx 

e® + 1 ~ sin a7i 
x^ dx 

cosh X + cos a 


(0<a<l) 195 


■f 


(1 + 

cos xt dx 


(m real) 


cosh {x^^Tc) 


= Vi^- 


1 


cosh (tx/^Tl) 


0L{71^ - a2) 

• —-( a < 7z) 

3 sin a ^ 


sin 4a; dx 


(sin x){x^ + 1) C' 


= -.a + e») 


sin mx dx 71 — 1 , ..v 

(sin x){x^ + a^) ” a’e‘^® — 1^ even), 

7je(w-l)a _ 1 


199 

201 . 


■f 

Jo 


sech^ X dx 

4iX^ -f 71^ 

dx 


12 


200 . 


r 




dx 


4—71 


(x^ + 471^) cosh Ja; 47t 


(a;2 + 1) cosh '^tix 


= 1 — log 2 
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OCX sin 2 x dx n , , ,, n 

■ 2a 008 2;. + j log (1 + a), (|al < 1), j log 

(|a| > 1 ) (a real) 

rl’' l — r cos 20 , „ n 1 — r , . 

2rco8 20 + 7 » = 4 F+T (I’’! < 


rln 

Jo 1 

) (a K , 

rlTT J 

‘ Jo 1-^ 


H) 




204. If f(z) = + 


|(M>i) 

+ and has zeros (r = 1 to n) not 


necessarily distinct; 


and if u(t) 


= -f 

J c 


e^^dz 

fW 


where C encloses all a^, show that. 


if IJ ~ then 

J\J))u = 0; u(0) = u'({)) = u"(0) = . . . = w('‘-2)(0) = 0; w(«-i)(0) = l/a^. 

205. Find the solution of the equation u'" + u" + w' + w = 0 that satisfies 
the initial conditions w(0) = u'(0) = 0, u^\0) = h, 

206. Show that the multiple integral 

JJ . . . -\rCL2X^-\- . . . dX2 . . . dx^ 

extended over all positive and zero values of x^, a? 2 , • , x^ that satisfy the relation 
0 < + ojg + . . •< t (real numbers), is equal to the contour integral 


1 f dz 

2m] ^z(z — ai) ... (2 — a„) 

where C encloses all the points (real or complex). 

Use Example 206 to evaluate the integrals given in Examples 207-10, 

207. JJJe®+y+ 22 : dx dy dz for 0 < X + y z < 1 

208. dxdy dzdu for 0 < a; + y + 2 + w < a 

209. JJJe2;+22/+3z dydz for 0< 2x 3y z< a 

210. JJJ . . . Je®*+*>+ •••+*» (toj <^2 . . . dx„ 

f or 0 < + ajg + . . . + < a 


211. Show that JJ* . . . dx^ dx^ . . . extended over 

all positive and zero values of x^, a^g, . . a:n-i that satisfy the relation 
0 < a?! + 3^2 + . . . + Xn-1 < a 

where x^ = a — x^ — X 2 . . . — Xn-i is equal to the contour integral 


1 r dz 

27 ii] ^ (2 — ai)(2 — ag) . . . (z — «„) 
where G encloses all the points a,.. 

rc+roo 2ze® 

212. Prove that I - = ,—;—^ (a >0), (0 < c < 1) 

J^_.„sin® l + e«' 

213. Show that 


J_ 

1 o'* 


(fe = ie-"< (< > 0), 0 (< < 0) 

712 ' ’ n 


(t> 


0), 0 (^ < 0) 


where in both cases n > 0 , c > 0 . 

214. Prove the Maximum Modulus Theorem. lif(z) is analytic in a domain D, 
and \f{z)\ < ilf on a simple closed curve C within D, then |/( 2 )| < M for all points 
interior to C (except when/( 2 ) is constants 












408 


ADVANCED CALCULUS 


215. If/(2;) is analytic and regular for \z\ < R and \f{z)\ < M for |2:| = i?, and 
(0) = 0, show that \ f{z)\ < M r/R for \z\ — r and 0 < r < R. {Schwarz's Lemma,) 

216. If/(2) is analytic and regular for and max \f{z)\ on the circles 

\z\ = rj, rg, rg are ifg, respectively, where rj < rg < show that 

log Ml log rj 1 
log if g logrg 1 < 0 
log if3 logrg 1 

{Hadamard's Three Circles Theorem). 

217. If/(2:) is anal3rtic on and inside a closed contour C except at a number of 


poles within C, and does not vanish on (7, show that 


Ic 


{f'(^)/f{^)}dz ^m — Uy 


where m is the number of poles and n the number of zeros within C, each zero (or 
pole) being reckoned according to its multiplicity. 

218. If (7 is a closed level curve \w\ = constant {^ 0), where w —f{z) is an 
analjdic function, and/'(2) does not vanish on G, show that f{z) vanishes at least 
once within C. 

219. An analytic function f{z) and its derivative do not vanish on a given 
closed level curve C. lif{z) has n zeros within C, show that/'(z) has (n -- 1) zeros 
within G. 


Solutions 


2. - 3 - U 
5. - (0-68) 


3. 18 
(0-76)i 


26i 4. 0*26 

6. - 1-6864 


- 0-32t 
7. - 2i 


9. ,y.^(cos 20 -f- i sin 20) 


10 . 


8. sin (0 — (f}) — i cos (0 — ^) 

11. cK8n-i)7r {cos log ^2 + i sin log \/2} 12. J log 2 -f i(2n -1- \)tc 

13. {(tan y)sech2v'3 + i sec^ y tanh {1 + tan^ y tanh^ (y = 1) 


14. ^sinh3 15. 

17. — icothJjT 

19. 2n7i ± {\7i - i log J( V13 + 3)} 

21. {njr i)7i — ^i log tan (Jtt -- ^a) 

23. V2/4, - In 24. 2, Jtt 

26. 2 cos Ja, Ja (— n< a < n) 27 

28. J sec a, — a ( — n /2 < a < n/2) 

29. cos Ja sec ioc — ^ { — n< a < tt, — \n < P < Jtt) 

{(x - pY + (y - qY}i ( 2(xy - pq) \ 

- arc tan ( -5-5-—;) 

\x^ — + aV 


cos y cosh y i sin y sinh y {y — 1) lb. — 1 
18. {2n + ^)n — i log (2 i V3) 

20. (2n + \)in 
22. log 3 -}- •Ji(27i -j- \)n 
25. \/2, arc tan 7 

\/2 cos Ja, Ja — Jti (— jr < a < n) 


30. 


31. 


33. 


{(» + pY + (y + 
x^ — 3xy^, Sx^y — y^ 
6 + 5x — 4*^ — 4^2 


y^ — P^ + q^ 


32. 


lly 


a;2 _ yi _ 2xy 

(x^ + yY’ (** + y^Y 


(X - 2Y + y^ ’ (X- 2Y + y^ 


34. x^-yi + 2x + 4, 2y(x + 1) 35. ^ 

36. Locus of z is the line through perpendicular to the line joining Zg, 23. 

37. The circumcircle of 2^, Zg, 23. 

38. Arc of a circle passing through z^, Zg. 

39. A circle for which z^, Zg are inverse points. 

40. The straight segment joining 1, — 1. 

41. The y-axis from — ^ to — ico. 

42. The half of the hyperbola for which a; < 0, whose foci are ± 1> semi-major 
axis J and eccentricity 2. 

43. Ellipse of foci i semi-axes 3/2, ^2, eccentricity 1/3. 

44. The triangle z^, Zg, Zg is similar to the triangle 24, Zg, Zg. 

45. + Xi) ± — 2/2)}, 4 {(yi + yi)T V 3(«1 — a;^)} 

48. Find tan 7a in terms of tana. 
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49. Use result tan 16 = 1 tan 0 — 35 tan® 0 + 21 tan® 0 — tan’ 0 = 0. 

50. The roots of c* — 4c® — 12c® + 8 c + 16 = 0 arc sec 2rji/9 (r = 1 to 4). Use 
formula for cos 90 = 1. 

51. Express sin27r/7 + sin 47 r /7 + sin 67 r /7 as a product of sines 

= 4 sin 71/I sin 2jr/7 sin Stz/I 
and use equation sin 70 = 0. 

52. See Eocam^ple 59, 

53. Use (1 + 0(3 + 0(5 + 0(7 + 0(9 + 0 = 20(1 + 730- 

(3 

58. Put X — e^ and factorize 2 cos 40 — 1 

= 16(cos 0 — cos a)(cos 0 + sin a)(cos 0 + cos a)(cos 0 — sin a), a = 7 r /12 

59. Consider sin 7 i 0 = 0 . 60. Consider cos 2w0 = 0. 

61. The expression is 2"(a>^ + co®”). 

62. 2-i3(cos 140 - 2 cos 120 - 5 cos 100 + 12 cos 80 

+ 9 cos 60 — 30 cos 40 — 5 cos 20 + 20) 

63. 2~ 11(20 sin 20 — 5 sin 40 — 10 sin 60 + 4 sin 80 + 2 sin 100 — sin 120) 

64. 2-®(sin 90 — sin 70 — 4 sin 50 + 4 sin 30 + 6 sin 0) 

65. 2-10(14 cos 0 — 6 cos 30 — 11 cos 50 — cos 70 + 3 cos 90 + cos 110) 


66 . ± 


/ 37r 

(^cos-g 


37r . . 371 

+ ^sm-g■ 


67, 


68. 1 + z cot 


6r + 1 
cos —— 71 — 


27 
2r + 1 
12 


/ 71 . . 7i\ 

-7^ r = 0 


6r + 
^ 27 


71 {r = 0 to 5) 


69. + z, ± 7-l(cos Ja ± z sin Ja), tan a = \/3/2 

70. 1, 2a^ — a, 2a® — a®, 2a® — a®, 2a — a^ where a = cos 27i/5 + z sin 27i/5 

71. - z, i(V3 + i), - V3) 

72. ± 2-3/4(V3 + z), ± 2-3/4(-- 1 + i^S) 

73. ± 2-5/4{V3 + 1 + z(V3 - 1)}, ± 2-6/4{+3 - 1 - z(V3 + 1)} 

74. 2-4/3{y'3 + 1 + z(V3 - 1)}, 2 -i/ 8 (- 1 + z), 

-2-4/3{V3-1 + z(V3+])} 

75. 2i/3(cosa + zsina), a = 10°, 130°, 250° 

76. cos a + z sin a, a = 12°, 84°, 156°, 228°, 300° 

77. + z, + cos 18° ± z sin 18°, ± sin 36° ± z cos 36° 

78. 7171 - Jzlog(2 ± V3) 

79. {2n + l);r — z log (V2 + 1), 2n7i — i log(v'2 — 1 ) 

80. 7171 — Jtan-i 2 + ^ log 5 81. — § + ^ 

82. ( 2 ?z — J) 7 iz + log (2 ± 'v/3) 

83. }i7i{67i ± 1) 84. J(2w + l) 7 rz— ^ log 3 86 . — 27r 

88 . One real and +, one in 2nd quadrant and one in the 3rd. 

89. One within each quadrant. 

90. One real and +, and one in each quadrant. 

91. One real and +, one real and —, and one in each quadrant. 

92. One in the 2nd quadrant and two in the 4th. 

93. One real (= — 1), one in each of the 1st, 2nd and 4th quadrants. 

95. (z) 3i(65)i(cos Ja - z sin Ja), a = tan-l(^), 5i(145)l(cos iP + z sin ip) 
P = tan-i(12) ; (21)l(689)l(cos Jy + z sinjy), y = tan-l(f^). (ii) 4c^/2, — 4+2, 
4+2. 

96. Join 2 z to zoo, — 2 z to — zoo and z to — i, 

97. Join 00 to 2. 

98. Join 0 to 00 and — 1 to — oo. 

99. OscUlates finitely in each case. 

105. Put z = 7 r /+2 in ExaTnple 104, 


,A 
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106. Equate to zero the first three terms of the series in Emm'ple 105. 

108. Exterior of |i<;| = 1 in 4th quadrant. 

109. First quadrant of \w -{■ 1| = 1. 

110 . Exterior of + ^1 = in the 3rd quadrant. 

111. Exterior of — l[ = 1 , < 1 , v > 0. 

7^_ 13 

112 . Exterior of |z 47 — w < v < 0 . 113. w = — 

114. ^2 _|_ ^2 _ 2u + 4v = 0 

118. If A-^, Ag, Ag, A 4 are the four quadrants of | 2 | = 1 in the usual order, and 
Ag, Ag, A 7 , Ag are the exteriors corresponding to these; and if A^, . . ., Ag are 
the corresponding areas for then Aj, Ag, . . ., Ag become Ag, 

Ag, Ag, Ag, A 4 , A/, Ag. 

121 . w — ^ where 6 is real and Rf^o) > 

Z Zq* 

122 . Straight lines parallel to the ?/-axis. 

123. 124. (See Hardy, Pure Maihematics, XC, 28, 29.) 

125. Take z = cos0 + isin0. 130. The 3rd quadrant. 

134. If 2 is on the given circle, so also is c^/z, and the chord joining these points 
always passes through the fixed point K whose polar with respect to the given 
circle is the x-axis. The mid-point of the chord is always on the circle described 
on the line joining K to ia sin ^ as diameter and describes the arc of this circle that 
lies within the given circle. Therefore 2 + a^/z also describes an arc. 

Q 

135. \w\^ = (a + b)^ — 4a6 sin^ - if z = cos 0 + i sin 0. Therefore \w\ < 1 


except when 0 = 0, i.e. 2 = 1 = w;. 

138. If R is the point of contact of the other tangent from Q and S the mid- 
lK)int of P 1 P 2 , the triangles P-^OS, ROP^ are similar and therefore 

+ ^2) = 22/22 

140, 141. Equilateral triangles. 

142. Isosceles right-angled triangle. 

143. A triangle with angles 30°, 60°, 90°. 

145. Let 2 = cos 0 -f i sin 0, where 2mln < 0 < 2(r + \)n/n, (r = 0 to n — 1). 
Increase in amp dz due to increment 60 is equal to 60. Increase in amp (2 — Zg)^/" 
where 2 s = exp (2is7i/n) is 60/n; i.e. increase in amp 6w is zero. As 2 describes 
the arc between two consecutive vertices of the polygon determined by Zs, w 
describes a segment of a straight line. If the circle is indented at every z^, 
excluding Zs from the interior, the increase in amp dw at every Zs is 2n/n. Thus w 
describes a polygon of n sides, each angle of which is that of a regular polygon ; 


and the 

146- 

156- 

158. 

162. 

163. 

165. 

166. 
167. 
170. 
174- 

179. 


polygon is obviously regular. 

55. The unit circle |z| = 1. 

7. The infinite semicircle P for which ^z)> 0. 


159-61. P. 


180- 

183. 


Integrate (1 + e^^^)l(z^ 1)^ round P. 

Integrate e^'^^Kz^ — 2 + 1) round /’. 

Integrate log (2 -f i)l(z’^ — 2 + 1) round P. 

Integrate log (1 — iz)l(z^ — 2 -f 1) round P. 

Use Example 165. 

Integrate 2 log (1 — iz)l(z^ + round P. 

P indented at O. 171. Take u = x^. 

8. P indented at 0 or \n. 
logjzj^) 

2(22 -f 1 ) 

2. See Example 187. 

Integrate (e^^ + round P indented at 0. 


164. Use Example 163. 


169. Use Example 168. 
172. 173. Take x = u\ 


Integrate f. --- r round P indented at 0. 


184. Express sin aa; sin 6a; sin ca; as 

J{sin (a — 6 + c)a; + sin (6 -}- c —* a)x -j- sin (a + 6 — c)a; — sin (a -f- 6 + c)x}. 

185. Use Example 184. 186. Use Example 185. 
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187. Integrate f(z)= — ne^(.n-2)z _j_ 


n(n — 1 ) 

~iY 


'gi(n-4)2 . . 


the last 


term within the bracket being J(— or (— ^Q(n-i) e^, round F 

indented at O. Note that a;~w sin” x is equal to f{x) +/(— x) when n is even 
and f{x) —fi—x) when n is odd. 

188-91. The double circle \z\ = p, \z\ = R indented if necessary. 

192-6. Rectangles. 197. Integrate (e*^ + e^^^)l{z^ + 1) round JT. 

XT 1 sinwa; 

198. Use result = 2 cos(w — l)a; + 2 cos(w — 3)x + . . . + 2 cos x 

(or 1) and Example 156. 

199. Integrate [(^^ + :7i2)(l -f-cosh 2 )]~l round F or the infinite square 
X = ± Nti, y — 0, y = 2Nn (N integral —> oo). 

200. 201. U or an infinite square (Example 199 solution). 

2z 

202. Integrate — ^ ^-2iz rectangle x — ^ Jtt, y = 0, y = JR. 

203. Integrate [{(1 - r) + z\l + r)} logs:] -h [{(I - r)2 + z\\ + r)2}(l + ^ 2 )] 
round F indented at O. 

204. The integral may be differentiated with respect to t imder the sign of 
integration ; also u{t)^ u\t), . . . are equal respectively to the coefficients of 1 /z in 


the expansions of their integrals for 2 near oo. Thus/(Z))w(^) 


2m| o 


andi4(*’)(0) = 0 for r = 0, 1, 2, . . n — 2, whilst (0) 

dz 


= i.f 




2^-1 dz 1 


205. By Example 204. 


■ ” - si£ 


Ic(z+ 1)(2‘ + 1) 

206. Ref. Proc. Edin. Math. 8oc., Ser. 2, I{2) (1928). 

207. - 2e - 1) 208. 1 + + o - 1) 

209. .v}ij(2e3« - 135el» + 168ei® - 35) 

a»-i o»>-2 
l(» - 1)! ~ (n - 2)! 

211. See Ref. Examjde 206, Sdviion. 

214. Consider the harmonic function el/(*)l. 

215. Apply Example 214 to f(z)/z. 
log Jlf j log r, 1 

log |/(z)| log l^l 1 


2m j Q f{z) a 
= ik(e~^ — cos t + sin /). 


210. e«i 


216. Let A(z) = 


,+ 


+ ( 


- 1 )"-'} 


+ (-1)" 


log if j 


log r. 1 


i A log \zef(z)\ + V. 


log |^'‘/(*)1 attains its maximum for < |«| < at some point of the boundary. 
But max A{z) 


0 for \z\ = or 


2 1 =7*3, and therefore for \z\ = 
log Jii log ri 1 

max zl( 2 ) = log M 2 log rg 1 < 0. 
log iff 3 log 7*3 1 

217. Near 2 = ar, a zero of multiplicity rnr,f'(z)/f(z) is of the form m^/iz — 

+ analytic function; and near 2 = 6g, a pole of multiplicity ns,f'(z)lf(z) is of the form 
— Ws/(2 — ^s)* The integral is therefore Zm^. — Zn^ ^ m — n. 

218, 219. Let z describe the curve C from a point Pq, and let the length of the 
arc measured from Pq be s. When z moves from Pq to 2 ( 5 ), let the angle turned 

dz 

through by the tangent be (0 < y)< 2n). Then amp^ = rp. The point corre¬ 
sponding to 2 ( 5 ) is w where w = ce^^. Then amp ^ ^ But iif'(z)^ 0 
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on C,-^ = f'{z) ^ and therefore the increase in as 2 describes (7 is 27i + increase 

in amp f'{z). Since f'(z) is analytic in C (i.e. has no poles), the increase in amp/'( 2 ) 
is not negative (but may be zero). Thus the increase in i.e. of amp w is at least 
271 and therefore w has one zero at least within C, Also if there are n 
zeros of w within C the increase in amp w is 2n7t and therefore the increase 
in amp/'( 2 ) = 2{n — l)7i or there are (n — 1) zeros of f'(z) within C, 




CHAPTER XI 


4 

\ 


i 


INFINITE SERIES, PRODUCTS AND INTEGRALS. 


11. Convergence of Series. In considering the further properties 
of series and integrals we shall find it convenient at times to recapitulate 
the more important results obtained in earher chapters. 

00 

A 7iecessary and sufficient condition for the convergence of is 

1 

that corresponding to any £ ( > 0) a suflSx no exists such that 

m 

\Zu^\ < 8 for all m > 7^o. 


It is necessary but not sufficient for convergence that hm should 
exist and have the value zero. 

It is also necessary that hm nu^, if it exists, should be zero. For if 
liin nUf^ = I (^0), the terms are ultimately of the same sign (that of 1) 

and are numerically greater than —. |<!|. Such a series is divergent since 

2n 

QO 1 

Z- is divergent. 

\n 


H()wev(3r: 

(i) It is 7iol necessary for convergence that \\mnu^ should exist. For example, 
let u,^ = - when w is a perfect square and let ^ when n is not a perfect square; 


^ 1111 
then = 1 + ^ + 


82 + 


32 


+ 


00 1 

= 227-. 



00 

Thus converges but nu,^^ oscillates with limits 0, 1. 

I 

QO 

(ii) If is a decreasing monotone (> 0) and Eu^ converges, then lim nu^ does 

1 

exist (and has the value zero). (Pringsheim.) 

m 

For Eu^ < e and therefore (m — Wq + ^)'^rn all m > Hq. 

no 

Let m—> 00 , then since (Wq — must mu ^—>■ 0. 

(iii) It is not sufficient for convergence that lim nu^ should be zero. For example, 

27—r-— diverges. 
n log n ° 

11.01, Tests for Convergence, {Positive Terms,) It has been shown in 
§§ 4.1-4.19 that the convergence (or divergence) of a series of ^positive terms 
may often be established by a comparison with the known series : 


(i) 27c^(c > 0), 
1 


00 i 00 1 

(ii) Z— , (iii) Z— -—. 

1' 2 ^(log ny^ 
413 


28 






r 


I 
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The comparison is made by considering either (i) corresponding terms 
or (ii) corresponding ratios of successive terms. To effect these com¬ 
parisons it is therefore usually sufficient to find approximations for 
(i) or (ii) when n is large. 


n^ogn 

Examples, (i) Let > 2). 


(log nf’ 

Let A = rtlos ^ w*', B = (log n)” ; then since p log n <n log log n and 
(log n)^ <n log log n {n large, p independent of ?i), it follows that log A < log 2^ 

and A < B (all p). Take p = 2 and we find tha^ (n large). Thus the 


senes converges. 


(ii) Let = 


{2n + 2)(2n + 3), 


.(371 + 1 ) 


27 ** + 2 » 




n\ 

Here 

TAn+i- 27a;2 L 

The series therefore converges if < 4/27 and diverges otherwise (§ 4,18). 

11,02. The Cauchy-Maclaurin Integral Test. {Positive Terms.) Let 
J{x) be a positive non-increasing function of x, defined for all cc > 1. 

rx rn 

Let the integral 1 f{x)dx exist (ic > 1) and denote I f{x)dx by where 

is a positive integer. Integration gives 

0 <f{n) <In- In-i </(^ - 1 )• 

By addition, 

/(2) +/(3) + . . . +fin) <4 </(l) +/(2) + . . . +f{n - 1) 

/(I) >f{n) > 0 (where = I^f{n)). 


i.e. 


Also {S^ - IJ - {Sn-i - /n-i) =/(^) - { < 0, so that 

Ja-l 


the sequence is a non-increasing monotone of positive numbers. 

Therefore 8^ — In tends to a Hmit between 0 and/(I), and we deduce 


that the series ^f{n) converges or diverges with the infinite integral 


f{x)dx. 


Notes, (i) We need only consider cases where lim f{x) = 0, since if this limit 

X -^00 

exists, it must be zero for a convergent integral; and in any case lim f(n) must be 
zero for a convergent series. 


(ii) The series Ef{n) converges or diverges with the integral I f(x) dx and so 


I 

J 


the theorem is applicable when/(a;) is defined only for values > m(m fixed), provided 
the other conditions are satisfied. 


00 1 r dx 

Examples, (i) The series E — converges or diverges with J This integral 


converges if p > 1 and diverges if p <1. The series therefore converges (diverges) 
when p > 1 (p < 1). 
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(ii) Let f(n) = —; then 


Jl * “ 


log) 


Thus lim ( 1 + i + J + . 

n->oo \ 


r n) exil 


+-log n 1 exists and has a value y between 


0 and 1 . This limit y is called Evler^s Constant, and its value is 0-5772 (approx.). 
(§ 12,12 {{).) The theorem shows also that 

n-i(i) 


-m- 


log (to + 1 ) + 


e 


71+1 

Taking = 4, we find that 0-47 <y < 0-68. 

(iii) Show that = 2 log 2 + f log 3 - 3. 


(0 < 0 < 1 ) 


n / 1 

Denote 


( 7 ) by S„; 


then since 


71(36^2 - 1) 




+ , 


71 671 — 1 67i + 1 


it 


I -.v — 3/S'0/j-j-3 "o^Sw+l ^ 


follows that 27- 

l7l(367l2 — 1) 

= 3 log(67i + 3) — f log(37i + 1) — log(27^ + 1) - J log 71 + ^^ — 3 
\ where —> 0 as 7i —> 00 . 

Hut 


3 Iog(67i + 3) — # log(37i + 1) — log(27i + 1) — J log ti 
and the result follows. 


3 log 6 — f log 3 

(iv) Show that^lta^ {J ... + 

Hy the theorem. 


log 2 


W 1.2 + I 


+ 


+ (n 


1 __ dx _ 

[to — 1)“ — Jq wi* + ^ 


^rhen^fore lim 




1 ~ 1 \ 

= — arc tan I-J + — 5 ). 

m \ m / \m^/ 

)} 


(71 — 1)2 + 7l2j 

= {arc tan (^) + o{^)} = to/4. 

/ 1.03, Integral Test for a Double Series. (Positive Terms.) A proof of 

ii siinilar type will show that if/(a?, y) is a positive non-increasing mono- 
^ tone function of both variables, the double series n) converges 

>1* or diverges with the integral 1 1 f(x, y)dxdy taken over the rectangle 

J c J c 

c <,x A, c <,y <,B, when A, B —> 00 . Only functions f{x, y) that 
tend to zero when x, y—> 00 need be considered. 

Example. Let f{m, n) = (a, P, y, d> 0). 

If we allow for interchanges between m, n or between a, p and y, d the cases 
essentially different are 

(i) a > 1 , > 1 , (ii) a < 1 , y < 1 , (iii) cc> I, p < 1 , y < 1 , 0 > 1 . 

dx dy 


(i) a > 1, P>1 


^rr 


rrs?- - {fsKi"?}- 


xP^P + 

dx d 

The double series therefore converges, since J —, J ^ converge. 




















416 


ADVANCED CALCULUS 


(ii) a < 1, y < 1 (and suppose a > y) 
The double series therefore diverges. 


rr _d^dy_rr 
’ J J + an-i/S J 

, since I ^ di 


dx dy 

X<X(yfi + y«)* 


diverges. 


(iii) a>l, ;?<!, y<l, d>l ; then zl = a(5 — > 0. The straight line 

joining (a, p), (y, 6) in a $-r} plane is of the form p$ qy] = I, where ^ = ((5 — /5)/zl, 
g = (a - y)/zl {p, q > 0). 

1 

If X = Y = arYt/S, then d{x, y)/d(X, 7) = X Y ^ /zl and 

^-y I I 

rr dxdy 

J J xf^p + wry« “ A J J A + r 


Take X Y — u and Y = uv and the integral becomes 




til 

2^ A (1 - V) ^ 


-1 


du dv. 


Since X = w(l — v), we have 0 < v < 1 for the rectangle c<x<A,c<y<B, 
and when A, B — > oo, the extreme values of v tend to 0 and 1. But (a — P)/A > 0, 

rl (a-/3) S~y 

(d - y)/zl > 0 so that 1 V (I — v) ^ dv converges; and therefore the 

Jo » 

double integral (and the double series) converges when p q < I and diverges 
when p q> 1. 

Summarising: If the region in the ^ tj plane for which ^ > 1, ^ > 1 is denoted 
by Qf the double series converges if the line joining (a, p) to (y, <5) has a part in Q 
and otherwise diverges {see § 4.56). 

Note. For a test involving the use of a single integral, see Examples XI, 28. 


11.04. Convergence of Series in General. When the terms of a series 
are not all of the same sign, the comparison tests cannot be directly 
applied (except to establish absolute convergence, § 4.21). 

The best-known tests for convergence not necessarily absolute are 
called the Abel-Dirichlet Tests, which may be established by using the 
following lemma : 

11.05. AbeVs Lemma for Sequences. Let(i)() KVn (aWn > 1), 

r r 

(ii) G^ — MaxZan, L^, = MmZa,^ where 1, 2, 3, . . ., p ; then 

1 1 

V 

G^,v^ >ZanV^ >Lj,Vi. 

A 

For 

p 

~ ^i(^i *^ 2 ) 4“ ^ 2(^2 '^ 3 ) 4“ • • • 4" ^p) 4“ ^p^p 

1 

r p 

where s^ = Ean ; i.e. G^,v^ > Sa^v^ > LpVi since ?V-i — ^ ^‘)- 

00 

11.06. DirichleVs Test for Convergence of Series. If (i) Sa^^ oscillates 

1 

oo 

finitely (or is convergent), (ii) v^ —> 0 steadily, then Za^^v^ converges. 

1 

' Let Vf^ decrease steadily to zero. 
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Wt + /> 


By the lemma, | ^a^Vf 


< Kv„, where 


K = Max |a„, + . . • + rl (^’ = 0 to p). 

oo ^ 

But since oscillates finitely (or is convergent), the sums 

1 

\^m + . . . + «m-hr! 

must have an upper bound M (independent of m, p). Also an m exists 

m + p 

such that w„ < e (all n > m) since —> 0. Thus | y < Me (all 

m 

p > 0)', i.e. the series converges. If increases steadily to zero, it 

00 00 

follows that 2’(— converges and therefore also, 

i 1 

00 

IL07. Abel's Test far Convergence of Series. If (i) 2Ja,^ is convergent, 

1 

00 

(ii) is a bounded monotone, then is convergent. 

1 

For tends to a finite limit /, and therefore the sequence = — I 

tends steadily to zero. 

n n n n 

But and therefore converges, for Ea^u^^ 

111 1 

n 

converges by Dirichlet’s Test and Ea^^ is convergent (given). 


Examples, (x) 2^-^, 2^-^, 

1 1 

If ^ > 1, both series are absolutely convergent, since 

sinw0 1 |cosn6>| 1 
< — and . 

If p < 0, the series cannot converge since the nth terms do not tend to zero. 

^ sin inO 

Now Z sin ad = - sin J(» + 1)6; ^cos rtB = cos Rre + 1)0, 2rmi) 


and therefore these latter series oscillate finitely 2mn). 

If p > 0, both former series converge, by Dirichlet’s Test, when 2mjr. 

If p > 0, 0 = 2mn, the sine series converges to zero, whilst the cosine series 
converges only when p > I. 

00 00 

(ii) More generally, the series 27 cos n0, 2: sin riB are convergent by Dirichlet’s 

Test (0 ^ 2mn), if a„ —> 0. When 0 = 2m7i, the second series converges to zero, 

and the first converges if EaJ^ converges. 

1 

(iii) Alterrmtiim Series : — v^ + . . . (v„> 0). By Dirichlet’s 

Test, this series converges if tends steadily to zero. (Leibniz's Ride, § 4.23.) 

00 00 

11.08. The Convergence of Ea^ cos nO, 2a„ sin n6 (a„ > 0). It is shown 

11 

ill Emmple (ii) above that these series converge when a^, —> 0 steadily. 
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The following rule is useful in practice for determining whether is a 
sequence of this kind. If > 0, and o,n/(^n+i is expressible in the form 

= + |g)„| < A, independent of n) 

dn+l ^ 

then —> 0 steadily if // > 0, and does not tend to zero if [x < 0. 
{Bromwich,) 

Let = 1 + a/i; then, (omitting, if necessary, a finite number of 

^w+l 

terms) 

® . . 

(i) if // > 0, is a divergent series of positive terms. 

1 

00 . . 

(ii) if fc < 0, is a divergent series of negative terms. 

1 

00 

(iii) if fi = 0, is absolutely convergent. 


M —1 


n-1 

(i) /<> 0; ai/a„ = 77(1 + a^.) > 1 
^ 1 

(a,, may be assumed < 1, since lim == 0)- 

Therefore tends steadily to zero {a^^i is obviously < n large). 

(ii) // < 0 ; ai/a„ = ^(1 — /9^) (where = — a,.) < 
and therefore -^ + oo, since diverges. 

dn 


(iii) /x = 0; 


< V(1 + |a,|) < rV (1 - la,|)] ' (|a,| < 1). 

m L. 7U Jj 

n—1 

But, given s, an m exists for which ^|ay| < s (all n > m) since 2a^ 

m 

is absolutely convergent. 


Thus 
to zero. 


< 


n—1 




-1 


< 


1 — € 


and therefore a„ cannot tend 


3 3.4 3.4.6 «> 

Example. 1 — - + - z —— 7 -^ 7 —r-s\+ . • . == 

^ a a(a + 1) a{a + l)(a + 2) i ' 

Here (an/an+i) = 1 + (a — 3)/?i + 0{l/n^). 

The series converges only if a > 3. 

11.1. Uniform Convergence of a Sequence. A function F{x) 
may be defined as lim/(x, n) for those values of x for which the limit 

exists. Suppose that Fix) is so defined for all x in the interval a < a; < 6. 
Then for a fixed x in this interval, an integer Uq exists such that, for any 
given £ ( > 0), \F{x) —f{x, n)\ < £ for all n > n^. 

If, for definiteness, we take to be the least integer having the 
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required property, no is a definite function of x ; but, if it is possible to 
find an integer nj, independent of x, for which the inequahty is satisfied, 
the convergence of f(x, n) to F{x) in the interval a < a; < 6 is said to 
be uniform. This type of convergence is made clearer by drawing in 
the same figure the curves y = f{x, n) for n = 1, 2, 3, . . . and also the 
curves y = db The convergence is uniform if ultimately all the 
curves y =f{x, n) lie between the curves y = F(x) i e for the whole 
interval (a, 6). For simplicity in the following examples, we assume 
that a; > 0. 

Examples, (i) f{x, n) = (Fig. 1.) 

Here F(x) = 0 (0 < a? < 1); F(l) = J; F{x) = 0 (x > 1). 

It is obvious from the figure that the convergence is not uniform in an 




interval containing x = I, owing to the finite discontinuity there. Thus for any x 
in 0 < a; < 1 although \f{x, n)\ < ^ for n> n^y we can find other values of x 
(nearer 1) for which \f(Xy n)\ > e, for n > Uq, however large may be taken. 
The sequence is uniformly convergent in each of the separate intervals 
0 < a; < c < 1, 1 < Cl < a; < Cg. 

In the former, for example, take so that c^o <^{1 — ^(1 — 4e2)}(e< J), 

Zs 

but it is impossible to satisfy this inequality if c = 1. 

(ii)/(*, n) = (Fig. 2.) 

Here F(x) = ^x for all values of x, but a; = 0 must be excluded from an interval 

of imiform convergence; for when a; = /(a:, J (> i); i.e. there are 

71 ZTI 

always points x the interval 0 < a; < c for which |F(a;) —f(x, n)\ > J how¬ 

ever large n may be chosen. The sequence converges uniformly in the interval 
0 < Cl < a; < Cg, it being sufficient to choose to satisfy the inequality 

+ V(1 -4c2)}(£< J), 
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(iii) f(Xj n) — {Fig> 3.) 

Here F(x) = 0, all x> 0. But when ^ /(^y which tends to 

infinity. Thus a; = 0 must be excluded from an interval of uniform convergence. 
It is imiformly convergent in 0 < < a; < Cg. It may be verified that if $ is the 

greater root of the equation 1^6“ f = c^e (e < 4:Je\), it is sufiicient to take ; 

if e> 4/c2ci, any is sufficient. 

(iv) /(a:, tC) = 1 (Vig. 4.) 

Here F(x) — 0 for all x and the convergence is uniform in any finite interval. 
Thus in 0 < a; < c, it is sufficient to take Uq > l/2e; for/(a;, n)> 0 and 

1 {nx - 1)2 1 

fix, ”) - 2 » “ 2 » 1{1 + < 2»1 ^ 




11,11. Properties of Uniformly Convergent Sequences. 

I. If (i) f(x, n) F{x) uniformly in a < a? < 6 
and (ii) f (x, n) is a continuous function of x in a < x <6, then F(x) 
is a continuous function of a; in a < x < 6. 

By (i), we can find n^ such that |i^(a?) —f(x, n)\ < e (all n > n^) and 
for all X in (a, h). 

By (ii) we can find d ( > 0) such that \f{x, no) —f{Xi, no)\<e for all 
X m \x — Xi\ < d where a <,x, x^ <b. 

Therefore \F(x) - F(xi)\ < \F(x) -f(x, no)\+ \f(x, no) -f(Xi, no)| 

+ \f(^u no) - F(xi)\ <3e 
i.e. F(x) is continuous at a^i, any point of (a, b). 

In Example (i) above, F{x) is not continuous at a; = 1 and there is 
non-uniform convergence there. In Examples (ii), (iii) F(x) is con¬ 
tinuous for all a? > 0 although there is non-uniform convergence there. 

Notes, (i) The necessary and sufficient condition that f{x, n) should converge 
uniformly to F(x) is that, given e, we can find Wq, independent of x, such that 
\f(x, n) -f(x, no)| < e for all 71 > Wq. ^ ^ , 

(ii) The above examples show that uniform convergence is sujjicient for the 
continuity of F{x) when f{x, n) is continuous, but that it is not necessary. It is, 
however, necessary and sufficient in the particular case when/(a:, n) is monotonic. 
Let f{x, n) tend monotonically to F(x) for every fixed x in (a, 6), where /, F are 
continuous. Then E(x, n) = \f{x, n) — F(x)\ decreases steadily to z;ero for every 

















INFINITE SERIES 


421 


X and E(x, n) is continuous. E(x, n) attains its upper bound for one or more 
points Xni, Xn^y ••• of the interval, and since E{x, n) is a decreasing function, 
is monotonic, decreasing to a limit (5 > 0. The whole of the curve y — E(x, m) lies 
in the interval 0 < for all m> n. It is sufficient, therefore, for uniform 

convergence that (5 = 0. But if d were not zero, and ^ were one of the limiting 
points of the set XnU Xn2, . . . (w = 1, 2, 3, . . .), then in the neighbourhood of 
max E(x, n) is not less than d for all n. But since E(Xj n) —>■ 0 for every x, and 
E(x, n) is continuous, max E(x, n) can be made as small as we please in the neigh¬ 
bourhood of I by taking n large enough. We thus arrive at a contradiction and 
d must be zero. The whole of the curve y = E(Xy n) from and after some value 
of n, depending on e, lies between the lines = 0, y = e, and therefore E(x, n) — > 0 
uniformly, i.e. /(a;, n) —> F{x) uniformly. 

(iii) It should be noted that in the proof of continuity we deal only with a par¬ 
ticular point of the interval and that we may therefore write 

lim lim f(x, n) = lim lim/(a;, n) 

X — n —>-QO n —>-00 ^ x —>€rp^ 

when the convergence is uniform and the function is continuous. 


11. If (!)/(», n)—*-F{x) uniformly in a <* <6 
and (ii) /{x, n) is a continuous function of a: in a < as < 6 then 

I ”/(a:, n)dx = J where a <Ci < Cj <6. 

By 1, F{x) is continuous; also the integrals f f{x, n), I F{x)dx 

J Cl J Cj 

exist (and are continuous). 

Using (i), we can find «o (independent of x) such that if 
f{x, n) = F{x) + g{x, n) 

then \g(x, n)\ < e, all w > w# and all x in the interval. 


Thus j| ‘f{x, n)dx — j F{x)dx < j |^(aj, n)i^x < e(c 2 - Cj,). ^ 

'* I cc.. rca 

.001 f{x, n)dx = 1 F(x)dx, 

J Cl J Cl 


Examples, (i) Let/(a;, n) = n^xe-^^ (x > 0). 

I lim/(a;, n)dx = 0 (c> 0); lim J /(a;, n)dx = lim{l -(1 + rw)e-^^} = 1. 
The sequence is not uniformly convergent in 0 < a; < c. 


However, 


*, I f(x> n)dx = - (1 + rw^)e-^^ + (1 + nc^)e-^^ which—> 0 (Cj, c^> 0) 
J Cl . ^ ^ ^ 


•/ Ml 

and the sequence is uniformly convergent in 0 < < a; < Cg. 

ajn-i 

(ii) Let/(a:, n) = j „ (* > 0). 


i; 


/(a:, n)dx = -log (1 + 2^*) which —log 2 as w —> oo ; 


also 


f“ . r 

J lim/(a;, n)dx = J ^ — = 


log 2, since F(x) = 0 (0 < a; < 1), .^’(1) = J, 


F(x) = “(^> !)• 

The sequence is non-uniformly convergent in 0 < a? < 2, but the results of the 
integration are not necessarily unequal. 
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X , 

(iii) Let f{x, n) = ———^ which converges uniformly to zero, all x. In this 

JL ”p Tl^X^ 

xdx 1 P 

case limj ^ = lim log (1 + = 0 =J njdx. 

00 

11.12, Uniformly Convergent Series. The infinite series is said 

1 

to converge uniformly to the Sum Function /S(a;) in an interval a Kx <,h, 

n 

if the sequence = Zu^{x) tends uniformly to S(x) in that interval. 
1 

11.13. Tests for Uniform Convergence of Series. 

I. The M-Test, (Weierstrass.) If (i) (a < a? < b), where 

is independent of x and (ii) ZM^ is convergent, then ZuJ^x) is 
uniformly convergent in a <x <6. 

For, given e, rio exists such that ^M,. < e (all n > and all positive 
integers p); and therefore 

n+p 


\^u,(x) 


n+1 


n-l 1 
n+p 


n+p 


< < e 

n+1 n+\ 


and the value Wq is obviously independent of x. 

Notes, (i) The series is also absolutely convergent in a < x<. b, 

(ii) may be replaced by vjx) if Zv^(x) is a uniformly convergent series of 
positive terms. 

II. The Dirichlet Test for Uidform Convergence of a Series. {Hardy.) 
00 

If (i) Za^{x) oscillates finitely in a <x <6 in such a way that 
1 

__ n 00 

lim |2a,.(a:;)| < K (independent of x) or if Zaf{x) converges, 

1 1 
and (ii) v^(x) is a non-increasing monotone (for every x in the interval) 

oo 

tending uniformly to zero, then Za^{x)vJ^x) is uniformly convergent in 

1 

a < a; < 6. 

For, given e, we can find no (independent of x) such that \Vn{x)\ < e 

n+p 

for all 71 > Wo; and, by Abel’s Lemma, ^^cin(x)Vn(x) < sK for all n >no, 

71+ 1 

all X in the interval and positive integer values of p. 

00 

Thus Za^{x)v^{x) is uniformly convergent. 

1 

Notes, (i) If Za^(x) converges in a < a; < 6, then K obviously exists. 

(ii) If v^(x) is continuous for all n, then if convergent (monotonically) to zero, 
its convergence is uniform (§ 11.11 {ii)). 
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III. The Abel Test for Uniform Divergence of Series. {Hardy.) If 

(i) Eajx) is uniformly convergent in a < x < 6, and (ii) is a non- 

1 

increasing monotone for every x in the interval such that Vq{x) < K 

OO 

(independent of x), then Sa jx)vjx) is uniformly convergent in a < a; < 6. 

1 

For, given e, we can find (independent of x) such that 
|^^a.^(x)| < e for n > Tio and positive integer values of j>. 

n+l 

By Abel’s Lemma, 

n-Vv 

I y^o„(a;>„(a;)| < ev,n.i(aj) <ev^{x) < sK. 

n+l 

Thus Za„{x)Vn{x) converges uniformly in (a, b). 

1 

Notes, (i) If, in Abel’s Test, vj^x) tends uniformly to its limit v(x) (> 0) (which 
is therefore continuous when Vf^(x) is continuous), the result follows from Dirichlet’s 
Test by putting Vn(x) — v(x) for Vn(x) in the latter. 

(ii) By writing — for Vn(x) we obtain corresponding results for a non¬ 

decreasing monotone vj(x). 

(iii) When x does not appear in a„(x), it is sufficient to state (a) in Abel’s Test, 
that should converge, (b) in Dirichlet’s Test, that should oscillate finitely 
(or be convergent). 

CO 

Examples, (i) Power Series Ea^^^- If jB is the radius of convergence, the 

0 

series is uniformly convergent when |a:| < < R, by the M-Test; for we can 

take 

00 

Now suppose that Ea^R^ is convergent. Then v^(x)=(x/R)^ is a non-increasing 
0 

monotone, hounded in 0 < a; < (although it is not miiformly convergent in 

OO 00 / x\^ 

x< R). By Abel’s Test Ea^x^ = E{anR^).\-^) is uniformly convergent in 
0 0 

00 

0 < a; < jB, since Ea^RV’ converges (R^ 0). 

0 

Thus R belongs to the interval of uniform convergence; and similarly — R 

belongs to it if Ea^( — R)^ converges. Again, x^ is a continuous function; and 
0 

00 

therefore it follows that F{x) = Ea^x'^ is continuous in its interval; in particular 

0 

00 00 

lim Ea^x^ = Ea^R^, if the latter series converges. {Abel's Theorem.) 
x-^R 0 0 

CO ^ COS TWC 

(ii) The series (a) E —(b) E—By the iH-Test, these series are 

j n^ 2^ n-^ 

uniformly (and absolutely) convergent for all x when > 1. (Take = n-P.) 

cos \x — cos(?i -f h)x , , ^ j ^ , 

Now 27sin7ia: =- -—i - — (a?^ 2m7i) and is equal to zero when 

2 ^ Sin ^a? 

X = 2mn. 
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When 2mn, 27 sin nx oscillates between — ^ tan ^x and ^ cot Jx and these 

limits can be made as large as we please by taking x sufficiently near ( 4 ^ + 2 )jr 
and respectively. Therefore, in applying the Dirichlet Test, these points must 
be excluded from an interval of uniform convergence. Taking, therefore, the 
intervals 2m7t + a < a; < 2(m \)n — cl (0 < ol < n), and applying the Dirichlet 

Test, we deduce that the series is uniformly convergent if ^ > 0 . Similarly 
cos nx 

^ — - (p > 0 ) is uniformly convergent in these intervals. 


(iii) 2 


1 w(l + a; -f + . . . -f x^~^)‘ 


If 0 < a; < 1 , Ex'" < n and therefore nEx’' > (w + l)27a;’'. 

1 0 1 


Therefore the sequence ^ ^^ ^ decreasing monotone for every 

a; in 0 < a; < 1 . When x — 0 , the terms are all zero and when a; = 1 the terms 
are all equal to unity. 


Also for 0 < a; < 1 , 


nx^*^ nx^{i — x) 

1 + a; -f . . . + a;^^-i “ l — a;n ' 

1 


- 0 . 


Take v„(x) = .j, . . . 4 . ^n-i “PP*y Abel's Test. 


Then vj^x) is positive, non-increasing and is always < 1 in ()< a; < 1 . 

The given series is therefore uniformly convergent in 0 < a; < 1 (although 
v^(x) does not here tend uniformly to a limit). The series diverges when a; > 1. 


11.14, Properties of Uniformly Convergent Series. 

00 

I. If (i) S{x) =EuJ^x) is uniformly convergent in a <x <6, and 

1 

(ii) uj^x) is continuous in a <x <6 (all n), then S{x) is continuous in 
a <x <b 11.11). 

Note. Uniform convergence is a sufficient condition of continuity of AS'(a;). 
It is also a necessary condition when u^(x) is of constant sign (§ 11.11 (ii)), 

00 

II. If (i) S{x) = Eu^{x) is uniformly convergent in a < a; < 6 and 

1 

(ii) Un(x) is continuous in a < a: < 6 (all n), then 
J ^^Ujfpc^dx = UjJ^x)dx 

when a < Cl < C 2 < 6 (§ 11.11). 

00 

III. If (i) Euf(x) is uniformly convergent in a < a; < 6 and (ii) ujx) 

is continuous in a < x < 6 (all n), this being implied in (i), and (iii) 

Su„(x) is convergent in n < a: < 6, then ^ {2u„{x )} = 2^Un{x) for any 

1 d^' I 1 

valne in the interval. 
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i.e. 


or 


rJ'fao 00 

For by II, [Eu^{x)}dx = E{u^{x) — u,^{c^)) (a <Ci <x < b), 

Jcx 1 1 

{Eu,/(x) }dx = I\,(x) — Eujci), (using (iii)) 

Jcx 1 1 1 

^J£ujx)}==£u,'(x). 

Examples, (i) Expand log{l + V(1 — ^)} and prove that 
11 1.3 1 1.3.5 1 

(“) ^ “ 2'2 2 4‘4 2.4.6‘6 + ‘ ‘ • 


(b) 


/l + V2\ 11 1.31 1.3.61 

2 ) ~ 2'2~ 2.4 4 + 2.4.6'6 ' ‘ 


If M = log {1 + y'(l — »)}, u'(x) = — 0)> and J (a: = 0) 


,, , 1 1.3 a; 1.3.5 

^ ' 4 2.4 2 2.4.6 2 

convergent for |a;| < 1 — e < 1. 

Integration gives u{x) — w(0) = 


2x V(1 — x) 

(|a;| < 1), the series being uniformly 


1 X 


22 


1.3 

2.4*4 


1.3.5 x^ , , 
2 4 6 • K 


When a; = 1, if the general term is then > 0 and 

and therefore the series converges (§ 4.19). 

(2n + 1) 1 


2.4.6 * 6 

a, 


*n -f- 1 






00 1.3.5 

Thus (a) log 2 = 27 


0 2.4.6 . . . (2n + 2) * {2n + 2)* 

When a: = — 1, the series converges by Leibniz’s Rule. 

(2w-M) 


/l + a/2\ « 1.3.5 . , . 

Thus(6)log(-V^j=r(-l)n.^^j|^ 


{2n + 2)' 2» + 2‘ 


T. ri. 1 X,. X 1 1-3-5 1 1.3.5.7.9 1 

It follow., also that 2 + ^. 3 + 2 ;^;^ log (1 + V2). 

Note. An infinite series may sometimes be integrated term by term when it is not 
uniformly convergent. The most important class of such series are those that are 
described as bouiidedly convergent. A series is said to be boundedly convergent for 
the interval a < a; < 6 if it converges at all points of the interval and if the sum of 
n terms has a finite upper bound M, independent of n and x. It is easy to see, for 
example, that if S^{x) converges uniformly to S{x) except at a finite number of points 
in a < a; < 5 then term-by-term integration is legitimate if the convergence is 

(*c -|-6 


bounded. Let there be one such point c in the interval. Then S„(x)dx^0 


d —> 0 for all n (since 
(. lim 


'S„(»)| < M); 

rc+8 

Sn(x)dx —: 

C-6 


p. 

Jc-5 


0 when d - 


Thus lim | /S^„(a:)6^a; exists, being defined as lim lim < I + I > 8^(x)dx. 
W—6— >*0 n —>-00 I^J fl, J c-f-5 J 
rrc-6 rb ^ rrc-S rb ^ 

But lim <\ + I >S^{x)dx = *s | + I >S{x)dXy by uniform conver- 

n->oo [Ja Jc+5 J LJa J c+S J 

rb 

gence. The expression on the right when <5 —>• 0 defines I S(x)dxy since |^(a;)| < M. 
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Example. Let Sn(x) = | _|_ ^ 2 ^ 2 - Then Sf^{x) is not uniformly convergent at 
a; = 0. Here S{x) = 0 (x^{)) and S{x) = 1 (a; = 0). In this ease S^{x) is 

boundedly convergent since 8 J^x) < 1 all x, n and 8 (x) < 1. Thus 1 S(x)dx = 0 
1 

and lim j* S^{x)dx which is equal to lim tan~i is zero also. 

11.15. Uniform Convergence of Sequences of Complex Numbers. A 
sequence S{n^ z) is said to tend uniformly to a limit S(z) (where 
z = X + iy), in a given domain D, if, given e, we can find an integer n^ 
independent of z such that 

|AS(n, z) — 5 ( 2)1 < e for all n'^ n^ and all 2 in D. 

Notes, (i) The domain may consist of the points of a continuous curve C, in which 
case the sequence is said to converge uniformly along C. 

(ii) The necessary and sufficient condition that 8 ( 71 ^ z) should tend uniformly to 
8 {z) is that, given z, we can find (independent of z in D) such that 

|/Sf(w, z) — 8(71^, z)\ < e 
for all 71 > tIq and all z in. D. 

(iii) The only functions of the complex variable that we shall consider here are 
analytic functions; and it is to be expected that the properties of uniformly 
convergent sequences of analytic functions will be simpler than the corresponding 
properties of general fimctions of the real variable. 

11.16. Properties of Uniformly Convergent Sequences of Analytic Func¬ 
tions. Let (i) S{n, 2 ) be analytic in D 

(ii) S{n, 2 ) 5 ( 2 ) uniformly in every region interior to I). 

Then (a) 1 S{n, z)dz —> I S{z)dz, where the path of integration is 

J Zi J Si 

a simple curve lying within D. 

(h) S(z) is an analytic function within D. 

(c) S^^\z) is an analytic function for all r and its value is 


lim 


[ S^^^(n, z)dz 

I J Zi 


{Weierstrass). 


(a) Choose Uq so that |5(/fc, 2 ) — 5 ( 2 )| < e for all > no and all 2 
within I). Then 

11* S(z)dz — f S(n, z)dz < f |5(n, 2 ) — 5(2)1^5^ \ ^ 

where ds is the element of arc of the path of integration. But 


fi 

Jzi 


|;S(w, z) - S(z)|<Zs < si 


where I is the length of the path. 

Thus p5(w, z)dz^ ^'S{z)dz. 

J Zi Jzi 

(b) Let 2o be a point within D and C a simple closed curve within 
D and containing Zq within it. 
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Then N(z„) = lim S(n, z#) = lira 

2mJc(z — Zo) 


_ 1 f S{z)dz 
27iij c z — Zo 

by (a), since S{n, z)/(z — z,) is uniformly convergent to <S(z)/(z — Zo). 
Therefore 


N(z„ + dzo) — /S(z„) 


dzo 




But 


N(z) 


{z Zq)^(z Zq <52Jo) 


—J^l—Xdz. 
(z — z„)2(z — Zo — ^Zo) / 

is bounded on C ; and therefore S'{zo) 


exists and is equal to _ 

^ 2m}c{z-Zo)^ 


Butf -f =limf = 

J C ^o) j C ^o) J C 


We have proved therefore that S{z) is analytic within D and has the 
value lim/S'(n, z), 

By a similar proof, using the method of Chapter X, § 104, for obtain¬ 
ing derivatives of an analytic function in terms of integrals, we may 
deduce that S^'^\z) exists and has the value lim/S(^)(9^, z). 


Notes, (i) It may, of course, be proved that S(z) is continuous in D if S{n, z) 
is continuous. Thus if 8(n, z) is analytic, 8{z) is continuous at least. 

(ii) The convergence of z) to 8(^)(z) is obviously uniform. 

(iii) It is sufficient that 8(n, z) should tend uniformly to 8(z) along C and 8(n, z) 
should be analytic along G and within it, in order that 8{z) should be analytic 
within G. 


11.17, Infinite Series of Complex Variables. From the previous para- 

graph we deduce that if the series Eujz) is unifonnly convergent in D, 

1 

the sum is continuous when uj^z) is continuous and analytic when 
nj^z) is analytic. The integral of /S( 2 ) along a simple path within D- 
may be effected term-by-term; and when u^J^z) is analytic, the deriva¬ 
tives are obtained by differentiating the series term-by-term. 

11.171, Tests for Uniform Convergence of Series of Complex Variables, 
The most useful test in practice is the M-test: 

00 

If (i) is a convergent series of positive constants, and (ii) 

1 

00 

\'^n{^)\ < points in D, then EUn{z) is uniformly (and abso- 

1 

lutely) convergent in D, 

The proof is similar to that for the real variable. 

Note. Tests for convergence (ordinary or uniform) of the Abel-Dirichlet type 
suitable for complex terms have been given by Bromwich (Infinite 8eries, 80). 
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00 

11.18. Power Series in the Complex Variable. The series Ea^^z'^ is 

0 

uniformly (and absolutely) convergent for | 2 :| < R, where R is the radius 
of convergence; and the region of uniform convergence contains those 

oo 

points for which Ea^^ converges when \z\ = R, provided the mode in 
0 

which z approaches the boundary is of an appropriate type (§ 10.4). 


11.19. Convergence on the Circle of Convergence. If 0, we may 
without loss of generality assume that R = since the substitution 
C = z/R gives a power series in C whose radius is unity. 

I. Let a^ be real, and take z = cos 0 + i sin 6. The resulting series 

00 

Ea „(cos nd + i sin nd) is convergent, by Dirichlet’s Test, if «„ 0 

0 

(except possibly when 6 is a multiple of 27t). 

II. Let a„ be complex ; since we can multiply z by 

a suitable factor of the form e^ to ensure that (^n/^n+i) takes the form 
1 + ^(n) where —> 0. In many cases it will be found that 

can be written I + (fx/n) + (co^/n^) where |a)^| is bounded and X > I. 

Then (i) If R(//) > 1, we have already shown that there is absolute 
convergence. 

(ii) If R(/^) < 0, the series cannot converge since the general term 
does not tend to zero. (§ 11.08.) 

(hi) IfO < < 1, it may be shown that the series converges (not 

absolutely) except for 2 ; = 1. (Weierstrass, Ges. We^JcCy /, 185.) 


Eocamples. 


(i) The Binornidl Exjximion. 


00 

Zi - 1 )” 
0 


v{v - 1) . . . {v - 71 i- 1) 
w! 


When convergent, its value is (1 — «)»', and its radius of convergence is 1. It is 
absolutely convergent (i) for \z\ < 1, (ii) \z\ = 1, R(r) > 0. In this case 






w + 1 ^ I + 

n — V n 




It is not convergent for \z\ — 1, when R(v) < — 1, and by the previous paragraph, 
the series converges (not absolutely) for — 1 < R(r) < 0, except when z — \. 


(ii) The Geometric Series. 


I 


1+2 

the series does not converge at any point of the circle. 
Let z = re^ (0 < r < 1, — 71 < 6 < n); then 
I 


= 1—z + z^ — z^-\-. . ., when \z\ < 1 and 


Thus 


1 -f r(cos 0 i sin 6) q 
I + r cos I 


Z{ — l)”r”(co8 vB + { sin nd). 


1 H- 2r cos S r^ 
r sin d 


= 1 — r cos 6 + r® cos 26 . . 
= r sin 6 — r sin 20 + . . . 


I + 2r cos 0 + r^ 

These equations are true for all 0 and for 0 < |r| < 1, but it is convenient to 
restrict r, 0 as above. 
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Writing 0 n ior 0 we obtain 


1 — r cos 0 

n:'2rcoa'0 + r* = ^ + '•<=080 + r“cos20 + . . 


r 8in0 


1 — 2r cos 0 + r2 
Simple deductions from these are 
1 - r2 


= r sin 0 + r2 ain 20 + . . . 


1 - 2rco80 + r* = ^ + 2£r«cos»0; r i2rcos0 + r^ = ^ cos «0 ; 


1 - r2 


cos 0 — r 


1 o ^ . « = ZV”~icos? 

I — 2r cos 0 4- r2 ^ 


cos 710 d0 


cos 0 + r 00 

H-2rco8e + r» = f ~ cos n6 ; 


f _ 

J ^ 1 _ 2r COS 0 + r 2 “ j integral, 0 < r < 1), the series being uniformly 

convergent for r < 1 and all 0 by the Jf-test. 

P dz 

(lii) The Tjoganthmic Series. \ —- = log(l -f z), where the path of integra- 
Jo^ + ^ 


tion is the line joining O to 2 , (z^ — 1). 

The infinite series for (1 + converges for \z\ <1. If P(re^®) is a point inside 
this circle, we have log(l + 2 ) = log^jP + i<l>, where is the point — 1, and ^ 

(between — Jtt and + ^n) is the angle that A^P makes with OX. {Fig. 5.) 



Thus J log(l + 2rcos 0 + r^) + i arc tanf . ^ sin 0 \ 

\1 + r cos 0/ 

= Z - Jz* + . . . 


= cos ra0 + i2(— 1)«—i— sin »!0 (0 < r < 1). 

1 71 1 7 ^ 

By Dirichlet’s Test, both series on the right are convergent for r = 1 (except the 
cosine series for 0 = n). The above equation, apart from the exceptional case, is 
true for r = 1. 

29 
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Thus 


27(— 1)^-1—cos riB — J log(l + 2r cos d + r^); 


n 

r sin d 

2J(— sin nd = arc tan ^ 

I ' n 1 + r cos 6 

for 0 < r < 1 and all 6 and 

00 cos nB 

Z(— l)^“i- = 4 log(4 cos^ (— 7t < 6 < 7i); 

1 n - 

00 sin TiJd ^ , sin 7id 

r(- 1)^-1 =id{-7t<d <7t); ^(- = 0(0 = ± Jr). 


The sine series is represented for — tz < 0 < 7i by the part of the line through 
(ti, Jtt), (— tt, — \7i) that lies in the interval. It is finitely discontinuous at the ends ; 
and its value for other values of 0 is obtained from its obvious periodicity in 2n, 
Writing ti — 0 for 0 we find 

cos w0 = — J log(l — 2r cos 0 + r^) ; 

1 

00 r sin 0 

S— sin 710 = arc tan --^ (0 < r < 1, all 0); 

1 — r cos 0 

« cos 1 


= - i log(4 sin2 J0); 


S- 
1 ^ 

00 sin 7iB 

E - = J(Tr - 0) (0 < 0 < 27 e). 

1 ^ 

00 COS w0 00 sin vB 

Notes, (i) The series (7(0) = E — - —, S(d) = E — - — are, by Dirichlet’s Test, 

uniformly convergent in an interval that excludes the points 2n7i. 

’^sin nd 

(ii) If S(n, 0) = of some interest to consider the limiting form of the 

curve y — S(n, x) djan tends to infinity and x tends to zero. The double limit has 
different values according to the way in which the parameters n, x tend to infinity 
and zero respectively; and we have shown above that in particular lim lim S(n^ x) 

n —>>00 X —>0 

= 0 whilst lim lim S{n, x) = Jtt. 

X —>^ n —>-00 


U " ^ f’^sin(w -f "■ sin J0 Psi 

6f(w, a:) = I (.r cos nQ)dQ — I -:— 77 - dO = — hx -\- \ — 

J0 1 Jo ^ sin “Jo 

f"sin(7i + 4 

nX.Jo 2 sin 40 


and we have shown that 


dd 

4)0 


''sin(w + 4)^ 
2 sin 40 

Jtt (ar^j^ 0), 0 {x == 0). 


dd; 


‘sin <l> 


T(n, x) 


d<l>, <^ = (w + 4)0> = 

• 71/2 {x ^ 0) whilst T{n, x) —>► 0 (a; = 0). 


-f i)x, and therefore 


Consider the function T(ny = J 

g 

If a; 0, T{n, a;) = I - 

Jo 

i, x) —>• 71/2 (a; ^ 0 ) V 

Thus ^(n, x)——\x-\- T(n, + J sin(n + sin 40 ” 


that U(n, 


• 0 for 0 < a; < 2Tr, a result that 


may be verified directly by integration by parts. 
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Now when a; 0 , the niaximum value of T{n, x) for a given n occurs when 
n = (n \)x = 71 (since T'(\c) — sin u/u) i.e. the maximum value of T(n, x) is 
sin <l> 

I — d<l> (= 1-85 approx.). The convergence of C7(w, x) to zero is easily shown 

Jo 

to be uniform. 

Thus the limit of the curve y = 8{ny x) consists of a set of segments through nn 
equal and parallel to the segment joining ( 0 , Jtt) to (27r, — ^tz) together with a set of 
segments through (2n7i, 0) parallel to the segment of the y-axis between y = + 1-85 
and y = — 1*85 approx. These segments parallel to the y-axis project above the line 
y = ^71 (and below y = — Jtt) by an amount 0-28 approx. {The Gibbs Fhenomewm.) 

It should be noted that we have proved that the series is boundedly convergent 
(and that therefore it is legitimate to integrate term by term over any interval in 
order to obtain the integral of the sum.) 

00 sin fiQ 

(iv) The Series obtained by Integrations of E -. Integration from 6 to ti gives 


1 


1 


(cos 0 1) + ^ (cos 20 — 1 ) + . . . = Lq 


Thus 

(;os 0 ™ cos 20 + ^ cos 30 + 


1 


1 


• = 4^' - 2^0 + - (1 - ^ + 32 


the series on the right being convergent (absolutely). 

The series on the left is imiformly convergent for all 0. 

1 1 71^ 

Putting 0 = 0, we find that 1 + ^ + ^^+ - • from which we deduce that 


1 


1 


1 + 22 32 ~ 0 ^ ~ 22 ^ 32 ~ 42 ^ ~ 12 


and therefore 

cos 0 + ■ 


1 


1 


1 


J cos 20 + ^ cos .30 . . • = -0 — -^0(271 — 0) (0 < 0 < 27t), 

Integration of the last result from 0 to 0 gives 

0(0 — 7i){d — 271 ) 


sin 0 + ^ sin 20 ^ sin 30 ... — 

and in particular (for 0 = ^ti) 1 — ^ ^ ^ • • 


(0 < 0 < 271) 


38 

Tid^ 


32* 


A further integration gives 

« cos nO 0 ^ 

7 ~ 48 12 

7® ] 


71^02 (»1 

~ nr + 


. ^ 71^ 1 11 

0 = ngives - ~ 48 7 deduce 1 + sj + + . 


24 r 34 
2 


71* 

^90’ 


ill -I?! 11 

1 - 2^ 34 * • * ~ 7^ ’ 1 ^ + • • • = ^ 


Also 0 = 71/4 leads to the result 

1 


1 34 5 * 1*'^ 9* 11^ 


llV27r4 
1536 • 


(v) The Series for arc tan z. arc tan z 


=i:r 


dz 


+ 2^2 


. _2»3 _j_ _ 

3 5 


< L 


When \z\ = 1 , take z == cos 6 -\- i sin 0; and therefore 


arc tan (cos 6 + * sin 6 ) = Z(- 1 )» i)n 

0 + I o' ' 27i -f- 1 


2 n + I 
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except when 0 = di ; and the convergence of these series of cosines and sines is 
uniform in — ol < Q < — ol {ol> 0 ). 



FTG. 6 


Now arc tan z (on the unit circle) 
■ — z 


= - JOog - 


+ z 


= - i*{ I I < 0 < 

B the points — i, 

A, PJ5 /tt \ cos^ 

Also = tan j( - — 0 ) = — ; 

B^P j cos|^ 

In 

(i-t) 


where P, B are the points — i, z, i and R( 2 j) > 0, 

j ^ — sin J0 
} ^ + sin J0 

This gives the results 
cos 6 — ^ cos 30 + i cos 50 ^ Ijt, 


sin 0 — i sin 30 + i sin 50 . . . = } log tani 
The sum of the sine series may also be written 


— hn <0 < Jtt. 


^ — sin 0y 


or Jlog(sec0 + tan 0)2. 


When 0 —> ± n/2, the cosine series tends to zero and the sine series to d: oo. 
Putting 0 — n/2 for 0 in these series we obtain also 

sine + ^sinse + i8inr)e + . . . = j; cose + icosSe + gcosse = Jlogcot| 


Integration in the interval O<a<0<7r--a gives 
cos 0 4- p cos 30 d- ^ cos 50 


(0 < 0 < n). 


, = C-i;nO 

but since the series on the left is uniformly convergent at 0 = 0, we obtain 


^ 32 5* ■ 


^ *1, * V + l)e n 

= C SO that 27 cos — 


{2n + 1)2 8^^ (0 < 0 < n). 


A further integration gives: 

11 nO 

sin 0 + p sin 30 + ^3 sin 50 ... = -^n — 0) (0 < 0 < n). 
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Notes, (i) For the interval -n<0 <0, and for 

0 -j- L 

- » < » <0, .e h.™ - I<* + »»IfriF - -?"■ + “>• 

(ii) Integration of the series for J log cot 0/2 will give 

sine + psin3e + i8in5e + . . . = |dlog cot JO + J f (0 < e< n). 

JoSiny 

(iii) ^ The various formulae in this example may of course be deduced directly from 
those in the previous example. Thus if we take 


00 sin fijQ 

S{0) = 2 —then 8(0) = i(3i - 0) (0<0<27i); <S'(0)=0 = 8(2n). 
sin 2/i0 

2(0) = 2——, then T(0) = \(7t-20) (Q<0<7i ); KZti-W) (7i<0<2n) 

and ^{O) = ^(^t) = T(2}i) = 0; 
so that 


Bind+ i8in3d + gsinhd . . . = 8(0) - IT(0) = ^((i <0 < 7 i), -j(n<0 <2n) 
and the sum is zero for 0 = 0, tt, 27 r. 

11.2. Infinite Products. If the sequence 


(1 4~ ^i)(l 4~ ^ 2 ) *..(14- 

tends to a limit P ( 52 ^ 0 ), when n tends to infinity, we write P = 11(1 + u^) 

and call the expression on the right an infinite product. If P=z 0 , the 
product is said to diverge to zero, thus preserving the correspondence 

between the infinite product and the infinite series ^log |1 + Un\- 

.00 1 

Since log |P„| = ^log |1 + m„(, it is necessary (but not sufficient) for 

convergence that lim m„ should be zero. Consequently, in investiga tin g 
conditions for convergence it is sufficient to assume that all the terms 
(1 + “n) are positive. For definiteness also, we shall assume that |m„| < -|- 
so that ^ < 1 + < f. In apphcations, however, there may be a 

finite number of terms (when there is convergence) that do not he between 
these limits and there may be a finite number of negative terms. It will 
always be assumed also that no term is — 1 ; if, in an actual case, there 
are a finite number of terms equal to — 1 , the product is said to con¬ 
verge to zero, when the product of the re mainin g terms converges. 

By the mean value theorem 

l"**’ 2(n^. ("<«< !>■ 

Therefore 

0 < — log(l + M„) < 2u\ (all n, since 1 > 1 — 1 m„|) 

vt -f j) m-\- p m + q ) 

i.e. 0 < ^u„ - 2^ log(l -f w„) < 

m + 1 m 4-1 m +1 
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00 

If then 2^1 is convergent, the infinite product 

1 00 

(i) converges, when Eu^ converges; 

1 00 

(ii) diverges to + oo, when Eu,^ diverges to + oo ; 

1 

00 

(iii) diverges to zero, when Eu^ diverges to — oo ; 

00 1 . 

(iv) oscillates, when 2^^ oscillates. 

1 

Again, since 1 + < 1 + \u^\ < |, then — log(l + u^) > 

00 

SO that if Eun diverges, the infinite product diverges to zero, when 
00 1 00 ^ ^ . 

(i) EUf^^ converges or (ii) Eu^ diverges to — oo or (iii) Eu^ oscillates in such 
1 } . , ^ 
a way that its upper hmit is not + oo. 

oo 

No information is given from these inequalities when 2V diverges and 

oo 1 

EUn diverges to + oo or has + oo as its upper limit. In such cases, the 
1 

infinite product may or may not converge. (See Examples (ii), (iii) below.) 

There must, however, be divergence when Eu^ is divergent and is 
of constant sign (see next paragraph). 

It may be seen from the above that in general a sufficient (but unneces- 

QO OO 

sary) condition for convergence is the convergence of both Eu^^ and Eu\- 

1 1 

Examples, (i) (1 -f ix)(l — Ja:2)(l + . . . 


^ 1 1 o 

Here Eu^ 2^ ” 3^ ' 


« „ X* x^ 

• 5 = 22 + p + 4^ + 


Eu^ converges if — 1 < a; < 1; Ev^ converges if |a;| < 1. 

1 ^ 

Therefore the product converges when — 1 < a;< 1. 

00 00 

When a; = — 1, Eu^, diverges to — oo and Eu^ converges. The product diverges 
1 1 " 

to zero. 

When |a;| > 1, does not tend to zero, and the product is not convergent. 


(ii) 




00 00 ”/l\ 

Here Eu^, E'v^^ diverge; but 77^1 + > 1 + therefore the 


1 1 
product diverges to + oo 


1 


(^^^) + /2)(^ 2 V2)(^ 3 \/^ ‘ ' 


« 111 
77(1 + u,) where ^ 2 n = " “ 


3 


1 


2w 


2n j ^ j 2n+l 

HereZ«, = 2 + 3 + • • • +-; 


+ Eu^; so that Euj. diverges 
3 


to 00 , 
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2 n n / 2 2 2\ 2 2 n oo 

Also Zii,® = ^j 5 2" ^ ^ ; so that 2V also 


3 2 

diverges to + oo. 
2»+l 


2n+l 

2 

3 

V 2n 

n 

3 


2»+l / 2 \2w 2n 71/ 2 \ 

But/7(l+«,)=(n-;^^^^^^j/7(H-«,); 77(l + «,)=77(l+^); so 


1 


that the infinite product converges since E S-^ both converge. 

11.21, The Case when is of Constant Sign. Suppose > 0 ; then 
00 ^ . * 

if 2a^ is convergent, so also is Eoc^^ for < 1 (ultimately) and is 

i 1 

tlicii less than a„. 

CO _ 

The convergence of Eol,^ is therefore sufficient for the convergence of the 
00 1 
product 77(1 + a,t). 

In n ^ ao 

Also since 77(1 + a^) > 1 + the divergence of Eoc^ implies the 
11 1 
divergence of the product. 

qO 

Thus the convergence of 2a^ is necessary for the convergence of the 

1 

product. 

71 

Again, 0 < 77(1 — < 1 and therefore the convergence of 

CO ^1 00 

77(1 + (x.n) imphes that of 77(1 — ; whilst the divergence of 

1 1 
CO ... 

77(1 + ocn) (to + oo) imphes the divergence of 77(1 — oc^) to zero. 

1 _ . \ . 

Summarizing .—^A necessary and sufficient condition for the convergence 

X CO 00 

of 77(1 + a^) and 77(1 — oLf) (a^ > 0, all n), is the convergence of Eol^,- 
1 1 1 

11.22. Absolute Convergence of an Infinite Product. The product 

CC 

77(1 + Un) is said to be absolutely convergent when the series 
1 
CO 

2 'log(l+i/^) is absolutely convergent (assuming as before that 

(1 + t/J > 0). 

If 0 < a < 1,1 log (1 - a)| = log ^ (1 + a). 

Therefore, log(l + |i^^|) which equals |log (1 + ^Jl when u^^O 
is less than |log (1 + uj] when u^ < 0. 

CO 00 

i.e. 2'log(l + \u^\) converges when i7|log (1 + wj| converges. 

1 00 ^ 1 

If, then, 2* log (1 + uf) is absolutely convergent, the infinite product 

00 1 

77(1 + is convergent, a necessary (and sufficient) condition for which 
,1 00 
IS the convergence of E\u^\. 

1 
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Now suppose that converges ; then and both converge 

I n 1 1 

since = \Un^\ <\u^\, i.e. 11(1u^) tends to a limit P and 

/7|1 + tends to the limit |P|. Thus 2’|log(l + u^\ —> log |P| 

1 ^ ^ 1 . . 

Summarizing ,—^A necessary and sufficient condition for the absolute 

convergence of 77(1 + ^n) is the absolute convergence of Eu^, Also, since 
1 00 1 
the sum of the series 27 log (1 + u^, when absolutely convergent, is 
1 

independent of the order of the terms, it follows that the value of an 
absolutely convergent infinite product is unaltered by a derangement of 
the factors. 

11.23. Uniform Convergence of an Infinite Product. The sequence 

n 

Pn(^) = 77(1 + is said to tend uniformly to the function 

1 


P(x) = 77(1 + Uffx)), if, given e (> 0), there exists an integer m, inde- 
1 

pendent of x, for which 


7^m + p (^) _ I 

Pm (Xf 


<8 


(all integers p). 


It follows from this definition that if (i) EM^^ is a convergent series of 

1 ^ 

positive constants and (ii) for all x in the interval a < a; < 6, 

then the product converges uniformly in this interval. For the products 


77(1 ih Mf) converge and therefore an integer m exists for which 

1 m+p m+p 

l-e< 77 (1 - MJ< 77 (1 + M„)< 1 +£. 

m+1 m+1 

m+p m+p m + p 

But 77 (1 + Un(x)) hes between 77 (1 — M^) and 77 (1 + M^) and there- 

m+l m+1 m+1 


fore 


m + 


p 


Pmi+) 


- 1 


< 8 for all integers p, the choice of m being 


obviously independent of x. 

If, in addition, u^(x) is continuous in a < a; < 6, the product is also 


continuous in this interval: for the series E log (1 + uj(x)) is uniformly 

1 

convergent. 

11.24. The Logarithmic Derivative of an Infinite Product. If 


00 

*P(x) — 77(1 + u^(x)) is continuous, so also is logP(a;) (1 + u^(x) > 0). 
1 

This possesses a derivative given by 

P'(x)_f u^\x) 

P(x) 1 i + u^(x) 

when the series on the right is a uniformly convergent series of continuous 
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functions. For the application of this result, we must then assume at 
least that M„(a;) possesses a continuous derivative. 

00 

Examples, (i) 77(1 + nx‘^). 

1 00 
The sequence nx"^—> 0 only when |a;| <1. When |a;| <1, Snx^ is absolutely 

1 

convergent. 

00 

Therefore 77(1 + nx^) is convergent (absolutely and uniformly) in the interval 
1 » 

— 1 < a;i < a; < 0^2 < 1 . 


00 /x^ 4 - x^^\ 00 / x'^ — 1 \ 

= + !—>)• 


When a; = 4: 1» the product converges to 1. The sequence (1 + a;2»*)~i coii- 

00 00 

verges to zero only when |a;| > 1. Also 27(1 -f a;2»»)-i < Zx-^^, which converges 

1 1 

when |a;| > 1. Thus if Cj is any number > 1, we can take = (Cg^ — 1)/(1 4- 

c 2 — 1 

where Cg is any number > c^. Then 0 < u^(x) < ^ when < |ic| < Cg. 

1 + Cj 

The product converges ahsohUdy when \x\'> 1, and it converges uniformly for 
1 X ^ c^. 

2a;2« 

Actually P„(a;) is easily seen to be t—— from which we deduce that l\(x) —> 2 

1 X 

when |a;| > 1 and Pn(x) —>■ 1 when |a;| = 1, whilst Pn(x) diverges to zero when 
|a;| < 1. 

(iii) To show that 77(1 + a:2^)77(l + a;2«-i)77(l — a;-^-!) = 1 if |a;| < 1. The 

1 1 1 00 00 
products are all absolutely convergent when \x\ < 1, since i7a;2n-i, Zx^^ are abso- 

1 1 

lutely convergent. The factors of the product may be taken in any order; thus 

7^(1 + a;2«)^(l + a;2n-i) = ^(i + x^); n{l - x^^)n(l - a;2n-i) = J7(l - a;^) 
11 111 1 

i.e. J^(l + a;2«)i7(l + x^^-i) f[(l - x^^)n(\ - a;2n-i) = i7(l - x^^). 
11 11 1 

00 

The result follows since 77(1 — x^'^) is not zero. 

1 

(iv) The product (1 + J)(l — -J)(l + J)(lj— i) ... is convergent (not abso- 

00 1 00 1 

lutely) since Z(— 1)"—converges (not absolutely) and 27-^ is convergent. Its 
2 » ^ 2 

. ... /3 2 \n \ /3 2 2n + S\ , 

value IS liin I s'S • • • 'S—TT I or 1™ I ... -s—I = 1. 

\2 3 2n + Ij \^2 3 2n + 2) 

A rearrangement of its factors will in general alter its value. For example, 
consider (1 + i){l + i)(l - *)(! + i)(l + i)(l ~ i) . . . 

If the product of n factors is P^, then 

lim Psn+i = lim P‘Sn+2 = lim Psn = hm if lim Psn exists. 

n —>>00 n — n —>>co n —>•'» n —>-oo 


But 


Psn- 


1 \ 

~ lenO n 

11 i-L =-• 

>[V - J) "®"2 


4 sin- 


= V2 (§ 11.34). 
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(v) Let P(x) = //(l + 

(l + = 1 + ^^{1 + 6), where 0 = 0 Q. 

If is any finite number (> 0), we can choose sufficiently large to ensure 
that |0| < J for w > Uq. 

x^ 00 1 

Then + ^) < for all |a;| < x^ and n > n^. Therefore, since 27^ is 

convergent, the infinite product is uniformly and absolutely convergent for all 
finite X, 

00 / 1 i\ 

The series obtained by differentiation is not being a negative 

integer), and since nx/{x + n)—^x when n—^oo, the sequence nx/{xn) is 
bounded throughout the intervals —1 <k<x<,Xi, — m<k<x<l<— 

(m being a positive integer). Also nx/{x + n) is ultimately of constant sign (that 

X K 

of x). Thus a constant K can be found such that ^ , showing that 


n(x + n) 


I 1 \. 

the series is uniformly (and absolutely) convergent in these intervals. 

We may therefore write ^ —^) and similarly obtain the result 

d^. QO 1 

^2 (log k(^)| }= ~ n)^ * fiSime intervals. 


11.25. Infinite Products of Complex Numbers. When u„ is complex, 
it will be found sufficient for the cases likely to arise to apply the test of 

absolute convergence, viz. the convergence of E\uf[. 

1 

00 

Also, if n(l + M„( 2 )) has the value P{z) for a given domain of the 

complex variable z, the convergence is uniform if |m„( 2 )| < M„ in that 

00 

domain, being a convergent series of real positive constants. 


Note. It does not follow, of course, that 


.r log (1 + u^) = log P when 
1 


^(1 + ^n) = ft is easy to see that it is equal, however, to some definite value 

of Log P. Let a be the principal value of amp P and the principal value of 
Pfi' Then since P^/P—> L from and after some definite value of n the 
principal value of P^ must tend to a; so that if the amplitude of P^ is 2 k 7 i + a, 
log P^ log P + 2k7t. 


11.3. Expansions of Analytic Functions. Taylor's and Laurent's. 
We shall now obtain one or two of the more important expansions of 
analytic functions. Two of these have already been established—the 
Taylor and the Laurent expansions, the latter being inclusive of the former 
(§§ 10.42, 10.47). 
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Laurent's Expansion, If a is an isolated singularity of f{z), an analytic 
function, then 


/(^)= . 


...+ 




-ao+ai{z—a)+ , , , +aj^z—ay^+ , . 


(z—aY ' * ' * ' {z—a) 
the expansion being vahd for all points within the circle | 2 ; — a] — R 
(except at 2 ; = a), where R is the distance from a to the nearest singularity. 
The coefficients are given by 


dr, = 




2ni]c{^ — 

C being any circle | 2 : — a| = Rq{< R), 

When/( 2 ;) is analytic at a, the coefficients are zero and we have 

Taylor's Expansion in which we may write 0 ^^= - 


n! 


Example, Obtain the expansion of e^-2//a in powers of a. 


Here + 2'6„a-”, where 

0 1 


r 


lie circl 

_ir 

"2Jo 


e^z-y/zdz 1 f 

^ sn+l » 


e£z~y/z.z*^-^ dz 


a 


Take C to be the circle l^l = 1 and write z — ; then 

: 

civ-y)co80 cos {{x + y) sin 0 — nB }dB (a;, y real) 


e,{x-y)cosd ain + y) sin d — vB }d0 = 0. (Put 271 — 0 for 0.) 

Similarly (or by putting — n for n), we obtain 
1 

h = ^ 1 c^x-y)co8d cos {(x + y) sin 0 4- rt0 }dd, 

n 271 Jq 

“J* 00 

In particular = 27 where (the Bessel Function of integral 

_CO 

order 71 ) is given by 


if” 

2”Jo 


COS (I sin 0 — n0)d0 


“ 2n 

(since cos {§ sin (2jr — 0) — 7i(27r — 0)} = cos (^ sin 0 — nO).) 


= -i i cos {S 

^Jo 


I sin 0 — uB)dO 


Also 


1 p 


cos (I sin 0 + nd)dd = (— 1)V„(|) 


(since cos sin (71 — 6) n(7i — 0)} = (—!)” cos (^ sin 0 — tiB).) 

But ^^(t - l/t) if ^ = 2V(xy), t = ^y/(xly\ with an appropriate 

choice of square roots, 

i.e. ^ {2V(^2/) }(a:/y)i”a^ 

—00 

and “ f ® cos {(x + y) sin 0 — w0} d0 = (xly)^'^J^ {2^/(xy )} 

^Jo 

or 1 cos (p sin 0 — nd)dd — 7i( ^ ^ 4)^ *^n (V(/^^ **- )• 

Jo — // 
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The Darboux Expansion, Let f{z) be smalytic on the straight 
hne joining a to a h and let (/){t) be a polynomial of degree n. 

Denote the integral f + th)dt by I^ where z = a tli 

Jo 

and t is real. 

Integration by parts gives 

hl^ = cl>(r^-r)(l)f(r)(a +h)- (t = 1 tO n) 

hlo = <l>^^\0){f(a + h) —/(a)}, since = constant = 
i.e. <f>^m{f{a + h)-f(a)} 

= f + h) - 4_ R 

7?l = l 

where = (- l)»A»+i [ ^(<)/(«+i)(a + th)dt. 

Jo 


Example. Let <^(<) = (< — I)”. 

Then ^(1) = ^'(1) = . . . = ^ («-l)(l) = 0; ^(«)(1) = n\ 


^(0) = (-!)»; ^'(0) = »(- 


^^(0) = 7, 


n\ 


(n — r)\ 


(- 


So that 


w! {/(a + 70 - /(a)} = + (- IfK 


f (7-If 

Jo 


^(n)(0) = n! 
lf/(n+l)(a + 




A" 7iW+i 

• + + —7- 1 a - tw^n 


n\ 


Jo 


(1 -<)”/(»+i)(a + </t)rf< 


f(a + h) =/(a) + lif(a) + ^/» + .. 

—^Taylor’s Series with a Remainder. 

11,32. Lagrange's Expansion, (Rouclie's Theorem,) Let (j>{z) be 
analytic in a region enclosing the point a ; then the equation 
F{z) =z-a- t(l>{z) = 0 (^(a) ^ 0), 
may be expected to have a root C which is a function of t tending to the 
value a when t tends to zero. Lagrange's Expansion gives an expression 
for /(C) as a power series in t. To obtain the region of vaUdity of this 
series, we shall use a lemma known as Rouche’s Theorem. 

RoucM's Theorem, If f(z), h{z) are both analytic within and on a closed 
contour G and \h{z)\ < \f{z)\ on G, then f{z) and f{z) + h{z) have the same 
number of zeros within G, 

Since \f{z)\ > \h{z)\ (which is > 0), it follows that f{z) and/(a:) + h{z) 
cannot vanish on G. 

Now let w{z) be any function that is analytic within and on G but does 


not vanish on G, and consider 


w\z) 

.w{z) 


dz = I, For every zero of w(z) (of 

multiplicity k), the integrand has a pole of residue k, and there are no 
other singularities. Therefore I = ^nim where m is the number of zeros 
within G, each zero being reckoned according to its multiphcity. But 
I is also equal to the change in any particular branch of log wd^sz describes 
G, i.e. is equal to i 6 where d is the increase in amp w when z describes G, 
Therefore the increase in amp w is equal to 2mjr where m is the number of 
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zeros of w within C. Conversely, we infer that if the increase of amp w 
is 2m7r, these are m zeros within C. 

Let w(z) = 1 + p(z ); then as z describes C, w{z) describes a closed 
curve in the i^;-plane, for which = 0 is an exterior point of |p| < 1 on 
C, Thus the increase in ampi^; is zero. 

If the number of zeros of/(z) + }i(z) within 0 is equal to m, then 

h{z) 


2m7t — increase in amp + p{z)) where p{z) = 


/(^) 


= increase in amp f{z) if |p| < 1 
i.e. the number of zeros of /(z) within C is also m. 

Take f(z) = z — a and h{z) = — t(l>{z), then the number of zeros of 
F(z) ^f(z) + h{z) = z — a — t(j){z) is equal to the number of zeros of 
z — a, i.e. one, when C is a closed contour surrounding a and 


z — a 


< 1 on C. 


Let C be the circle 2 ; = a + pe'^, and assume that \t<f>{z)\ < p on this 
circle. 

Let g(z) be any function that is analytic within and on (7. Then 




g{z)dz 


9{0 


2mjQZ — a — t(f){z) 1 — t<f>'(C) 

where C is the zero of z — a — t(l){z) within C, 

The integral on the left is 

1 f g(z) f U _ , p+l^n+l 1 

2ni] ~ ^)1 z — a * * * (z — (z — a)^(z — a — Uji)] 


f fj 

= .9(a) 1 + 




where 


n. 


_ f 


g{z)m)Y^^dz 

2ni]c {z — — a — t^(z)y 

Let ilf,, M 2 be the upper bounds of \g(z)\ and \t(f}{z)\ on C, respectively. 

M M n+l 

Then \Jt„\ < - which —0 as 71 —> 00 , since Mg < p. 

““ f-TO 

Now let g{C) = (1 — t<l>'{C)f{0> so that f(C) is also analytic since 
1 - m) ^ 0 (at a simple zero); ^ 

/K) -/(«)(! - £{/W(i - WW«))“) 

1 


then 
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Suppose, for example, that ^( 2 :) is a polynomial in z (or an entire 
function), and let M(p) = Max |<^(2:)| on C. Then the formula is valid if 
1^1 < p/M(p), for then |^(2;)| < p. 

Let//be Maxas p increases ; then the expansion is valid when 

M <f^- 

Now lim = 0 (since (/>(a) 0) and lim —^ = 0 (except in the 

P-^oM(p) p_>ooM(p) 

trivial case when (hiz) is linear). Thus must increase to some 

M(p) 

maximum as p increases from zero. 


Examples, (i) Let 2 = 1 + and find the series for where z is the root 
that tends to 1 when t tends to zero. The maximum of |2|2 on |2 — 1| = p is 
(1 + p)^ and the maximum value of p/(l + pY is J (when p = 1). Thus the radius 
of convergence of the series in t is j. 

Lagrange’s formula gives 

00 ^n-i 

= a® + (“ = 1) 

, «(s + 3) , s(« + 4)(« + 5) , 

= 1 + s< + - ^ V + . . . 


( 1 — 4/)\® 

- 2 - ) f it should be noted that 

2=0, the only (possible) singularity of 2 * is on the circle |2 — 1| = 1. 

(ii) Let ^^( 2 ) = z — a — ^({z^ — 1) = 0 (a^ 1). 

Then F'(C) = I — tC (where f is the root that —>- a v'hen t — > 0 

and - -^ = 1 + E—r — ^-—-r. 


But - 1 = - \/(l - 2a< + t^) 

1 


1)« 


The coefficient of t in this expansion is called the Legendre Polynomial of degree n, 
and is usually written P^W- 

The radius of convergence is in this case obviously the distance from 0 to the 
nearest singularity of the function on the left; i.e. the radius of convergence is 
a — y/(a^ -^ \) (a > 1), !,(«<!) {a. real). This may be verified by calculating 


Max 


iwi 


as in the previous example. The results are 


(i) a > 1; M{p) = J(a + p — 1)(« + p + 1), /i = a — V(«^ “ U when 

p = V(«" _ 1). 

(ii) a < 1 ; M{p) = = 1 when p = ^/{l - a*). 


11.33. Expansion of Meromorphic Functions in a Series of Rational 
Functions. {Mittag-Leffler.) Let f(z) be analytic at all points in the 
finite part of the plane except at a number of isolated simple poles 
a,, (r = 1, 2, 3 . . .) which form a simple sequence. Let the s uffix es be 
arranged so that [a^l <|ay+i|. Suppose also that it is possible to choose 
a simple sequence R^ (^any |a,.|) such that Rm-^ oo as m--> oo. 
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Let Max \f{z)\ on the circle \z\ = be a bounded function for all m 
and as m —> oo ; i.e. let \f(z) \ < M, a finite constant for all m, and for all 2 
on these circles. 

Let 2 ; be a point within the circle \z\ = which is not a pole and 
let «!, aj, . . cij. be the poles within this circle. 

if ri/ \n / • ^ 

Then 


m 1 ^ 


27n, 

where is the residue of f(z) at a,, and (7^ is the circle \z\ = R„^. 
But J-f 

2otJ nC — z 27iiJ n C 2otJ r C(C — 2 ) 




E 


{(Is being the element 


1 i„i \z\C M ds M\z\ 

I -121') 

of arc on 

i.e. E-^0 as m“>- oo and therefore/( 2 ;) =/(0) + I^bJ —^^ 

^1 \^ — ar aj' 

Notes, (i) If for all i)oints in the region for which \z\ < c, — \z\ has a lower 


bound (> 0), then m can be chosen so that 


M\z 


„ I I < e for all 2 in the region. 

FI 

The convergence of the series is therefore uniform in any finite region if the poles 
are excluded from this region by means of small circles with the poles as centres. 

(ii) If the condition \fiz)\ < M he replaced by the condition \f{z)\ < MR-P 
(V > fi) on the circle \z\ — R^, we may obtain by similar reasoning the expansion 

/» -/m + tf-m +... + ^-5®'+ f + 1 + 1, + ... + ^). 

Examples, (i) Let f(z) — cosec 2 — ^ 0) ; /(O) = lim ( cosec 2 ~ = 0. 

^ 2-^o\ 2/ 

The poles of/( 2 ) are ± (w = 1, 2, .3, . . .) and the residue at wtt is (— 1)^. 

Let R^ = (m ^)7t. 

On 12 ] = R^n,, |sin 2|2 = J(cosh 2y — cos 2a;) an ev&n function of a;, y. If 
X = R^ cos 0, y — R^ sin 0, it is sufficient to consider 0 < 0 < ^n. Now 

Isin 2 | 2 = (a; sinh 2y — y sin 2a;) > 0 since sinh 2y > 2y, sin 2a; < 2a;. Thus 

|sin 2|2 (and therefore |sin 2 |) increases steadily as 0 increases from 0 to Its 


1 _ 1 

sm 2 2 


<l4-^<l+;r’ Therefore 

.in- 


least value is unity and therefore 

1 1 00 /I 1 \ 

-T— = - + Z(- 1)"(-+ —)• 

sm 2 2 _oo ' \z — nn rm/ 

The series is absolutely convergent except at 2 = 0, dz wjr, since 

\\z — nn rm) wtin nn~^ nninn — zy nm ~ 
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Grouping the terms, we find 

; = !+!•(_ + ±1 + (_ - 

z I Iz — UTt njiJ ' U + nji nn) 

22 22 


cosec 2 


1 _ ^ 
2 2^ — ; 


1 + 


; + • 


2^ — 4ji2 2j2 _ 9^2 

1 / 1 \ 1 
(ii) Let/(*) = J (a real); /(O) 

The poles are ± 2m:7r, and the residue at 2 = Inin is 
^amd — cos 2ann + i sin 2ann. 

The circles of the theorem may obviously be replaced by a sequence of squares 
given hy ±R^, y ^ ±R^, 

In this case take R^ — (2m + \)n. 

On a; = R^, |/( 2 )| < __ ^ which —> 0 as R^ —>-oo if a < 1 and—>-1 if a = 1 


C — ciJtijfi 

On X = — R^, \f(z)\ < ^ which —> 0 as R^ 


00 if a > 0 and —>- 1 
if a = 0. 


goa; 

On y = ± Ryti'* |/(^)| = ^ is a simple exercise to show that this function 

lies between 0 and 1 for all a; if 0 < a < 1. 

l/*l\oo / \ i\ 

Thus ^ZTi = i + 1“ - 2 ) +_i 


1 , / IN « f: 

= i + (“-2)+f{ 


00/22 COS 2ann — ^nn sin 2ann sin 2ann\ 


z^ 4:n^n^ 


+ 


nn 




oosm rvo 

Now 2 :—^ = - e)(0 <e < 2ji), and 0 (6 = 0, 2n) (§ 11.19 (in)) so that 


«» sin 2ann 

^ — n^ = 4 — « (0 < a < 1), and 0 {a — 0, 1). 


Thus 


and 


e* - 1 


1 ® 22 cos 2ann — 4:nn sin 2ann 

o . . s-o (0<a<l) 


2^ -f 4n^n^ 


_= ^4.^4-? ^ ^ i V 

e»-l 2 '^ 2 ‘h ,22 + 4 w 2 jia ’ e* - 1 ~ 2 ~ 2 , z'* ^ 4 , 12 ^!! 


the last two results being also obvious deductions from each other. Other deduc¬ 
tions are 

2 


coth 2 = 1 + 


1 « 2z 

- = -+ 2 ; 


e22-l 2"^7 22 + w2ji2 

1 


1 00 / 1 1 \ 

y cot 2 — i coth 'tz ~ "4“ ~1~-) 

2 j\2+W7r z—nn/ 


(by differentiation). 


and cosec2 2 = 2 ,- 

(2 - nnf 

11,34, Analytic Functions expressed as Infinite Products, Let f(z) be 
analytic for all finite z and possess simple zeros at z = (r = 1, 2, 3, 
where |aj < [a^+il and a^ “>oo as r—> oo. 

Th&n f\z)/f{z) is analytic for all finite z except at the points z = a 
which are simple poles of residue unity. 


.) 
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If the conditions of the theorem given in the previous paragraph are 
satisfied hy f'{z)/f{z), then 


m /'(O) I 1 
7(2) /(o) 1 V - «« 



Owing to the uniform convergence of the series in a region that excludes 
the poles, we may integrate from 0 to 2 ; along a simple path that does not 
pass through a singularity. 

Thu. Log/(.) - Log/(0) - + i(Log - £) + £) 

where the values of the Logarithms depend on the path chosen. 
Taking exponentials, we have ^ 

and the infinite product is necessarily convergent. 


Kocample, Take/( 2 :) = cotz -which has been shown above to be equal to 

-00 \2 — 7171 7171 / 

Z 

Integration gives = C U il -where C'=lim^^ = 1. Thus by 

2 _oo\ nTiJ 2 

^ \ 

pairing the terms, we obtain sinz = zllyl — By writing zji for z we find 

also that n[l. In particular " = 2.2.4.4.6.6 . . . " 

Formvla.) 

11.4. The Convergence of Infinite Integrals (Real), An integral 
is called infinite if the integrand/(a;) becomes infinite within the range or 
if the range is infinite. It has been shown that these two cases are not 
theoretically distinct (Chap, V), To determine whether a given integral is 
convergent or divergent, we should first consider a suitable approxima¬ 
tion to f(x) in the neighbourhoods of its infini ties or (when the range is 
infinite) when x is large. The conditions for convergence are simplified 
when the integrand is of constant sign in a critical part of the range. 

11,41, Infinite Integrals with Positive Integrands, The convergence of 
many integrals occurring in apphcations may be determined by using the 
following results obtained in Chapter V, 

(i) I da: converges for a > 0, all ; a = 0, < — 1; and 

otherwise diverges. 

roo 

(ii) x^ (log x)^dx converges for/S < — 1, all a ; = — 1, a < — 1; 

and otherwise diverges. 


30 
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(iii) J a:^|log converges for /S > — 1, all a; jS = — 1, 

a < —- 1; and otherwise diverges 
(where to avoid a possible infinity 0 < c < 1 in the last). 

’^(log a;)® dx 


Example, 


f x^ 
Jo 


r2n ^ 1 

fCO 

At the upper limit, there is convergence or divergence with | ^^(log x)^ dx 
which converges only when 2n> m + 1. 

At a; = 0, the integral converges or diverges with I a;"*(log a;)® dx, which con- 

Jo 

verges only if m > — 1. 

Thus the given integral converges only when 2w > m + 1 > 0. 

Notes, (i) The three integrals given above are changed into one another by 
obvious changes of variable; and the results given are not theoretically distinct. 

(ii) If f(x) tends to a non^zero limit k when x —> oo, the integral f(x)dx cannot 
be convergent; for (taking k > 0), when x is large f(x) > k^ where k^ is any fixed 
number > 0 and < k. The integral diverges since l^k^dx diverges. It is not 
necessary, however, for convergence that lim/(a;) should exist (even when f{x) is of 
constant sign); f(x) may oscillate and whilst f{x) (if > 0) must have zero for its 
lower limit, its upper limit may be infinite. 

e® dx 


f: 


Example, | ^ ^ 

When a; is a multiple of n, the integrand f (x) is e® and therefore its upper limit is 00 . 
However if n 7 i< x< {n \)7i {n being a positive integer), 

e^Tx e(n+i)7T 

. _ ^ 'flocS <z " 

e4(n+i)7T sin® X H- cos® a; *'' ' e*^^ sin® x + cos® x' 

dx 


Also 


Therefore 


A cos® X + B sin® x \^(AB) 


(A, B > 0). 


jjgnTX r(w+l)7t 


^g(n+l)n: 


ga(n+l)7r 


f(x)dx < 

J nn 


Thus the integral converges or diverges with the series whose general term is 
(a geometric series of ratio < 1). 

The integral converges. (See Bromwich, Infinite Series, App, 423.) 


L [ \f{x)\dx 
J a 


11.42, The Absolute Convergence of Infinite Integrals. When 

converges, the integral 1 f(x)dx must also converge, and the latter integral 
J a 

is then said to be absolutely convergent. 

r sin ax f" da;. 

Example, I is absolutely convergent if a > 1, since I — is convergent 

and |sin ax\ < 1. 

11.43, Convergence of Infinite Integrals in General. The best-known 
tests for integrals when the integrand is not of constant sign near a 
critical value and when the convergence is not absolute are analogous to 
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the Abel and Dirichlet Tests for series. To establish them, we use what is 
appropriately called the Abel Lemma for integrals, 

11,44, The Abel Lemtna for Integi'als, If (i)y‘(a;) >> 0 and/(a;) steadily 
decreases as x increases in a < a? <6, (ii) f(x) is continuous and possesses 
a derivative in a <,x <,b, (iii) (f{x) is continuous in a <a; <6, 

(iv) H, h are the upper and lower limits of the integral <f>{x)dx as | varies 
from a to b, 

¥(«) < f f{x)<t>{x)dx < Hf{a). 

rx 

Let \p{x) = 1 (l>{x)dx ; then h, H are finite (since <f>{x) is continuous). 

b ^ 

Now I f(x)<f>[x)dx =f{b)xp{b) — f f'(x)xp{x)dx since f'{x) exists. 

la, Ja 

But f'{x) < 0 and f(b) > 0 ; therefore 

f{x)dx < f f{x)(j){x)dx <Hf{b) — h[ f'{x)dx 

Jo, J a j a 

i.e. hf(a) < [ f{x)4>{x) < HJ{a). 

J a 

Notes, (i) The lemma may be established without assuming the existence of 
J'(x), (Ref. Hardy, Messenger of Mathematics, 36 (1906).) 

(ii) Since y)(x) is continuous, there is at least one value c in the interval for which 
y'(x) is equal to any given number between h, H inclusive. Therefore 

[ f(^)<l>(x)^^f(o)\ <l>(x)dx 
J a J a 

for some c in a < c < 6. This is known as Bonnet^s Theorem. 

Putting/(a;) —f(h) for f(x) in this result, we find 

f(x)<t>(x)dx ^ I f(b)<l>(x)dx (f(a) -f(b))\ <l>(x)dx. 

J a J a J a 


=f(a)^ <H.x)dx +/(*)| 


^x)dx +/(*)J <l>{x)dx. 

If/(a;) is an increasing monotone, the same result is obtained by writing *—/(u?) 
toYf(x). This relation is known as Du Bois-Reymond's Theorem or The Second Mean 
Value Theorem (for Integrals). 

^ (iii) The First Mean Value Theorem (Weierstrass) for integrals is simply that 
I f(^)i>(x)dx = <t>(c) I f(x)dx when f(x) > 0 and follows immediately from the 

Ja Ja 

definition of the integral, if ^(x) is continuous. For the corresponding Weierstrassian 
Mean Value Theorem in complex integration, reference may be made to Bieberbach, 
Funktionentheorie, V, § 5. 

11.45, The Dirichlet Test for Cmvergence. (Hardy.) If (i) (l){x)dx 

J a 

oscillates finitely (or converges). 

(ii) /(^) decreases steadily to zero as x increases to infinity, then 

r* 

I f{x)(l>{x)dx converges. 

J a 
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< Hf{Xi) where H is the upper 

Xa. 


\j X, ^ 

limit of j J <f){x)dx as x varies from to X^, But J <j>{x)dx has an 

upper bound K for all Xi^ X 2 such that a < X^ < X^- Also given 
e ( > 0), we can find X^ such that \f(x)\ < e for all a; > Zq. Thus an 

I I 

Zo exists for which I f{x)(l){x)dx \ ^ eK (Zi, Zg > Zg), 

IJ xi ^ ! 

i.e. 1 f{x)(^{x)dx converges. 

11.46. The Abel Test for Convergence. {Hardy.) If (i) j (f>{x)dx is 

J a 

convergent, 

foo 

(ii) f{x) is monotonic and bounded as x—> 00 , then I f{x)(f>{x)dx is 

J a 

convergent. 

For/(a;), being bounded and monotonic, must tend to a limit I as x 
tends to infinity. Put f{x) — I for f{x) in the Dirichlet test it f{x) de¬ 
creases and put I —f{x) for f{x) it f {x) increases. Then 


f 


(/(») - l)i>ix)dx 


/»CO pQO 

must converge and therefore also I f{x)(f>{x)dx since 1 1 (f){x)dx is given 

J a J (I 

to be convergent. 


Emmples. (i) 

verges absolutely wh^n /? > 1 , 
f ^ sin X 

Jo 


(ii) 

when p < 1 

(iii) 


^00 . 

i) I - dx converges if 0 < 7 ) by the Dirichlet Test. It con- 

Ji 

1 . 

cos X 

dx converges absolutely if /) < 2 . J ---- dx converges absolutely 


i: 


dx 


(sin a:)i/‘'’(log x)^ 


{e> 1 ). 


p dx 1 *“^ dx _f 

J Q (sin a:)i/6 ~ J „ (®i® ~ J: 


dx 

2^(8ma:)i/5 


Also sin- 1/6 X = a:-i/6(l + 0{x^)) near a: = 0 and is of a similar form near 
X = n, ; the integral jo (ii^V6 and the integral £ 

oscillates finitely. 

Also (log x)-v — > 0 monotonically if p > 0. 

Therefore by the Dirichlet Test, the given integral converges if ^) > 0. 

11.5. Uniform Convergence of Infinite Integrals. Consider the 

infinite integral f{x, a)da; which involves a parameter a. If, given 

^ I 

e ( > 0), we can find Zq such that | J f{x, cf,)dx 


< e for all Zi, Zg > Zg, 
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i\ 




I 


the integral converges. But if Xq can be found independent of ol in the 
range aj < a < ag, the convergence is said to be uniform in ai < a < aj. 


Example. Let / = 


r adx 

Jo + 


If 


a > 0, / = lim fare tan= Jtt; if a = 0, / = 0. This is sufficient 


to 


1 


show that the convergence is not uniform in 0 < a < aj. It is, however, uniformly 
convergent in 0 < ag < a < a^, for we can choose Xq to satisfy the inequality 
Xq > ai/(tan e) (e < 0); then 

|arc tan(X 2 /a) — arc tan(Xi/a)| < 7i/2 — arc tan(Zo/a) < e 
for all a in this interval. 

r P dx 

Similarly I \ which is equal to Jtt, 0 or — according as ft > — or 

Jo -r P X 

< 0 , is not uniformly convergent in an interval that includes p = 0. 

11.51. The M-Test for the Uniform Convergence of Integrals. 

If (i) J M{x)dx is convergent, where M(x) > 0, 

(ii) \f(x, a)| <M(x) throughout the interval ai<a<a 2 , then 
f(Xj oi)dx is uniformly (and absolutely) convergent in < a < aj. 

fA^ 

For, given e, we can find Xq such that 1 M(x)dx < e for all Xz > Xq, 
and Zo is obviously independent of a. 

I I 

Thus, in this interval of a, J f(x,oi)dx\ <J M{x)dx <€. The 
convergence is therefore uniform (and absolute). 

11.52. The Dirichlet Test for Uniform Convergence of Integrals. 

If (i) J (f>(x, o)dx oscillates between finite limits Z7, L throughout the 

interval ol < {U, L independent of a), 

(ii) f{x, a) > 0 and tends steadily and uniformly to zero in the inter¬ 
val, then J f{x, o)(j>{x, 0 L)dx converges uniformly in the interval. For, 

< IIf(Xi, a), where H is the 


by the Abel Lemma, I f{x, oi)(f)(x, (x)dx 
I J Ai 


greater of |?7|, \L\, and is independent of a. Also, given e, we can find 
Xq (independent of a) such that f(Xi, ol) < e for X^ > Xq. 
rx, 

< sH and the convergence is uniform. 


r 

Thus f{x, ol)(I)(x, 0 L)dx 
1 J Ai 


Notes, (i) If ij>{x, cl) does not involve a, it is sufficient to state that J* <j>(x)dx 
oscillates finitely (or is convergent). 

(ii) The theorem remains true (obviously) if J*^(a?, (x.)dx is uniformly con¬ 
vergent in the interval. 
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11.53. The Abel Test for Uniform Convergence of Integrals. 

If (i) 1 (l){x, (x)dx is uniformly convergent in ai < a < ag, 

(ii) f{x, a) > 0 and steadily decreases as x tends to infinity for every 
a in the interval and has an upper bound K for all a in the interval. 

Then J f{x, cil)^{x, (f)dx converges uniformly in the interval. 


For 


limit of 


J f{x, cf)(i>{x, cf)dx 
f OL)dx 

JXi 


< Hf(X„ a) < HK where H is the upper 


as X varies from to X^- But since 


J (I){X, 0 L)dx 


is uniformly convergent, we can find X^^, independent of a, such that 
H < £. The number K is also independent of a. The convergence is 
therefore uniform. 

Notes, (i) It is not necessary that, in the Abel Test, the function f{x, oc) should 
tend uniformly to a limit. 

(ii) The formula for change of variable in an infinite integral may easily be 
shown to be imaltered, if the change of variable is appropriate (see Hardy, Pure 
Mathematics, VIII); and so the tests we have given for the convergence (ordinary 
or uniform) of J® f(x)dx are applicable, with suitable modifications, to integrals 
in which the integrand becomes infinite at a point of the range; if, for example, 
X = a were such a point, the transformation t(x — a) = 1 transforms the integral 
\a f(^)dx into an integral of the type J® <l){t)dt. 

foo 

Examples, (i) I e-^P-~^ dt. 

• Jo 

fOO 

I e~H^~^ dt converges for all finite a : also since < t^ (t >1), for all ol < k 
the convergence is uniform for a < I; (any finite number). 


fin [ 

Jo 


Again I e-^tf^~^dt is uniformly convergent in 0 < < a < ^, since 


< ^ 1-1 when t is small and 


Jo 


1 dt converges. 


If a is complex and equal to w + iv, the convergence is still uniform 
if 0 < c< R(a), since |<w + w-i| = 
cos ax 


(ii) 


i: 




- dx. 


i: 


By the M-Test, the integral is uniformly convergent for all finite a, whenever 
' dx 

“ converges, i.e. when ^ > 1. 




sma; , 
^ —— dx. 

'S/X 


/•CO . 

I sm X 

I —— dx is convergent by the Dirichlet Test of ordinary convergence. The 

J1 

function (a > 0) is non-increasing and bounded (< 1) as a; tends to infinity. 
By the Abel Test, the integral converges uniformly in 0 < a < a^. 












INFINITE INTEGRALS 


451 


More generally, 


r 


■f- 


^ <l>{x)dx converges uniformly in 0 < a < a^, when 


<l>{x)dx converges. 
xainoixdx 

J, 


{a real). 


f . 1 1 

I BUiOLxdx = -(cos a — cos olx), which oscillates between -(cos a — 1) and 

J 1 a a' ' 

— (cos a 4- 1) and these are bounded if a = 0 is excluded from the interval. Also 
oc 

x/{x^ 4 - a^) tends steadily to zero when x > a as x —oo ; and therefore the given 
integral is uniformly convergent in each of the intervals aj < a < ag < 0 ; 
0 < < a < ag. 

11.54, Continuity of a Uniformly Convergent Integral. 

If (i) f(x, a) is a continuous function of both variables ic, a in aj < a < aa 

poo 

and for a and (ii) 1 f(x, 0 L)dx is uniformly convergent in ai < a < aa, 

QO ^ ^ 

then I f{x, cf)dx is a continuous function of a in ai < a < ag. 

J a 

Let a, ao belong to the interval; then 

I p, I 

f{x, ix)dx - f{x, a.^)dx < {f(x, a) -f{x, a„))(L: 

J a J a I J a 


Given e, we can find Xq such that 


f r ( \ C'^ 

-f- I J(x, CL)dx\ + f{x, OL^)dx 

^ I J iTj , I I J a;, 

f f{x, a.)dx 

J Xi 


< e for all > Xo and 


I Jbi 

for all a in ai < a < aa (because the integral is uniformly convergent). 
Now a continuous function of two variables is uniformly continuous 
and therefore we can find 6 {> 0) such that \f(x, a) — fix, ao)| <€ for all 
a that satisfy |a — ao| < d, where x is any number in a < x < 

{xi having being fixed and is independent of a). 

I pQO pOO 

Thus 1 f{x, a.)dx — 1 f{x, a.^x < e{xi — a) + 2e for all a in 

\ J a la 

|a — ao| < d, i.e. the integral is a continuous function of a. 

poo 

, 1 sma; , 

hxayri'ple. I e~a*- dx. 

Jo ^ 


Since 


pOO . 

I sm X 

Jo 


dx converges, the given integral converges uniformly, by Abel’s 

Test, in the interval 0 < a < ; for is a, non-increasing monotone for every 

a in 0 < a < aj and is bounded for all a. 

poo . /•oo . 

mi- r- 1. 1 sm X , 1 sm X n 

Therefore lim «-««- dx = I -(te = 5 (§ 10-832). 

a—>-0 Jo ^ Jo ^ ^ 

poo pQO 

More generally, lim I <j>(x)dx = I ^(a;)da; when the integral on the right 

a->oJo Jo 
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converges. This example of the use of the continuity theorem resembles Abel’s 
Theorem on the continuity of power series. 

Note, Up— 1/a and p = 0 belongs to the interval of imiform convergence of 
the transformed integral we may say that a = oo belongs to the interval of uniform 
convergence of the original integral. 

11,55. Repeated Integrals, I. Finite Intervals. If f{x, ol) is a contin¬ 
uous function of both variables in aj <a <ag, a <,b, then 

= I ’ll /(a;, 

since each repeated integral is equal to the double integral 


cL)dxdoL 


over the rectangle determined by the intervals. 

The repeated integrals still exist and are equal when f{x, a) is con¬ 
tinuous in the rectangle except at a finite number of points or along a 
finite number of simple curves, provided f{x, a) is bounded, 

II. One Interval Infinite. If (i) f(x, a) is a continuous function of 
both variables a:, a in aj < a < a 2 and for a < a?, 


(ii) 1 f{x, a)dx is uniformly convergent in ai <a <aa, 
J a 


then 


/(a;, 0 L)dx 


XdoL = 


Cj a 


f{x, OL)d(x, vdx (a < Cl < Cg < ag). 


Given e, we can find Xq independent of a such that I f{x, (x)dx 

1 1 

for all Xi^ Xq] and therefore also I f{x, (x.)dx 

I J ^1 


< s 


< e (xi, Xi > a^o). 


Now I ’ll ’/(a;, a)(ia|da; = | ’|| ’/(a;, a)rfa:|<ia (by I above) and 

therefore ini */(aj, a)da|^^ j is less than e(c 2 — Ci) however large a^g 

may be, i.e. j* *f(x, a)(Za|dic exists and its modulus is less than 
e(c2 Cl). 


Also 

Thus 


/(a?, oL)dxVdoi 


Cl 


<< ^(Ca Cl). 


Cl \^J a 


f{x, a)da;|>da 


= I J f{x, a)daj|d!a — at f{Xy a)(ifa|>da; 

The required result follows. 


)d(x.jdx 

<C 2£(Ca Cl). 


Example. 


fCO 

I COS oux 

Jo^l 


dx is uniformly convergent in any interval of a by the 


M-Test. 
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By contour integration its value is j7ic“l«L 

1 sinaa; ■ , x / . .w j 

Integration from 0 toa (> 0) gives J dx = — e «) (a ^ 0) and 

f sin olx dfX 7z 

similarly j (“ < a < 0 of course follows 

obviously from the case a > 0. 

Note, The result still holds when 


> [ /(*, 
J a 


oi)dx ceases to be uniformly convergent 

w » 

in the neighbourhood of a finite number of points, provided the integral is bounded 
(i.e. is boundedly convergent). 

IIL Both Intervals Infinite, We have already determined conditions 
under which 

1 {1 ~ J il <r)d(^dx. 

This result may sometimes be extended to the case when ag —oo. Thus 
1. If (i)/(a;, a) is a continuous function of both variables in ai <a <a 2 , 
a < a? <6, where a 2 , h may be as large as we please ; 

(ii) I f{x, 0 L)dx is uniformly convergent in ai <a <aa; 

J a 

(iii) 1 f(x, (x)d(y, is uniformly convergent in a < a; < 6 ; 

J tti 

(iv) J |J a)rfa|rfx converges uniformly for all a > ai including 

a = 00 , then ai: f(x, a)dx|da = J I j* f(x, a)da|da;. {Ref, Gibson, 
Calculus, 182), 

For f f{x, a)rfa;|da = lim [ | [ f{^, a)da;Ua 

J ai I J a J *2— J tti L J a J 


= lim 

aj—^00 J CL 



■2 

fix, a)da>fl!x (using (i), ii)) 


= f lim j [ /(a:, a)dalda; (using (iii), (iv)) = [ | [ fix, a)da|<fo. 

Ja«,^aoLJa, J Ja LJa. J 

2. Let (i) fix, a) > 0. 

(ii) III fix, a)da|da: = ai; f{x, a)da;|da for all b, however 
large. 

(iii) j I j fix, a)da|da: = nr f{x, a)dx|d!a for all ag, however 
large. 

Then (/i s)j | j fix, a)a!a|cfa; = j | j /(*> o-)d^da.i= h) if 
either Ii or /g converges. (Ref, Titchmarsh, Theory of Functions, 1,85.) 
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Suppose that Zj exists. 

ra, p-o 

Since f{x, a) > 0, then j /(x, a)rfa < | f(x, oCjdoL and therefore 

J ai J 0C.I 

Gi: f{x, a)c?a;|*(ia which equals J j* f(x, (by (iii)) is 



f{x, a)da >dx, i.e. < /j. 


Thus I 2 exists and is < Similarly i.e, 

Examples, (i) Let f(x, a) = icP— 

Here/(a;, a) > 0 for a; > 0, a > 0. 

Denote e-HP~^dt by r(p); then the integral for r(p) is uniformly con¬ 
vergent in 0 < pi < /) < P 2 where p^ may be as small as we please and p. as large 
as we please. 


f /(^, 

Jo 


0L)dx = (xP+(?-ie 


Jo 


e da; *= /’(p)a?“le-a if a > 0 and p > 0; 


and integration with respect to a of this integral is legitimate (by uniform con¬ 
vergence) if g' > 0 and the interval of a is 0 < aj < a < ag. 

a;P-i 

Similarly J ^ f(x, (x)da. = x)P+9 0 <a< x< b. Thus the 

conditions (ii), (iii) of Theorem 2, above, are satisfied by uniform convergence for 
the intervals 0 < a < a; < 6 and 0 < < a < ag respectively. 


But 


j, {}/(*,.)*} 


*d(x is equal to r(p)r(q) (p, (? > 0) and therefore 

— —^3^1 


r(p)r(q) = r(p + ?) 


X f 

By writing for x we find 

* ^ Jo 


a;P-\d^ j 

'J„ (1 + xW+i^^’ 


q>0). 


pc^ 


w 




(p, q > O). 


(ii) Let f{x, «) = “ e-6“ sin or cos ocr (a > 0, 6 > 0). 


m 


r 


e 6a sin oa; cos oa; ^ e-6« p 8 in(a + a.)x + sin(a - a)* 

Jo 


- dx 


= 2®“^ (a < a): ge-l>« (a = o); 0 (a > a) 

the integral being uniformly convergent except near a = a, where it is boundedlv 
convergent. 

r* r<i 

Tlius F(a.)da. exists and is equal to j je-««da= ^(1 - e-“6). 


T? i. 

(x^ 52 ) sin aa; — 6 cos aa;) —> 0 uniformly when a—> oo, all x, and 
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therefore 

converges, 

i.e. 


/ (x, 0 L)da >dx is uniformly convergent since 


si] 

Jo ^ 


+ 6»)' 


dx 


poo 

Jo 


miaxdx 71 _ 

a:(x2 + b^) ^ ® 


roo . /»oo r . 

1 ajsinoa; , | sm aa; 


sin ax 


dx = e-^ where b may now 


x{x^ + 6^) 

be zero. 

Notes, (i) Much of the difficulty of expressing in simple form the conditions 
imder which the inversion of a double limit (involving integration) is removed when 
Lebesgue Integrals are used. It may be shown, for example, that 
(i) if ol)\ < K (constant) in a < a; < 6 (all a), then 


aL)dx. 


r 

lim \ S(x, (x.)dx 
a —>-00 J a 

(ii) if |iS^(a;, a)| < ^(a;) (all a), then 

lim J'*’ S{x, oCjdx — lim 8{Xj OL)dx if J* <j>(x)dx converges. 


rb 

= I lim 8(x, 

J a a—>•« 


In particular /*{ J® 8{x, 0 L)dx}daL = J® {J® 8{Xy cL)doi}dx. 

WSHS Theorem 2, the result will hold for any function /(a:, a) if one of the 

repea.ted (doubly infinite) integrals is absolutely convergent. For the convergence. 


say, of 


i/(». 


a)|<ia ^dx i 


implies the convergence of 




CL)d(x. >dx and 


ni:- 


cCjdoL^dx where F, G are the 'positive functions determined by 

F 4- = |/|, F — G —f. The theorem is then applicable to F, G and so the 

result is true for F — (r (= /). If /(a;, a) is complex and equal to u -{• iv, then the 
absolute convergence implies absolute convergence for the functions w, v. The 
theorem is true then for w, v and therefore for 'u + iv. 

11.56, Differentiation of Infinite Integrals. If (i) ff{x, ol) is a contin¬ 
uous function of cc, a in ai < a < a 2 and for all a; > a, 

/•CO 

(ii) I fjxy 0 L)dx is uniformly convergent in ai < a; < aj, 

J a 

/•cO 

(iii) I f{x, (x)dx converges, then 

poo r<x> 

Denote 1 fjix, a)dx by F(a) and 1 f{x, ot.)dx by tr(a). Then 

Ja Ja 

J F(a)da = j* |/(a;, Cj) —f(x, (aj <Ci <C 2 < 02 ) 

because of the uniform convergence in the interval 

= ^(Ca) — G(ci) since G(x) converges. 

jpy J pco poo 

Thus ^ = -F(a) or f{x, (r)dx = j fcfpCi (x,)dx. 


in this interval. 







r 


456 


ADVANCED CALCULUS 


Examples, (i) f” e-c«sinxrf* = - + ^ 1 _ 

Jo I l+a2 l+a2 

(a > aj > 0). 

rru • ^ . cos a; + a sin a; 

ine convergence is uniform in 0 < a, < a < a, since-;-5-is bounded 

1 -i- 

and decreases steadily to zero. Also a = 00 belongs to the interval of uniform 


convergence. 

Integration gives 


Jo 


e-aa® _ e~0Lxx 


X 


sin xdx = arc tan — arc tan ag (a^, ag > 0). 


/•QO 

T X .1 I sin a; 

Let ag —> 00, then I - dx = ji/2 — arc tan (a^ > 0). 

Jo ^ 

But the integral on the left is uniformly convergent for > 0 by Abel’s Test. 
Therefore (putting = 0) 


f 


dx — \ 7 l. 


(ii) Bet = J dx. 

The integral cannot converge (at the lower limit) if A < 0. Let 
«/ = j* dx and ^ = J c~®*“ da;. 

< I c~®*a;^ dx which converges if p > — 1, and the convergence is uniform for 

J 0 

0 < A if ^> > — 1, since < 1. 

Also when A > Aq > 0 and therefore J is uniformly con¬ 

vergent in A > Aq > 0 for all p, since I e''^o/^*a;*’ dx converges. Also since 

Jo 

< 6“®*a;^, K is uniformly convergent for A > 0, all p, 

r 

/q == I e dx converges uniformly for A > 0 and the integral obtained 

J 0 

by differentiating with respect to A, viz. — / . is uniformly convergent for 

A>Ao>0. 


Therefore 


d/o f'" 

- J e-**-V**a:-2 cfo: (A > A„ > 0) 

= — j" e~yy'-^v' dy (y = 1/x) 

i.e. Iq »= C7e~2v'^ • but Iq converges uniformly for A > 0, and therefore 
C = j «-*•&: = iVn {Chapter XII, § 12.24). 
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d^I 

Also I^2p = A-3»+i/2i>-2 =(— 1)^ i and in particular 

h = ^ (e-2VA) = :^e-2VA (1 + 2VA) (A > 0). 

Putting A = a262 and writing ax for x we find 
^00 

I = ^e-2ai (a > 0, 6 > 0). 

Jo ^ 

C/X- (iii) FrullanVs Integrals. Let (i) ^(w) — >- ^ when u — > co and <^(w) —>- B 
when u —>• 0, 

(ii) <l){u) be continuous (all u > 0), and possess a derivative; 


then 


r 


cte = (A - B) log ^ (6 > a > 0). 


<l>'{h:)dx = T {<l>{^ 2 ) ” ‘^(A^i)} and therefore the integral <l>'(h:)dx is uniformly 

A 


£ 

convergent for A > a, and J'^<^'(Aa;)da; is uniformly convergent for 6 > A > a. 

Therefore i:{i: ^'(Aa:)iA|(fa: = 11| ^'(Aa:)<to|iA. 

, , 1 a^(it) 1 d-Ku) ^ 

But <l> (Ao:) = - ^ - where u = Aa:. 


Thus 

For example, 


1 " 


<l)(bx) — ^(ax) 
- dx 


Jo 


=r 


^ —(iA = (A-B)log- 


g—, a 

-da: = log T. 

a; 0 


r 1 

(iv) Evaluate I — + (a + c)a:) — e“^^(l + (6 + c)x)}dx. 

Jo * 

The integral converges at a: = oo, if a, 6 > 0. Near a: = 0, the integrand is 
0(1) and the integral converges. 

Integration by parts gives J K where 


j ^ J 4- (« + c)x) - e-^^(l + (6 + c)a: )|^ ^ 




6-^®) - a{a 4- c)e-«® + 6(6 + c)e 


1 6 
-*>«|da; = c log- 


-}“ 6 ~~ u. 


For example, J | — -— da: == 1 — 2 log 2. 

11,57, Tannery's Theorem for Integrals. If (i) f(x, n) —> g{x) uniformly 
in any fixed interval of x when n—> oo, 

(ii) \f{x, n)\ <M{x), all n (so that also \g{x)\ <M(x))y 

(iii) 1 M(x)dx converges, 

J a 

(iv) lim p(n) = oo, 

n—>00 
rp{n) 

then lim I f(x, n)dx = 1 g{x)dx. (Brommch, Infinite Series, § 174.) 

n —>-co J a J a 
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r“ 

Given s, we can choose x„ so that M{x)dx < s for all Xi > Xg, and 

J Xi 

n can be chosen sufficiently large to ensure that j){n) > Xq, In the 
interval a < a; < a;#, Wo can be chosen sufficiently large to ensure that 
|/(x, n) — g{x)\ < £/(a:o — a) for aU ^ > ^0 (and Uq is independent of 
X in the interval). 


Therefore 


r\f-9\d' 

J a 


lx <e for all > tIq, 


1 ^00 I pOO j ^00 I 

1 f{x, n)dx^ < I M(x)dx < e and I < e, similarly. 

I f'" I r^o ^co . -00 

Thus f{x, n)dx — g{x)dx\ < \f — g\dx + |/|(fo + \g\dx 

Ja I Ja J x, Jx. 


< 3e 


lim 

i-e* n-^oo I n)dx — I g{x)dx, 

J a J a 

Example. Prove lim [ (l - -) a:“(la; = f (R(a)> > - 1). 

B—Jo 

and therefore as t increases from 0 to a; (< n), we have 

0 < - JtW - 5”} < 0 < 1 - e<l - -J < . 

1 —^; but ^ tends uniformly to zero as n —> oo 

( x\^ 

1 ~ tends uniformly to e~®in such 


in 

an interval. 


Again 0 < [(l - ^)v| < e-*»> where p = R(a) (0 < a: < n), and f dx 

Ja 

converges if p > — 1. 

The conditions of Tannery’s Theorem are satisfied and the result follows. 

Note, Tannery’s Theorem, of which the above is an analogue, refers to series 
(and products). (Ref, Bromvnchy Infinite Series, § 49,) 

11,58. Jntegratimi of Series when Infinite Integrals are involved. The 
result 

rb n n rb 


rb n n rb 

{^u„(x) }dx = 271 ujx)dx 
J a 1 1J a 


which has been proved under certain conditions of uniform convergence 
and continuity may no longer be true when 

(i) there is an in fi nity of uj(x) or Eujx) within the interval a <x <b, 

(ii) the interval is infinite, 

(iii) the series ceases to be uniformly convergent at one or more points. 

If, however, (i) j = rf for all c <b, 

J a J a 
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(ii) u^ix) > 0 (all X, n), then 

f {^u^{x)}dx{= Ii)= si Un(x)dx{= h) 

J a J a 

if either Ii or /g converges. 

Suppose, for example, that Ii converges to the value Si ; then 
U f u^{x)dx = f {Zujx) ]dx < Si for all c. 

J a J a 

Therefore since % > 0, 1 2 exists and has a value S 2 < Si, By 
similar reasoning Si < /Sg. Therefore Si = 

The case of the infinite interval is obtained by putting 00 for b (or 
— 00 for a). 

When there is more than one point of discontinuity within an interval, 
the interval may be subdivided so as to bring the point of discontinuity 
to the end point of a sub-interval. 


Examples, (i) 




Hi) 


log 




-j. 4. -j- 

.2 22 23 




the series within the bracket being 


uniformly convergent for |a;| < 2 and so for the interval (0, 1). Since a; = 0 is the 
only discontinuity within the interval, we have 


2^+- • -^ = 1 




dx 


and therefore 


But every term of the integrand is > 0 and I -1-converges; therefore, 

Jo 2-a: 


fMog© 

applying the theorem, we find I - 

J02 — X 




Putting 2a: for x we obtain 




'S=Jo 


(log 2)*. 


But 


J.-i—^(fo = J, -^d* = lim l I 

JO 1 ^ X •'* X e — > OJ i 


(1 + Ja: + Ja;2 + . . .) dx. 


The series for log^ ^ is uniformly convergent for the interval of integration 
and 1 belongs to the interval of the integrated series. 
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00 1 1 1 , 

J 0 2 - a; -f n^’2^ 12 ’ 


Jo 1 — a? 


o ri 


. dx similarly is equal 10—271 log x dx = 27— = —. 

iJo 1 ” 

Notes, (i) The theorem is applicable to the series Zu^(x) when u^(x) is not 
necessarily > 0, provided one of the integrals is absolutely convergent. For 
let w^{x) = u^(x) when u^(x) > 0 and w^(x) = 0 when u^(x) < 0; and let 
v^{x) = — u^(x) when u^(x) < 0 and v^(x) = 0 when Un(x) > 0. Then the con¬ 
ditions of the theorem are satisfied by the series Zw^(x) and Zv^(x) and therefore the 
process is valid for Zw^(x) — Zv^(x), i.e. for 27w„(a:). 


Example, 

1 


/•QO . 

1 sm ax 

■ 


dx (a real). 


-j- = 6“® + e~ 22 ; -|- ... (a; > (5 > 0), the series being uniformly convergent 
the interval except at a: = 0. 

But at a; = 0, the given integrand is 0(1) and it therefore converges 4^here. 
risinoa;! T da; 

Also I — -r-da; < I — -r so that the given integral is absolutely con- 

Js ® ^ Js ^ ~ ^ 

gent. The integration term-by-term is legitimate for 0 to oo. 

1 sm aa; I . , a a a 

c—smaa;<fe = —, + ^ , + . . . 


It may be proved by contour integration that 
sin ax 
e® - 1 


r 


sin ax n +1 1 


and we thus obtain the verification 
n \ n 


2 _ 1 


- 1 - 


+ 


e2Tra _ 1 ~ 2a 2 ^ 1 -f a2 ' 4 4 - 

111 ‘U 'll 

e* - T ~ < ~ 2 + < 2 ^+ 1 ^ + ^ + • • • 


j l]-33y Ex. ii). 


(ii) The theorem may also be extended to complex functions if one of the 
integrals Z^, Zg is absolutely convergent. 

00 

(iii) If ZvJ^x) converges uniformly in a < x< b and v^ix) is continuous in this 

00 

interval, then term-by-term integration is legitimate for the series Z^(x)v^(x), 


where <j>(x) is continuous except at one point (say x — h) provided I <l>{x)dx is 

J a 

absolutely convergent. (Eef, Bromwich, Infinite Series, ^175.) For, given e, we 

m-\-p 

can find m, independent of x such that |27 vj^x)\ < e for all p > 0, and therefore 


w +p r* 

|27 I <l>{x)v^{x)dx\ < sK where K — I \<l>(x)\dx, 
m Ja Ja 
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oof* 

Thus 271 4^x)v„{x)dx converges to a value 8. 

1 J a 

r* w-1 m -1 

Also <l>(x){2:vj^x)}dx\ = |iSf- r ^(x)v^(x)dx\ < sK, 

Ja 1 1 Ja 

Therefore I (<f>(x)I^Vf^(x))dx also converges to jS. 

J a 

11.6. Asymptotic Expansions. Consider the convergent integral 

= 1 -r- , ■» > 0). The integrand is 

Jo A -j- 


-xijl 


(— l )» t 2 » + (— 1)»+1 


f 2 n +2 

(T+^J- 


Also 


i.e. 


f dt = {m\)/x^+^ 
Jo 




Jo 


so that if X is fixed, \Rn\ ^ oo when n —>• oo ; for the series obviously 
does not converge. 

However, if n is fixed, |jB„| < f t^n+2g-xt j g ^ + ^)' 

J 0 a:2»+3 

tends to zero as oo. 

The error in taking the sum of the first {n + 1) terms of the series 

(non-convergent) as the value of the integral is less than 

the next term (which tends to zero as x —> oo). A close approximation 
to the value of the integral is therefore obtained when x is large. 

1 2 24 

For example = 0 09824 approximately. 

the error being less than 0-000072. 

Such an expansion is called Asymptotic, 

11.61, Definition of Asymptotic Expansion. A series^— is said to be 

0 3/^ 

an asymptotic expansion (whether convergent or not) of a function F{x) 
^a / 1 \ 

if F{x) = Olj when n is fixed and z is large ; and we write 










r 


462 


ADVANCED CALCULUS 


oo(U 

11,62, Addition of Asymptotic Expansions, If F{x) ^ E— and 


G{x) then F{x) + G{x) for 

0 Q x^ 

n.) +fl(.) - - (Fm - ^) + («(,) o(^). 

ii.63. Multiplication of Asymptotic Expansions. If Fix) ~ 2^. 

0*" 


(^(a:) ~ 2^ then F{x)G{x) ~ 2 
0 ^ 


+ . . . + aJ)o) 


, for 


I ]5^ 1 f I r 1 _ “1“ ^i^n—1 ~h * • • "f" , f^( 1 \ 

+ ^"} - f- 


when 




11,64, Svbstitution of one Asymptotic Expansion in another. If 
y = F(x)^ then ^{y) = a© + cdiy + oL^y^ + . . . is an asymptotic expansion 

if {(f)(y) — EoL^y'^} = 0(i/^+^). If it is required to find (f>(F(x)) as an 

® . . . 

asymptotic expansion in negative powers of x, it is therefore neces¬ 
sary that F(x) should be of the form — + ^ + . . . Substitute for y 
in (j){y) and let the series obtained by rearranging in powers of 

1 ® D 

- be E— where po = ^o, pi = oL^a^, . . .; then 


ox^ 


since 


Also 


{?“'(?+■ ■ •+5) “ f?} - 

{m^)) - 


since 


^{F) EoLj.F^ 
0 


i.e. 




The rearranged series is therefore the asymptotic expansion of <j>{F{x)), 
If, however, F{x) ao + — + ^ + • • • (^o ^ 0), F{x) —> a^ as 

X x^ 
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X —> 00 and the series for ^(F{x^ powers of F(x), if merely asymptotic 
(i.e. not convergent), will not ^ve a correct result. 

00 

Suppose then that Sxr'if has a finite radius of convergence R ; then 
0 

F{x) = Ua F i(x) may be substituted for y in and rearranged in 

0 

powers of F^, provided |ao| <R — e<R (since Fi{x) -> 0 as oo). 

We thus obtain <f>{F(x)) = + ^iFi + + . . ., where the series 

is now convergent and x large. Fj{x) is expressible as an asymptotic 
series and its first term is Oj/x. Therefore in this case, <f>{F(x)) is also 
obtained by rearranging in powers of 1/x. 


11.65. Division by an Asymptotic Expansion. Suppose that 
F(x) a# + ^ + ^ + . . ., where a, 0. Then 

SC X 

1/F(x) = G{X) + G\x) . . .) 

wliere G{x) ^ the series being convergent since G(x) -> 0 as x —> cx). 

1 X 


The constant term in Q{x) is zero and therefore the above series can 
be rearranged in powers of 1/x to give the asymptotic expansion of 
\/F{x). 

By applying the rule for multiplication, we deduce that H{x)/F{x) can 
be similarly expanded, when H{x), F{x) are expanded in asymptotic series 
and the constant term of F{x) is not zero. 


11.66. Integration of Asymptotic Expansions. Let^'(x)~^—-j. 


(the terms a^, Oi being absent). Then F(x)=i:—-\ -^ where 

2 x^ a;” ^ ’ 

|X^| < e for all large x, 


i.e. f F{x)dx = — -f ^ . . . _j_ --- -)_ R 

e 

where i.e. the asymptotic expansion of F(x)dx is obtained 

nx 

by term-by-term integration. 

An asymptotic series cannot however be differentiated term-by-term 
to give a correct result without further investigation. 


Examples, (i) 


i) [ 

J X 


dt (x real and positive). 




t-m dt, then /„ = 


m \ ^ 11 

m — -2— ^^+2 and the integrals are 


convergent. 
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where 


Thus 


Therefore f e®* dt - 22^.3 + 23^*^ . . . + ( If 2 »- 

J X 

{i: - 


(2n - 1) 

2»+i 


1 


^2n+l 


+ K 


\K\ = 


1.3.5 . . . (2n + 1) 


2n+l 


1.3.6 


(2«+l) 




2n+2a;2n+3 

1 1 


Since 


1 t 


/2n-i-2 ^ a;2n+3 


and 


I- 


t‘2t cU^l. 


dt 


( 2 / 1 )! 


2x 4x® “h • • • ~i“ ( 1) ^i 22 n+l/p 2 n+l • • • 


fco 

Also using the result I e-t* dt = \^/n (§ 12.24), we may write 

Jo 


r 

Jo 


- dx {n Si positive integer). 


/•oo . 

1 sin X 

/•ao 

If /^ = I —^ dx {m > 0), we obtain by integrating twice that 

Jrnz ^ 


(nn)^ 

1 I r°° cosa;„ 

Also |/J < 


(— 1 )" 

= -rrr^;^ - »*(»» + l)/m+2. 




■ (/ijt)^ 


(using |cosx| < 1). 


Thus 


I 


mz 


—- dx = Uq -{■ U 2 -V • • • + ^ where 

X 

(2m)\ 


= (- ir ^^ (^^) 2 ¥+ - i and = (- l)»>*+i(2m + 2 )!/ 2 ri, 1 - 3 . 

2{{2m-\-2)\} 

Also \^\ < (njiyimk-'i <2\umv\\- 

f* sin a; (— 1)"/ 2» 4» \ 

any particular term being less than twice the succeeding term, 
sin X 

For example, I dx — 0 052762 (correct to 6 decimals) so that since 

Jcrr ^ 

/•oo . /•Stc • 

f (te = i^r, we find j = 1-618034. 

Notes, (i) If a function G{x) is expressible in the form <f>(x)F(x) where 
F{x) Uo + ajx 4- aj/a;* + . . . 

then <^(a;)(ao + ajx + ag/a;^ . . .) may be called an asymptotic expansion of 0(x). 

(ii) The theory remains the same when the variable is complex and tends to 
infinity in a given direction. It should be noted, however, that a non-convergent 
series cannot represent the same analytic function of z asymptotically for 

nil directions. 
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(iii) If f(x) possesses derivatives of all orders near a; = 0, then Maclaurin’s 
Theorem (with a remainder) shows that 

1 ^ f X 1 

/(*) =/(0) + */'(0) + . . . + (6*)j ^ 

where 0 < 0 < 1, and therefore for a fixed n 

m =/(0) + xf\0) + . . . 4- + 0(a;«+i) 

/I \ . /'(O) /"(O) 

and it follows that an asymptotic expansion of f\~) is/{0) + — -h 


+ . . . 


for X large. (Boivma^iy Bessel Functions, §77.) 

Example. J^et f(x)— I c-^ {t{\ xt)}-^ dl (a; > 0). The integral for/(a;) 

Jo 

and also all those obtained by differentiation with respect to x are uniformly con- 
vergent for all a; > 0. We therefore obtain/(O) = I — -^(J) “ 


and 


Therefore 


2^ 


'(-l)nr(n + i) (Ch. XII). 




, / I> 1 


1».3».5* I 


4.8.12 


+ 




11.67. Non-Convergent Series. Definitions by various writers (such as 
Euler, Borel, Cdsaro, Riesz) have been given of the ‘ sum ’ of a non- 
convergent series. To be useful such definitions must be consistent, i.e. 
must be applicable to convergent series and give the actual sum. As an 
illustration we shall consider briefly the Cesaro method. 

11.68. Series Summable (C1). If= ai + aj + . . . +a„does not 
converge but the sequence - (^i + ^2 + • • • + >S^n) converges to a hmit S, 

th 

then the infinite series is said to be summable (0 1) to the value S. 
For consistency it must be shown that if /S^ —> S, then 

-{Si+S2 + - . . Sn) 

must also tend to S. 

Denote S^ — S hy then —> 0. 

Consider + - 

" n 

Given e, we can find m such that |c^| < e for all r > m. 

Taking n> m, vre have 

Q Cl + C 2 + • • • + Cm -1 . C„t + C,„+i + . . . + C„, 

" n n ■ 
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Keeping m fixed (for the moment), the term 

!^m “h • • • 


n 


n — m + 1 
< -- £ < 8 


since n > m — 1. Also 


the upper bound of (a 

(m — 1) 


O1+C2 + . . . 


i i, 

n 


ensure that 


1 r), and n can be chosen sufficiently large to 
k < £, Thus m can be chosen and then Uq so that 


I(7^1 < 2e for all n > n^. Therefore > 0 

Vi -t -S’, + . . . f 


i.e. 


n 


Notes, (i) Hardy has shown that if is summable {C 1), then is convergent 

if = 0{l/n). (Proc. L.M.8. 2, VIII, 302-4.) 

00 

(ii) A series 2a„ is said to be summable (G^) to the value S, if 
lim S(n, r)/A{n, r) —>- 8 

where 8(n, r) == + rsn-i + 3 + . . 

A{n, r) = 

Examples, (i) If = 1 - 1 + 1 - 1 . . . + (- l)n-l, == ^(i _ (_ i)n)^ 
^1 + ^2 + • • . + {n even), -f 1) (n odd), and therefore the series 

l — l + l — l + l...is summable (G 1) to 

1 cos 2ti0 

(ii) sin0 + sin 3d + 8in(2w — 1)0 = — —. (0^ 2mn) and there- 

L Sin \) 

fore the series is oscillatory. 

^ n cos {n + 1)0 sin w0 

1 ^ ~ - 2 sin2 0- therefore the series is summable (G 1) 

to J cosec 0. 

Examples XI 




^1 ~h 2ci2 4" • • • 4" 


« 1. If Ea„ = s, show that Ilh„ = s, where 

^ 1 1 ” w(?i 4- 1) 

7 2. If > 0, all 71, show that Z{a-^, ^2 •••»«)” < when ^a^ is convergent 

1 11 

(and a^ are not all zero). 

Determine whether the infinite series whose general terms are given in Examples 
3-15 are convergent or not. 

1 - (log 7i)^ _I 

4. — 5. 71-(log log w) ^ 

n log n 


3. 


(1 + • • • 


6 . 71 ^ - 1 


1 


8 . - 1 - 


log n 


— 1 

9. (log7l)-logH 10. (logn) log log n 11. 


12. a” - 1 - 1 (a > 0) 
n ' ' 


13 

(2n + 2)! 
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14. 


15. 


3.12.21 


+ 3) {2n + 1)! 


1.4.7 . . . (6n + 4)’ nl 

a(a + 1) » « « (qc + + 1) » » « + ^) 


y(y + 1) . . . (y + 


+ 1) ... ((5 + 71) 


16. Show that if is convergent (a„ > 0 ), so also is 27 (a„an+i)^, and that 
1 / 1 
the converse is true if is monotonic. 

Discuss the convergence of the series whose general terms are given in Examples 
17-20. 

1.4.7 . . . (3w + 1) (2/1 + l)!a;« 

1.7.13 


17. 


18 . 


19. 


20 


. (671 + 1)’2.5 ... (371 + 2)7i! 
a(a + 1) ♦ • . (g + n)P(P + 1) . . . (^ + n)xn~^ 


p{p + 1) . • . {pn)q(q + 1 ) . 
(n\Y{(n + 2)!}2{(71 + 

(271 + 1)!{271 + 5)!}2 
(27i)!{(37i)!}2(47i)!a;»» 


(g + 


(67i + l)!{(27i+l)!P 
Prove the results given in Examples 21-7. 


21 . Lim 


,(r 


+ 




27i2 

2^ + 71* 


+ 


^27tV 8 


22 , 


23. 


24. 


Lim ^{log(l +^) + log(l +1) + . . . + log 2 ) = 2 log 2 - 1 

Lin. 

«! J c 


25. Lim 


(; 


n—>-Q 0 + 

n 


+ 


^/(n^ + 27i) 


+ 


+ 


1 


V(27i2) 


} = 2(V2 - 


1 ) 


QO 


f(4>i2 - 1)(167 i2 - 1 ) ~ 12 ^^ ^ 

® 1 7 10, 

fw(4n2 - 1)(16»2 - 1) “ 3 - 3 

28. If the positive function f(x, y) has a lower limit g(^) and an upper limit 
( 7 (f) when y — ^ — x and x varies from 0 to f, and if fG'(f), ^g(^) tend steadily to 
zero as f —> 00 , show that the double series LEfim^ n) converges if the integral 
J'»G(f)fdf converges; but the series diverges if the integral J®gr(f)f df diverges. 
{Bromwich.) 

Establish the convergence or divergence of the series given in Examples 29-31. 

29. 2727e“»«*-»»’ 30. EE(m^ + 7 i 2 )-l{log( 77 i 2 4 . n^)}-p 

31 . - 2727 ^^——^ 

(m^ + mn -f 

32. If S{x, y) = EEap^y9 and K(k) = lim {max a^qlcfl}^, show that the double 

0 0 n->Qop+g=n * 

power series is absolutely convergent within the region bounded by 
|a;|A(|i/|/|a;|) = 1. {Lemaire.) 

(ffl -}” 7l)! 

33. Prove that the double series — miTi! absolutely convergent 

for |a;| + | 7 /| < 1 to the sum (I — x — y)“^. 
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34. Show that the double series .. 

ooX-ia^! is absolutely convergent 

for |a;|i + \y\i < 1 and that its sum is (1 - 2a; - 2y + - 2a;y -f- (DanidL) 

35. Prove that the series 2* (- \)n-l^ - 2 ^ ^ is convergent 

1 ^ ' nr -i- qj^nr-i + . . . + qr 

(not absolutely) and that |(- U”- 1 ”' 7 - 1 V. « absolutely 

convergent. 

M convergence of the series whose general terms are given in Examples 

00—43, 


36. 


- l)"(^ + n) 


log n 


37. 


1 


n(l -f w^c®) 


1 . 1 
38. — sin — 
n n 


„ 8 in» (rtB) 


42. (-1)". 

43. 


- j 

39. n”2-« 40. 2n / 41- n' 

. «(« + 1) (a + n) 
yiy + 1) . . . (y + n) 

L3.5 . . . (2n - 3).2.5.8 ... (3n - 4) 

(n — 1)!1.7.13 . . . (dn — 11) 

44. The series 1 — J + i — J + . . . (= log 2) is deranged into the series 

Where a group of terms of one sign contains twice as many members as the Vrevious 

^oup of the opposite sign. Show that the sum oscillates between ilog2 and 
^ log 2. -4 0 

Determine the limits of the functions given in Examples 45—50 when n tends to 
00 and a; ^ 0, and obtain the intervals of uniform convergence. 


45. 


48. 


I -{■ nx 


w(l + a;2»») 


46. 


4 + nx n^x^ 

1 . a 


47. 


nx^ 


49. 


sin - sin - 
n n 


l -j. a;‘2n 

50. tan”-l(na;) 


®in»(i) + a;cos»(-jj 
For the functions given in Examples 51-4, find the values of 
lim I f(x, n)dx and f lim f(x, n)dx (c > 0 ). 


51. 


52. 


53. ne-r^sinnx 54. nxe~r^* 


1 + n*a ;2 l 4 - 

uniform convergence with respect to x of the series given in Examples 

55^u2, 


55 . E 56. i7(_ l)n-l-57 27 ”^ 

1 1 ^ ^ n(l + X”) 7 

“ 1 
58. E 


cos^ X sin nx 


^ ay 

59. 27(;« cos nx 60. x^ cos tid 


1 n® + n*x^ 

_ « e-fia: 


61. -2:®— 62. 2'(_ i)n-l 

1 1 ' nP 

00 l)n—l-i*n 

lim 27^ =41oe2 

1 n(l +a;") ^ 


63. Show that 
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8 1T1 ^ 2 2 4 

64. Prove that = a; + + • • • (|*| < 1) deduce 

OQ iln — 1 V 

that (i) (arcsina:)^ = i^ ^ 

Jt* , H 1.2 1 
(u) g -1 + 62 + e.io’a + • • • 

,..., a^-v/S 1 1.2 1.2.3 

(ui) g _ 1 + g g + g JQ + . . . 

Prove the results given in Examples 65-72. 

x^ oc^ 

65. I cos(a: cos e)de = 1 - ^ + 22743 • • • 


66 . 


£■ 


^^Iog(l + X)dx = j2 


67. j log(l — 20 cos a: + a*)dx = 0 (|o| < 1); 2n\og |o| (|o| > 1) 

Jo 


68. r,- 


_ 1 fl (l - t)”^dt 

~ ”®U 0 1 - *<® 


Q {(xn + l)(an + 2) . . . (an + ^ + 1) mAj ^ \ — xl^ 

69. 1 - («C' 2 )-i 4- (®C' 4 )-i - (IOC's)-! + . . . = 10 - 271 - 4 log 2 
2x arc tan x + log(l 4- a;*) 


(a > 0, \x\ < 1) 


70. 


1 4- a;* 


2{SzX^ -S^x^ + ...} (\x\ < 1), where Sr = E(l/n) 

71. i(arc tan a:)log(l + x’‘) = i(l + i)x^ - i(l + 4 + i + 4)=':'* + • • • (1*1 < 1) 

72. i;ilog2 = J(1 + i) _ 1(1 + J + J + J) + . . . 

Discuss the convergence of the infinite products given in Examples 73-80. 

00/ (— f 2 ./a 4 * (— l)”a;\ 

73 . 77 ( 14 -^—74. 7l(~^) 75. 77(1 4- ■ ) 

1 \ noL — I / 1 V + 2 ^ w log n / 

CO X <x> X ® / . a;\ 

76. TI cos - 77. 77 cosh - 78. 7711 + (- 1)»» sinh -) 

in 1 ^ 1 ' 

00 /x -j- x^”’\ 00 /I 4 - a;” 4- 

1 + ) 

112 11 . «> 

81. Show that if W 2 r-i = 4- -> = — ^ 1/3 “ ”* series 27w„, 

00 ao 

are divergent but the product 77(1 4 - u^) is convergent. 

1 1 

ah c a a^ — b — 2ab + c , 

82. If« 2 r-l =^ + ;^ + --^ + - ,135 -, show that 

00 00 00 
the series Eu^, Eu^ diverge if a < J, but the product 77(1 + u^) converges if 
11 1 

a > 1/4. 

83. Prove that 77(1 + 2 ^’^) = kl < 1* 

0 1—2 

Prove the results given in Examples 84-7. 

® sin nB cos n<l> 


84. E 

1 


== - 0), (e> <!>); - id (0 <<!>); J'tt - 20) (6 = 


(0 < 0 , ^ < ji) 
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85. |(- =0, (0 < e < in), (6 = n), (§n < 0 < 2n); jn. 


(6 — \n) ; — ^n, (6 = (J^r < 6 < n); — ^ 71,(71 <6 < ^ 71 ). 

«> cos nd *5, sin nd ^ , 

f(2^^ = = f(2^" = 


87 H 
1 


<»C08 n0c^ ^ ^ ^ 


according as 0 > ^ or 0 < ^ where 0 < 0, ^ <. 71, 

88. If/(z) = and 2 (= re^®) is a point on the circle \z\ = r < R where R 

1 

is the radius of convergence of the power series 

f R(/( 2 ))cos nO dd = 7ir”R(a„); j R(/( 2 )) 8 in nO d0 = — 7rr”I(a„) and 

Jo Jo 


£ 


R{f{z))d0 = 2nR(a„); and deduce that 


(i) 


1 

knk”< - |R(/W)|^ >0) 

^Jo 


(ii) K\r^< Max{4MaxR(/(2)), 0} - 2R{/(0)} 

89. lf/( 2 ) is analytic on and within the circle \z\ < R, show that for a point 
(= re^O) within the circle 

R(/(^o)) = ' B ^-2I{fL'(0-.i) + r‘ 

where z(= Re^^) is a point on the circle \z\ = R. (Poisson.) 

Obtain the Lagrangian Expansions given in Examples 90-5. 

, (25 - 1) , (35 - 1)(35 - 2), 

90. If 2 = 1 + tz ^; log 2 = < + - P + . . . 


3^2 42^3 


3! 


91. If log 2 = ; 2 = I + / + ^ + 


2! ' 3! 




(«> 1 , |<| 

(|<| < l/e) 


(s - 1)»-1N 


, 6 , 9.10, 12.13.14, 

92. If z(l + = <; z = t- -+ . . . (M < 3V4‘) 

93. If 2 e»* = <; e» = I + < - ||C + . . . (|/| < l/2e) 

94. If 2 (I _ 2 ) = /; (I - 2 )» = 1 - .1 + . . . 


2 ! 

(|<|<i) 

95. If 2 = ty(\ + z)i z = t + \i^ + it^ +1:(- I)«-i- ^-4i- 

(M <2) 

Obtain the expansions given in Examples 96-101. 

3 6 


(2«-3)l2«+l 


271 2*” 


96. 8ec2 = 47t(j^,-~^^ 

97. cosech 2 = - — 2z (—^~—; 

2 \Z^ + 


Z2 + 


97i2 _ 4^2 257i2 - 422 


_ 4^2 • • 7 


1 


+ .-2 


1 


71^ 2^ + + 9^* 


■) 
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98. sech. = • • •) 

99. coth* = i 1 9^2 + • • •) 


00 1 

100. 7 C 2 cot TIZ = \ -\- 2z^Z-z - 


4z 


CO / 4ic^ \ 

102. Show that cos^ra; =77(l — rz - 

1 \ (2n — 1)V 

Discuss the convergence of the integrals given in Examples 100-2S. 

(log a;)l/3 


p e -^(log x)\ dx 

Jo Vx(l+x^) 

105. 

Jo 1 + ®* 

poo 

107. I 

Jo 

Jo (sin a:)l/5 

111 p (ia; 

Jrr (log^)^(sina;)V3 


104. 

Jo 


a?l(l + x^) 


106. 


dx 


c dx 


r xt 

Jq (sin a;)V3(a;2 -f a^) 

fOO 

. I ^ dx 

J 0 

r 00 

110. I log(cos^ a;)f?a; 

J 0 


108. 


.u, f 

J TT 

113. 1,4. f 

J 0 1 + Jo 

r® • • n • 

_ , I sin OLX sin Bx sin yx | 

116. Jo^- 

C°° 8m(a”>)(fa; f“ 

■ Jo Jo 


dx 

x^{\og a;)^(sin a;)V5 


-i:' 


log X dx 


log(l — x)dx 

V(l-®) Jo (1 + xf 

sin(aa;® + bx)dx 


118 


120 


^coB X sin 2a; 

119. I -- dx 


x^ 

ax 


—1 f*” a; cosh a 

-j- dx 121. — . ^ - 

Jo l°g* Jo 

122. J (s C-* + - e-1®)}^ 

. f* x^ + a;-a f°° cosh olx cosh px 

“•JcTT^* ‘“-j. 


cosh X 


dx 


(tana;)* da; f* da; 

- h - • • a (oh > 0) 126. - a . 

J Q a cos* X 0 sm* a;' ' J 1 + a;* sin* x 

r dx fi 

129. lff(x) is monotonic decreasing and tends to zero when x tends to infinity 

f*CO ^co 

and if I f(x)dx converges, prove that lim xf{x) = 0. Deduce that if I f(x)dx 
converges so also does I xf'{x)dx. 
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130. If/(a;) is an odd function of x show that 


f* . dx dx 

J^/(sma;).- = J ^/(sin *) 


if both integrals converge. 

Prove the results given in Examples 131-2, 


131. f- 

Jo - ® 


2'‘+ia; ^ 7t(2ny. 

dx = , 


■ 22n+l(rif)2 

133. If f(x) is an even function of x, show that 


pQO 

132. I log(cos^ a) = — JT log2 

Jo ^ 


f ^/ • \ ^ f • X ^ 

J/(sin^).^=J/(sm*)^-j^ 


if the integrals converge. 

Prove the results given in Examples 131-47, 


134 

135 


Iog(co 8 »a;).^= -ji 


{log(co 8 *a:)}{log( 8 in*a ;)}-5 = 2 re( 2 Iog 2 — 1 ) 


'1 

T 

136. f log(l + ^dx = na 137. [ ^ = jj jog 2 

Jo ® Jo ^ 

fiM. / 4.1„. 

•f 


138 

139 

140 

141 

142 


sin ax sin bx sin ca; 


psj 

Jo 

poo . 

•I - 

Jo 

/•oo . 

•I - 

Jo 


da? — ^7tbc {a b -f- c) ^ 

\7i(2bc + 2ca + 2a6 — a^ — b^ — c^) (a < 6 + c), (a > 6 > c> 0) 
sin ax sin x 


- dx = ^7ia (0 < a < 1); Jtt (a > 1) 


sin ax sm* x 


sin oa; sin® x 


dx = J7wi(4 — a) (0 < a < 2); Jt! (a > 2) 

. Jia jt 

(9-a^) (0 < a < 1); j^(a» - 9a» + 27a - 3) 


(1< o< 3); iji (a> 3) 

143. £ l«g(coli4)*.|‘ 


log(l — x)dx 

V(1 - X) 


f 

•f 

Jo 


= - 4 




+ a;‘^-12’' 


146. 1 = 1 -1 + 1-1 + 


log(a + 1 ) (a > - 1 ) 
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148. By means of the change of variable x = VAe“, t = 2VA8inhw (A > 0), 


prove that 


pQO ^00 

(i) f{x^ + X^/x^)dx = 

Jo Jo 

jo (*’ ~ S)-'' (** + = jo 


/(<* + 2X)dt 

/•QO 


if the integrals are convergent. 

149. Deduce from Example 148 that (A > 0) 


(i) 


i:- 


^*/®* dx = e 




(ii) 


f a:ae-*'-AV** dx = ^ e-^(l + 2A); 
Jo ^ 


f 1 V - 

(iii) I — = ■^e-2X 

Jo ^ 


A 


r 

150. Show that I a;sin(a;® — (xx)dx is uniformly convergent for any finite 
Jo 

Brval of a. 

Prove the results given in Examples 151-66. 

fOO 

• Zi + x(a + fc)} - e-i^a + x(b + k)y\dx = (h - a) ± k log - 

Jo * ^ 

■ 0 ) 


151 

(a, h > 0) 

152 


“^{1 + (a — h)x} — e~^^'\dx — b — a — b log - {a, b > 0) 


f* 1 

- i^) - e-^{l + (J “ n)x}]dx = (w + i)logn + 1 — w 


(n > 0) 

^ {(^2 - + (^3 - + (^1 - h)e~^^}dx 

Jo ^ 

= (^3 — ^ 2 )log a -\r(k^ — 1c^)\og b — k^)\og c (a, 6, c > 0) 

C 1 

• + ax) + A^x) + + bx) + B^x} 

+ e~*^^{C(\ -|- cx) + Cyxy\dx = — Aa — Bh — Cc — \og(a^ib^ic^x) 
where A B 4“ ^ — A^ -j- B^ ~ 0 (u, 6, c >• 0) 

/a^b^c^\ 


154 


155 


p 1 

156. I —{(6 — c)e~‘ 
Jo ^ 


‘ + (c - a)e-^>* + (a - b)e~<^^}dx = 


-) 

ic/ 


157 


158 


159 


160 


r 1 

Jo^< 


\c^aW 

(a, 6, c> 0) 

p 1 

I — c 4- ic{a(6 — c) 4- log h/c})\dx = 0 (a, 6, c > 0) 

Jo * , 

^(e- i«x ~ e~ dx — 2 log( ^^^ ) (a, 6 > 0) 

f* 1 

• 1 4- (c — a)e~^ 4- (a — b)e~^}dx 

Jo ^ 

= a(6 — c)log a 4- 6(c — a)log 5 4- c(a — 6)log c (a, 6, c > 0) 

/•oO j 

J ^ da; = a log a 4- 6 log 6 — (a 4- 6)log^ ^^ ^ 

(a, 6 > 0) 
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e-*sinh®i«a: 


dx = Jlog{(l — + o)i+“} (|a| < 1) 


.6,. r 

Jo 

1 

162. ^ [e-«^{l + x{a + ky) + x\ia^ + ak^ + } 1 


e-»*{H- x(b + ti) + x\^b^ + 6*, + fc,)}](te 


C 1 

Jo 


: - a^) 4 - Jci(b - a) + log - {a, b > 0) 


- [e-ax{i + (a - b)x + i(a - b)V} - e-b^]dx 


164 


165 


= i(^ — «)(« — 36) + ib^ log - (a, 6 > 0) 

r* 1 

ri {e-*(2a;2 4- 6a; 4- 9) - 9e-i^^}dx = - J log 3 
Jo ^ 

|.QO ^ 

- {c-*(2 - a;2) ~ c- 3^(2 + 4a; 4- Sa;^)}^;^; = 0 

Jo * 

•re 


g-ax^e-bx a — b e-<^+ 


167. If J,{S) 


.if 

^Jo 


jdx = ^ab log - — J (62 _ ^2) 

(a, 6 > 0) 


cos(| sin prove that 




,(a;<)8m a; ia; is equal to 


in if 0 < < < 1 and equal to arc sin (1/^) if < > 1. 




cos(0 — ^ sin 6)d6, prove that 


C 1 

Jo 


dx is equal 


toy{l — V(1 — <^)} if 0 < < < 1 and equal to l/t if < > 1. 

Establish the asymptotic expansions in Examples 169-73. 
C^^e-^di fl 1 2! 3! \ 


171. 


r 

cos^ d 1 


cos X 


1.3.6 

1.3.6.7.9 

1 

1 


\x 

vt 


y/x 

l2x 

“ {2xf 

(2a;)6 • 

• -J 








sinx r 








\7x 1 

I 

(2x)® 

^00 

sint dt 

cos xj 


1.3 

1.3.5.7 1 



L 

Vt 


^x \ 

1 — 

(2x)® + 

'(2xf * * -J 









sin X 

fl 

1.3.6 







^/x 

l2x‘ 

- (2x)» + 

rx 

e* dt 

e® 


1 

1.3 

1.3.5 N 



), 

Vt 

's/x 

{} + 

2x 4a:® 

8x3 • •) 

1 



(2xf 


...} 


173, 


i: 


e-«* 


(I 1.3 1.3.6.7 \ 

2®x* + 2«iE« • • V 


^/t{,x^ + <“) 

Find the sum of the series given in Examples 174-8, showing that they are 
summable (01). 

174. 14-04-04-.. . + 0-14-04-04-. .. + 04-1 + 04-04-... 

+ 0 — 1+0 + 0..., where + 1 is followed by p zeros and — 1 by g zeros. 
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Solutions 




s where = 27 a^, 

1 

2. (fliajj . . . a„)Vn 2oj3a3 . . . ««nF”< (Example 1) < eb„ 


since < e(r 

3. D 4. D 
7. D {«„^ 00) 
»«• D («„>^) 


1 to n). 
5. D 


/ 1\ 


1 

A 

^ (“»> d 


12. D except when a = e. 


11. D 


13. (7 1 —>■ 4) 14. Z) 15. C when y + d — ol — p> 1. 

16. 2(a„ an+i)i< + an+i ; ctn+i < (a„ On+iM if ®«+i < 

17. (7 when a; < 3/2. 

18. C when x <1; a;=l, p + g — a — )?>1; 

X = — I, p + g — a — jS>0 

19. (7 when |a;| < 8. 20. C when |a;| < 4. 


21. f(n) = 22. Consider Iog(2 - ^dx. 

Ixar/i 
^ann 


23. Use Example 22, 

24. Use Tannery's Theorem for Series, (Bromwich^ Infinite Series, § 49.) 

“• I ,V(^)' 

26. r = - iS,„ + iS,„ - + -,V + 

27. I = - + 2<S3„ + + 1 + 


12(iT) " 6(4;*^) f 1/’' 


1 


8 


0/0 . IV o/.< . , Vwhere=-271/r 

X 3(2?i + 1) 3(4n +1) 1 

28. Bromwich, Infinite Series, % 32, 29. C 30. (7 (p> 1); D (p< 1) 

31. C(A> 1),D(A< 1) 

32. Lemaire, Bull, des Sci. Math., 20, 1896, 286. 

33. Use test of J57a»wp/e 32. 

34. Use Example 32; for the sum, expand (1 — 2 hz -f h^)-^ in powers of h, 
where h=:x — y,z = {x + y)(x — y), and use Leibniz’s Theorem for the nth deriva¬ 
tive of (z — 1)”(2 -f 1)^. 

36. (7 

37. Abs. and unif. C in the intervals < c < Cj < 0 < Cg < c < 

38. G 39. C 40. C 

41. D except when 0 = mn. 42. C when a < y. 43. D 

44. If Tr is the sum of r terms, = /S^gmi “ 4^w, - where 

m = 22n+l - 1, = J(22n+2 _ l), = J(22n _ 1) ; 

where m' = 22n - 1 and /Sf^ = 1 + J ^ -f . . . + ^; also T^> Tr> when 

m> r> m'. Thus -> f log2, 1log2. 

45. 0 (a; = 0); 1 (a; > 0); unif. O in 0 < e < a:. 

46. 0 {x> 0); unif. (7 for 0 < e < a;. 

47. 0 (a;;z^ 1); oo (a; = 1); unif. C in an interval not containing a: = 1. 


1 
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48. 0 ; unif. C in 0 < a:. 

49. a (a; = 0); 0 (a;^ 0); unif. 0 for 0 < c < x. 

50. 0 (a; = 0); (a;^ 0); unif. 0 for 0 < e < a?. 

51. 0, 0 52. 0, 0 53. 0 54. J, 0 

55. z> 1 + € > 1 56. — 1 + e < a; 

57. Any interval that excludes mji. 58. Any finite interval of x. 

59. When |c| < 1, all x. 60. |a;| < 1 — e < 1 

61. 0 < e < a;, all ; 0 < x, p > 1 62. 0 < e < a;, all ^ ; 0 < a:, ^) > 0 

64. Ify is the series, then (1 —x^)y' — xy — 1, i.e. — a;*)} = (1 — a:*)”l. 

x^ cos^ d 7 ^ cos* d 

65. Integrate 1--"I-Ji— • • • 

66. Integrate the power series for "log(l + x). 

67. Integrate the series for log(l — 2a cos x + in powers of a, when |a| < I; 
when |a| > I, take a' = I/a. 

68. Take the power series for (I — when |a;| <1, \t\ < I; integrate 

and use Abel’s Theorem for a; = I or — I. 

69. Use previous example with m = 3, a = 2. 

73. C when twc — I is never zero (a t^O). 74. D except when a = 

75. C all finite x. 76. C all x. 77. C all x, 78. C all x, 

79. C (|a;| > I); i>(|a;| < I) 80. C except when a; = dz 1. 

85. Take sin® Tid = f sin J sin SnS. 

88. See Titchmarsh, Theory of Functions^ 2.53, 

89. Goursatf Cours d'Analyse, III, 508. 103. C all a. 104. U, a > J 

105. C, OL> — 1, y> —1 and (i) 0 or (ii) /S = 0, d>a-fl 

106. C (Dirichlet’s Test) 107. C 108. D 109. C, p> 0 

n 0 .C,p >0 111 . 0, p>0 112 . U, p >0 

113. O, a > - 1, y > a 114-17. C 118. C, + m 

119. O, a > 0 120. O, a > - 1 121. C, \a\ < 1 122. C 

123. C, |a| < 1 124. C, ja] + |/3| < 1 125. C, |a| < 1 

126. C 127. D 128. C 


129. I f(x)dx > (X 2 — ^)f(x 2 ) and therefore if limi^(a;)^ 0 , the integral is 

not convergent. fx/'(x)dx = xf(x) — jf(ic)dx 

130. Divide the interval at Jjr, 7 i, . . . and change the variable in each 

interval to obtain 0, as the limits of integration in each. Use the relation 


11?. / I 1 \ 

- = - 4- E{^ l)n(- + -) 

sin X a: 1 ' ' \x — nn x -{■ rmf 


133. Seje Example 130 and use the relation 

_l _ 1 1 _1 _\ 

sin® X ~ x® ^ i \(x — ^ (x -}- wtt)*/ 


136. Integrate 


r 

J qX® + a® “* 2 


(a > 0 ). 


r dx 71 

137. Integrate J ^ aV)(l — hV) = 2 ^) 


with regard to b and put a = 6 = 1 . 


i ® ab dx . X, , 

(a ;2 4 . ai)(x^ + 6») “ “ Example 137. 














EXAMPLES XI 


477 




sin ax cos hx cx dx = (a > 6 + c) and \n (a <h ^ c). Inte¬ 


grate first with regard to 6 and then with regard to c. 
'^cos «« sin a; da: 


140. 

respect to a. 




= 471 (0 < a < 1) and 0 (a > 1). Integrate with 


f cos ax sin^ x , n,^ 

141. I -^- dx — t( 2 — a) (0 < a < 2) and 0 (a > 2) (see Example 

J 0 ^ ^ 

9). Integrate with respect to a, 

I cos aa: sin^ x , n ^ n 

142. Use! - da: = g(3-a2)(0< a< 1); j^(3 - a)2 (1 < a < 3); 


0 (a > 3) from previous example. 


1 .- 


143. Integrate the series for -tan-^a;; substitution of a: = tan gives 
d 

dd and integration by parts of the latter gives Jlog cot^ 6 dd. 
d 

144. Use the result ^[ 2^(1 — a;) {2 — log(l — a:)}] = {log(l — a;)}(l — a:)-i. 

00 

145. Integration of i7(— l)"a:”loga; term by term is valid since 

0 


converges. 


146. a:* = 2; —(Wa;)” when a: > 0 and x^ — > 1 when x —0 +. Also 

0 w!' ^ 

|a:loga;| < c”! for all a: in 0 < a: < 1. 

147. j* a::^ da; = (a + l)~i for a > — 1 + d > — 1. Integrate from 0 to a. 

150. Use the result ^{(3^ + cos (*» - aa:)| = ^ sin (*» - a*) 

— 3a: sin (a:® — aa:) — ^ 

k d /e“«^ — e‘”^\ 

151. The integrand is — e-^) — -)• 

X (tX\ X ' 

175. 4 


169. Take t — x u. 
176. 0 177. 0 


174. (p -}- l)/(p 4-^ + 2) 

178. 0 


32 







r 





CHAPTER XII 

BERNOULLIAN POLYNOMIALS. GAMMA AND BETA 

FUNCTIONS. 


6^ — 1 


12. The Bernoullian Numbers and Polynomials. The function 
may be expanded in a series of rational functions as follows: 


the only infinities being poles at ^ i 2nm, t = 0. 

If |<| < 271:, each of the terms in the series on the right can be expanded 
in powers of t and the double series is absolutely convergent since 
00 1 ^ 

Z -TT— is a convergent series (of positive terms). Thus we may 

1 ““Kr) 

write 


= 7 “ 2 + ^‘27 “ %. + 


where Rj, ^ 3 , 


Since 

then 


I 


• • (i<i < 24 

. . are called the Bernoullian Numbers. 

1 


+ 4:n^7i^ {2nnY (2w7r)' 
I 00 I 3 « 1 


+ 


1 


(2n7i;)® 




2(2r)!|^ 1 


Notes, (i) We may verify that -: -f \t is an even function of t by noting 


that — 


-i' = : 


+ u. 


— 1 ^ e* — 1 

(ii) More than one notation has been used for the Bernoullian Numbers. The 
Bernoullian Number is sometimes taken to be the coefficient of t^/n\ in the 
expansion of t/(e^ — I)- If this be denoted by B,^, we have 

_ js; = 1 , jB; = - J, = Bu B, = 0 . 

^2m ~ ^ ^Bnif > 0). 

It has also been taken as the numerical coefficient of t^/(n + l)!in the expansion of 
(c* — 1)^ — + J, and if this be denoted by we haveB^i = = 0, 

B3 = B^t B4 = 0, . . = Bm, = 0. 

(iii) The values of the lower Bernoullian Numbers may be found directly from 
the de&iition, i.e. from the identity 


/ t \f t \ 

+ ^ + ^ + 4! + • • -jv^ ~ 2^ ®*4! + • V = 
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Thus it will be found that 

^2 - 30» ^3 - 42’ - 30’ “ 66’ ” 2730’ “ 6 

3617 43867 174611 

^8 ■“ > ^9 rrOQ » ^10 “ 


798 ’ 

Examples, (i) Expand ^zcot in powers of z. 


330 


, 2 : 6^2+1 iz(^ 2 \ iz/2 

is cot \z = 12 = 2 !^ + ii^l) = 2(s + f <“ / 

= 1 — ^i2\ ~ ~ • • • (l*l ^ 

Other expansions of a similar type will be found in Examples XII, 1-8. 

4r C^t^r-idt 

(ii) Show that Br = ^ 

,» , . r°° sin at n +1 1 

By contour integration “^TZi ^ § 10.86). 

j Q e 2 ^ ® 

The integral obtained by dijBferentiating the integrand on the left a finite number 

of times with regard to a is uniformly convergent for all a since the integral I 
is convergent (r > 0). Equating coefficients of on both sides, we find that 

(- ir-ip 

(2r-l)!jo 

is the coefficient of A in ?fl + -r— ^- 

2\ eana __ 1 ani 


Br^ 


4r t^r-ldt 


D • 1 w dt , . . 

18 also equal to ^2nj^r J - ^ - (writing t for e-^). 

These formulae may also be obtained by expanding (e* — l)-*i in powers of 6"“^ 
and using the theorems of § 11.58. 

^ I 1 ^2r-i dt 

It follows from the above that X —— = —-— I — - 

1 w2r (2r — l)fj Q e‘ — 1 

_ 4 

12.01. Bernoullian Polynomials. Definition. The function t —^ ^ 

may also be expanded in powers of t in the interval |i| < 27t. The co¬ 
efficient of ^ ” is obviously a polynomial in z of degree n, and we may write 

pZt _ 1 00 ftl 

where is called the Bernoullian Polynomial of degree n. 
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7 ^ , 12.02. + . . . The 

ij^^Eerm is (— l)*’*|w(w — l)Bj„_i 2 ^ if w is even (> 2 ) and is 
(— if n is odd (> 1 ). 

oo fH ^2/2 ^3/3 /2 /4 

Eorr<A«(2)-j = (^^ + ^ + -^ + • • •)(! - - ^*4! + • • •) 

and the result follows by equating the coefficients of 
We find 

= 2; ^2 = 2(2 — 1); (^3 = 2» — fz® + ^2 = z(z — i)(z — 1) = ; 

^ — ^4 _ q»3 _1_ ^2 — _ 1 N2 _ A, z . 

^5 = 2®- |2* + T2»-iz = 2(Z - J){Z - i) {2(Z - 1) - J ” i) 5 

^, = 2« - 32* + iz* - i2=> = 2*(Z - 1)*{2(2 - 1) - J} = - J). 

Corollary, cjyJO) = 0 for all values of n. 


Note, The general Bemoullian Pol3niomial B^{z) of order m and degree n is 
defined to be the coefficient of —in the expansion of Thus if we denote 

the polynomial of the first order by B^{z), we have 

CO m ^ fu CO y2n 

= ^B„{z)-- 1 + f (- l)«B„ 


'n\ 


(2n)\ 


i.e. Bo(2) = 1; -Bilz) = ^i(z) - i ; ^^(z) = ^,( 2 ) + ; . ..; 

. yC—v^ 2 m+l ( 2 ) = ^ 2 f»+l( 2 ) ; Bzm{z) — 

A „,/ 2 j ^^^„(2 + 1 | — #»( 2 ) = wz^'i. This difference relation is ob- 
tained by equatingHhe coefficients of P in the identity 


t 


e(*+i) t _ 1 e®' — 1 


e<- 1 


'e« - 1 


te^K 


.MM. <A„{2) = (- 1)»4(1 - 2 ) (« > 1). For 

“ (- 0" , -1 — 1 “ r 

= - ' ' — 1“^"^ f “ *• 


2’^n(l-2) 


t" 


- 1 


Corollary : ~ <f>J0) = 0 , all « > 1 ; = 0 , n odd (> 1 ). 

Thus ^Jz) contains the factor 2(2 — 1) (w > 1) and the factor 
2(2 - 1)(2 - « odd (> 1). 

12.05. ^ 2 ,,, = > 1) > 

f2>»+l = (2»» + l){^2m + (- > U- 

00 e^t _ (2 

For = =* 2 . 


r ( 


00 


= If ^»(2) 


-1 

■^J 


e* — 1 


e‘ — 1 

Too /2wi4-l 

+ If (- xr-^B, 


r} + (^- 


+ t 


”‘( 2 m)! 

i.e. “ 1 > 4^2 ~ 1 > ^3 “ ^(^2 4" -^i) > ^4 ~ ^^3 j • • • 

Corollary 1, 4>^ contains the factor z\z — 1)^ when n is even (> 2). 
For fgJO) = 2 m^ 2 m-i( 0 ) = 0 ; Jl) = 2 m^ 2 m-i(l) = 0. 

Corollary 2. ^ 2 m is of the form 0^P^^2{^) s-nd ^ 2 w+i is of the form 
where 6 is 21 ( 2 ; — 1 ) and P^, are polynomials of degree r in d. 

We have already seen that it is true for ^ 3 , ^ 4 , ^ 5 , 

Assume that it is true for <t> 2 m-u ^ 2 m* 
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Then f = (2TO+l)(e2P„_2 + (- 

= Even polynomial in 6' since 6'2 = 40 -f-1 
i.e. ^2m+i = Odd polynomial in 0' since 0" = 2, and 0' is factor, 
= since 00' must be a factor. 

^2m+2 = (2«*+2)|e0'Q„_i(0) 

i.e. <f>2m+2 = since 0^ must be a factor. 

Thus = i 00'(02 - 0 + I) ; <^3 = 02(02 _ 40 2) 

Corollary 3 . If we consider real values of z, ^2w vanish be¬ 

tween 0 , 1 , and (f>2m+i does not vanish between 0 , J and between 1. The 
result is true for ^3, ^4, Assume that it is true up to ^2m-i‘ 

Now ^2m = which vanishes only at 0, 1; thus lis.s 

o^ie maximum (or one minimum) between 0, 1 and we know this to be at 
z = \. But ^2m(0) = ^2m(l) = ^ therefore ^2wt cannot vanish be¬ 
tween 0, 1. 

It follows that the equation ^2wi + (“ ^ one root at 

most between 0, and one at most between | and 1; i.e. 02m f 1 one 
maximum (or minimum) at most between 0, ^ and one at most between 
i and 1. But 02m+i{^) = 02m+i(i) =02m+i(l) = 0; and therefore 


5 5 

5 

5 

5 



X 




1 0 

1 0 

02 





FIG. 1 



02Mi fi has one maximum (or minimum) at least within these intervals. 
Thus 02 m+i does not vanish within ( 0 , J) and (^, 1 ). 

The graphs of 0 ,, for n = 2 , 3 , 4 , 5 , 6 are shown in Fig, 1 . 

Note. |<^ 2 m(i)| > <l> 2 m{^) has the same sign as (— in (0, 1). 


12 . 06 . 1» + 2« + 3» + . . . + (»• + 1) (w > 0). 

This follows from the equations : 

+ 1) — <t>n+i{i')} = (« + and ^„+i(l) 0. 

1 1 

Thus, for example, 

14 + 2« + 3* + . . . + r‘ = ^r(r + l)(2r + l)(3r* + 3r - 1); 

1® + 25 + 35 + . . . + r® = •^2(r + l)2(2r2 + 2r - 1). 

The Euler-Madaurin Summation Fwmida {far a Polynomial). 
We have proved in the last paragraph that 
in 2» + . . . + (r - l)» 


r»+l 


n 


-r^ 4- 


nBi 

"2r 


yn —1 _ 


n{n — l)(m — 2) 
4 ! 




where the last term involves r* (when n is odd) and r (when n is even). 




















r 
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If/(a:) is any polynomial + aiX^~^ + . . . + a„, then 

a: =r—1 r— 1 r-1 r—1 

^ f{x) = a^^x”' + aj+ . . . + a„_i '^x + ajr - 1) 


05=1 


/ 1 


n(n — 1 )(m — 2 ) 


4! 




+ 


( r" 1 „ 

-77 . - —V ”-^ 

n 2 


. (w — l)Bi 
-1 ^-L_Vn- 

2 ! 

(n — l)(n — 2)(n — 3) 


4! 




■■■) 

■•■) 


+ . 

= ^''f{x)dx - |{/(r) +/( 0 )} + § {/'(r) -/'(O)} 

-§{/"»--/"'(0)} + - • • 


i.e. 2 /(x) = j’'f(x)dx - l/(r) + | 7 '(r) - ■|/"'(r) + • • • + 0 

X= 1 

the constant being adjusted so that (r — 1 ) is a factor. 

r-1 

Example. Find - 3x^ + 1). 

X=1 

The sum is + r) - i(2r^ - 3r^) + i.i(6r2 - 6r) + G 

— — 2r^ + 2r2 + Jr — 1, (making (r — 1) a factor). 

12.1. The General Euler-Maclaurin Summation Formula. In 

§ 11.31, we have shown that 

m=n 

<f>"(0){f{a + h) -/(a)} = ^(- + h) 

m=l 

— } + (— <f>(t)f^+^^{a + th)dt 

Jo 

where (f)(t) is a polynomial of degree n and f{t) is analytic on the line join¬ 
ing ^ = 0 to ^ = 1 . 

If is taken to be 02 ?i(O Bernoullian Polynomial of degree 2n), 
we have 


hn(t) = 


(2m)! 


2!(2w - 2)! 




(2w)! 


4!(2n - 4)! 


+ . . . 


+ (- ir 


( 2 «)! 


(2w - 2)!2! 















bOi 5s^ 


BERNOULLIAN POLYNOMIALS 


483 


Therefore 


«H0) = {2n)!; <^< 2 «-i)( 0 ) = - ! 

... = 0 ; = (- ly-^ ^ ; • • • 


M = (-1) 


in —2 _ ' 


(2n)! 


,v,R„-x; f2„(0) = 0; ^2„(0) = 0. 


(2w — 2)! 

Also, since ^2n(0 = ^2«(1 “ 0> 

.^2n(l) = 0; <A' 2 „( 1 ) = 0; f';(!) = 0 ; . . .; ^"-=*’(1) = 0; 

<^1r ^>(1) = ^ ; «’{1) = «H0), (r = 1 to n). 

Thus (writing 2n for in Darboux’s formula), 

2n 7 yji 

f(a I- ;i) -/(a)=|;( - 

_^(|«--»)(o)/('»)(a)} 

(2w)!Jo 

The series of 2n terms on the right is 
{/'(« + h) +f'{a )} - ^ {/"(a + h) -f"{a )} 




+ 




(- 1 ) 


A2>'‘R„ 

(2m)! 


{p^\a + A)-/<2'»)(a)} 


^2»-2 


+ ...-(- ir^(2;^zr^5n-i + A) 

i.e. /(a + A) ~f(a) = ^h{f'{a + A) +/'(«)} 

n~} T2rn R 

_ 2 ^(- l)n.-li^{/(2m)(„ + -/(2'»)(a)} 

(2«)!Jo 

Denote /'(x) by F{x) and take h = 1. 

Then f F(x)dx = \ {F{a + 1) + F{a)} 

i a 


n—1 


-2J<-« 


f^(2m-l)(a + 1) — J(2»»-I)(a)} 
(2m)! ^ 
















r 
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Similarly we may obtain formulae by putting a + r for a ; and if we 
add the above equation to those for r = 1, 2, . . s — 1 we find 

ra+8 

I F{x)dx = {F{a + 5 ) + F{a )} + F{a + 1) + F{a + 2) + . . . 

J a 


....-1 ( 2 m )! 

where i 2 „ 

1 

0 . . . +^<2")(a+<+s-l)} 


dt 


or 




F{a) -f- F(a + 1) • • • "f* F{(i -f- s) 

ra+s 

= F{x)dx f J {F{a + s) + F(a )} 

J a 

^ A ’(2^)! + *) - - K. 

The above formula may be used either to determine an approximate 
value of F{x)dx or to determine an approximate value of the series 

J a 

SF{a + 


Suppose that F^‘^^\x), F^'^^^'?\x) have a constant sign in (a, a + s) 
and that these signs are the same. 

I .s-1 

^n + l 


and 


{in + + t T^dt 

1 r 1 

= ( 2 n)!J 0 ^ 


But ^ 2 n> ^ 2 n +2 have constant sigi^ in ( 0 , 1 ) and these signs are oppo¬ 
site ; so that ^n+i have opposite signs. 

+ s) - ^'( 2 »-i)(a)} 


But R„ — = 


( 2 n)! 


i.e. 


5. 


'^"1 < (25!l^‘'’‘“‘’(“ + “ -f 


The series giving ZF(a + r) is therefore asymptotic. 

Writing a: for a + s, we may take the summation formula as 
F{a) + Jf’(a + 1) + . . . + F{x) ~ J"" ^(xlda! + \F{x) 

co( _ l\m—1 


where C is independent of x. 
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Examples, (i) Let F(x) = - and a = 1. Take x = n; then 

where y = lim (l +5 + |4-... + ~ — log%)), i.e. is Euler's Constant, 
n—> 00 ^ ^ o n ° / 

Let n = 10 ; log 10 = 2-30258509. 

10 1 t I 

27-= 2-92896825 . . .; 7 ^ = 0-05; 

1 r 2n 


B. 


B B 

^ = 0-00083333 . . .; ^ = 0-00000083 


<10 s; i.e. y = 0-5772157 (correct to 7 places). 


6w« 

(ii) Let F(x) = ^ and we find similarly that 




, ^3 


B, 


+ ^ - ^3 + ^5- - -? + 


where G 


-iM-f)- 


Taking n =* 10, we find that = 1-644934 . . . 

« 1 

(iii) Find 27^. 

1 , 1 , 1 ,' , 1-r ^ I ^ 

^ 2» 3« ^ 2n2 2^3 f 2712^+2 ’ 

JO 1 1 

27= 1-19753198567 


2n^ 


= 0-00050000000 


2n2 

fBjXlO-'J^ 
|B3X10-8 = 


500000000 1 ^ 2 X 10 - 6 = 

2500000 
83 


8333 


0-00050008333 


1-20255698650 


(7=1-2020569032... 


1 


1 


(iv) Find - + - + — 4- . . . 

Taking n = 6 , 

111111 1 1 
K2 ft2 102 1'72 012 d” Otf2 ^ A ,, Of ) 


4 X 25 ^ 2 X 25* 25» 


52 -f- 92 -r 132 ^ 172 -r 212 -T- 252 

, , • 1 1 64^2 . « 

the error bemg less than ,i.e. < 10 ~®. 

« 1 

^ 7a — , tTh = 0-0655906, and we find C = 0-074833 . . . 

1 (471 + 1 )* 

(v) Find an approximation to n\ when n is large. 

,(- 1)^-1B^ 1 


log (n!) 


.!)~C +j" 


log xdx + ^ log n + B - 


I 2m(2m — l) 7 i 2 m-i 
--0 + (n + i)log»-,3 + j §^-^+. . . 

C = lim {log (ti!) -j- n — (n -i- i) log n). 


where 













r 
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The value of this limit may be deduced from the sine product 

= lim (1 - *«)(! - x^/2*) ... (1 - x^/n^) (§ 11.45). 


71 , 2.2.4.4.6.6 . . . 2n.27l ,Trr » • » rr 7 X 

If r = I, we have ^ = lim 1.3.3.5.5.7 . . (2» _ i)(2n + f) Form-ula) 

2*^(n\)^ 


= lim 


(2n + 1){(27i)!}2 


i (2»)2n+J for n). 

Squaring the first form of the limit for and dividing by the second we find 

2q2C 2 

Thus- = lim -(2n + 1) = 4. Thus e2C = 2;i and C = i log (2;i), i.e. 

71 W 


log (n!) ~ (» + i) log » - n + i log (2 ji) + - 3;^ + . . . {Stirling’s Series) 

Since the exponential series is convergent, we obtain an asymptotic series for 
1 

n\ by expanding e*^ in powers of - where S = 1 )^-^ 2m(2m — \)vr‘^ " ‘ 


^2 


- 1 * 


be found that 


139 


(c) V(27rw)(l + + 288/12 5i840n3 




Note, Since <^„(1) = 0 {n > 1), the Bernoullian numbers are obtained from 
the equations 

+ • • • =i^ — 1 (last term on the left involves ”6^-2 or ”Cn-i). 
Thus = J ; lOBi - =f ; 21Bi - 35^2 + 7B3 =f ; ... 

2n+i02Bi - + 1)5„ = J(2n - 1). 

It follows that when expressed in its lowest terms cannot have a denominator 
greater than 2.3.5.7 . . . (2?i + 1). A more exact result has, however, been given 
by Staudt (and Clausen) by which it is shown that * 

B„ = Integer + (- I)"(i + 

where the summation extends to every value of m which is a factor of n (including 
1 and n) and is such that (2m + 1) is prime. {RadOj Journ. L.M.S. 9, 2, p. 85,) 
Thus B4 = — 1 + J + i i ; -S5 = 1 — (4 + i + tt ) 5 , , - , , 

l + (4 + i + i + 7 + A)* 

The theorem may be utilised to determine higher values of B^, 


Thus 


2 ( 20 !), 


“ (2;i)®»' 


/ J_ J_ \ 

+ 2*0 320 + ••*/• 


2 ( 20 !) 


Using Stirling’s Series we find that ^2 :?t)^ ~ 529*11 (error < 0*01). 

AlsoI+^ + ^ + ...<l + ^ since the sum is < 1 + 2i/_ p i-®- 

integral part of is 529. 

/I 1 1 T * , KOO^^ 

But B„ = Integer + (g + 3 + 5 + ri>' = +330 = ®^®330' ‘ * 
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12.2. Gamma Functions. Euler’s Definition. The integral 

• 00 

is convergent when x is real and positive and therefore 

Jo 

defines a function of x for all x in the interval 0 < e Kx <,G, It is 
called the Gamma Function and is written r{x). This is known as Euler’s 
definition and it is in this form that the function frequently occurs in 
apphcations. 

The above integral is also convergent when x is complex, provided 
R(a;) > 0, so that the function is also defined by the integral for the 
region e < K(x) < 6r. In a subsequent paragraph we'shall give another 
definition (Weierstrass’s) of the Gamma Function which is consistent 
with the above but which exists over a larger domain. 

12.21. The Relation r(l + a;) = xr{x) {x > 0). Integration by parts 

gives r(l + cc) = — J + ^r(x) 

= xr(x) {x> 0). 

Thus if n is a positive integer 

r{n + 1) = n! f dt = n\ 

J 0 

so that /'(I + x) is an extension of the meaning of n\ to all values of 
n > — 1. In particular r(l) = 1, so that 0! may be interpreted as 1. 
This formula enables us to express r(X) when A > 1 as a multiple of 
r{f) where / is the fractional part of A (assumed not integral). 

Example. r(5i) = 

12.22. The Beta Function. The integral B{j>, j) = f — xY~^ dx 

J 0 

is convergent if p > 0, > 0. It therefore defines a function for the 

region p > e > 0, y > e' > 0, the function being called a Beta Function. 
For complex p, q the integral is defined for 

R(p) > e > 0, R(g') > e' > 0. 

By writing 1 — x for x we see that 5(p, q) = B{q, j>). 

Note. The indefinite integral of xP-^l — a;)'Z~ican be determined theoretically 
in terms of elementary functions when 

(i) p (or q) is an integer, (ii) p q is 8bn integer and p, q rational. 

Case (i) is obvious. For case (ii) take a; = |/(1 + ^), ^ p = r/s. The 
definite integral from 0 to 1 should of course be always evaluated in terms of Gamma 
Functions. (See § 12.24 below.) 

12.23. Relations connecting Beta Functions of Different Arguments. By 
integration by parts or otherwise we may find various relations connect¬ 
ing Beta Functions of different arguments. 

Examples, (i) Integration by parts gives 
{xP 1 1 <7—1 

B{p, q) = |-(1 - + —^B(p + 1, 5 - 1) (J) > 0, ? > 1 ) 

pB{p, q) = {q- l)B{p +\,q- 1). 


i.e. 






488 


Thus when n is an integer ( > 0) 

n) = ” ^ B{p + 1, n — 1) = 


ADVANCED CALCULUS 

(n - 1 )! 


p(p + 1) . . . {p + n — 1) 


(See also § 12,22, Note,) 

(ii) B(p +!,?)= [ - 1 + x)(l - »)«-! dx = B{p, q) - B(p, q + 1). 


(iii) Using (i) and (ii) we find 

pB{p, g + 1) = qB(p + 1, gr) = q{B(p, q) — B(p, + 1)} 


(iv) Prove B(p, 1 — ^) = ^ 
X = u/{\ + u) in 

B(p, \-p) = 


B{p, 3 + 1) = 

n 


(0 < ^) < 1) 


a)- 


sm pn 

Put X = u/{l + w) in the integral for B{p, q) and we find 


+ u sinpji 


(by contour integration, 0 <p < 1). 




18 


r(;p) — I dt'=^ 2{ dx (writing x^ = t), 

Jo Jo 

Therefore r(p)r(q) = 4: Um ff dxdy where D 

r—^oojJd 

the square determined by 0 < x < jK, 0 < y < i?. The first quadrant 
of the circle ^2 ^ between the square of side R and the 

square of side ^R. The integrand is positive and the double integral 
exists when R (and therefore \R) tends to infinity. Therefore the limit 
of the double integral over the first quadrant of the circle also exists 
when i? —00 and its value is the same as that for the square when 
R-^ 00, 

i.e. rip)r(q) = 4 lim [ f cos^p-i 6 sin^^-i 6 rdr dO 

R —J J 

where D' is the quadrant and x = r cos 0, y = r sin 0, 

i.e. r(p)r{q) = r(p + ?)J — u)P-^ du (taking u = sin* 6) 

= r(p+ q)B(p, q). 

Examples, (i) r(p)r(l — p) = B(p, 1 — p) = n/{Bmpn). (§ 12,23 (iv).) 

This has been proved only for 0 < p < 1. It will be shown below that the 
formula is true for the general Gamma Function (except when p is an integer posi¬ 
tive or negative). 

(ii) /’(J) = \/7r, since {/^(J) }^ = 7t and P(J) > 0. It may be observed that 


^ M2 

= ]yMi-x)} = = 

pOO 

J e~H~^ = 2j g—" du — y/n. 


Thus 
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12.25. 2^~^r{x)r{x + J) = \/nr{2x). {Reduplication Formula). 

mm) l^_ r t^-^dt . 

r{x + ^) J„v(i-<)’ 

In the latter integral put v = 2< — 1; then <(1 — ^) = 4v^(l — d®). 
Thus 

*) =* 2^1 ” w*)*-* dv = (1 — dw (tp = V*) 

- 2^ «(». i) 

W " 2-5^ “ 2-.rw«+J) - v^m). 

Examples, (i) Express r(\) in terms of r{^). 

2-3r(i)r(S) = vum-. but mm = ^n/v^. 

Therefore r(i) = 2-33i;i-i{r(i)}*. 


(ii) Let / 


= f 


e~ax^x^ cia; (a > 0, a > 0, > — 1). 


Take t = a*«, then I = 

Similarly (by taking / = ax-^) 

r 1 

e-a/x\-Pdx.= W - l)/a}, (a > 0, a > 0, i? > 1). 

J 0 


Tu particular 


f“ 1 

J -gjjj^ruo) + 1 )k; > - 1 , <■ > 0). 


r.-- 

J 0 




1.3.6 


(2m — 1) 


(2m)| 


2^+1 


al(2m+i) "■ 2*^+i(m!)a^+l 

J ^ 1 (to = 2^^ (o > 0). 


(a > 0). 


(m in the last two integrals being zero or a positive integer). 

e-»»“(to = (a > 0. a > 0). 

(iii) If / = j* ^log ^ QcP dx (oi> — 1, > — 1), we find by taking x = e-^. 


that 


^ “ (1 + 


J.00 ^ 

Similarly 1 (log x)<^x~P dx = /"(a + 1) (a > - 1, /? > 1). 

Thus I (log dx = — (ml) when m is an integer. 

Jo 
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iv) j" (^ — a)P-i(6 — dx = (h — a)P+t~lB{p, q). ^Take u = ^ 
= k-9(\ + k)-PB(p, q) (k > 0). ^Take u = 




Jo + *)P+« 

rjTT 


(v) 


r 


sinP 0 cos, 0 dB = (?. 3 > - 1). 


This follows at once by the substitution t = sin^ 0. 
In particular. 


r^TT jj rn/2. P7t/2 ^ 

I tanP0rf9 = 2^^^(|j,| <1); 1 V(tan0)ie= V(cot6)^0 = ;^2- 

r „ i^C-f^K + 1) 

(vi) a:«(l - xfi)ydx = 3 -■ - -r (a > - 1, /? > 0, y > - 1), 


Jo 

In particular 




x^dx 


's/n 

(by the Reduplication Formula). 


"(t) 


Oa#-'**'- 
-* 

2 


(taking ^ = a;^). 


7 






- {^)}’ I ‘ 


p dx 

JoV(l-a;")“ 


5.,Wj 


'0 


■ (n > 0). 


:.t|T -1 


(vii) J j—(tan ^ dB {ii x — (tan0) VP) 


~ )3sin{(a+ < a + 1 < /?). 

f® da; ar 

In particular = 27isin(^/27i) > i)* 

12.3. The Gamma Function. Weierstrass’s Definition. The 

00 / ;2\ — ^ 

infinite product TJM + -Je « has been proved uniformly and abso¬ 
lutely convergent for all finite z (real or complex) (§ 11.24 (v)). Its value 
is zero when z is a negative integer (i.e. it converges to zero). 

The Gamma Function may be defined by the relation 


where y 


(=im( 

\ n —>-00 \ 


^ =zey^n(i+A 

( 2 ) 1 V nj 


r{z) 


—z/n 


.+ 


l-log«))i 


is Euler’s Constant. 


This equation therefore defines r{z) as an analytic function of z for all 
finite values of 2 : except z = 0, — I, — 2, — 3, . . . where there are simple 
poles. 
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It will be shown in § 12,34 that this is equivalent to Euler’s definition 
when R( 2 ) > 0. 

12,31, Euhr's Product, From the above definition 


1 


= z lim 


i.e. 


r(z) 

r(z) = lim 

Also r{z) = hm 


(l + 5+j+...+l) 


n~^n\ 

n\v; 




-z/n 


+ 1)(2 + 2) ... {z ->r n)' 
(n — l)!n* 


„_^«2(z + 1) . . . (z + w - 1) 

n\n^ 

and therefore r(l + z) = lim 

n—>-00 


smce 


C-^)’ 


{z + l)(z +2) ,,, (z +n)' 

The limit on the right was denoted by n{z) in Gauss’s notation, so 
that n(z) = /'(I + z), 

12.32, The Relation r(l + z) = zr(z). From the last result in § 12.31, 

P(^ I 1 \ 

we have = 2 so that r{z + 1) == zr(z) when z is not zero nor 

r(z) 

a negative integer. 

Thus jr(l + 2 :) = n{z) = ( 2 )! when 2 is a positive integer. 

12.33. The Relation r(z)r{l — 2 ) = n/sin nz. 

n\n^ ,. n\n^~^ 


r{z)r{l -z) = lim 
Therefore 


-.lim 


2(2 + 1 )... (2 + n) (1 — z){2 — 2 )... (n + 1 — 2 )* 


mm 




sm7r2 

n 


m.M). 


7C 2 I //j t 

Cm ollary. lim (z-\-m)r{z)=—. lim - =(—1)"^—r (m being a 

ml 2 _V—'m riz ml 


z — 


positive integer or zero), 

i.e. (— 1)^-^ is the residue of r{z) at 2 = — m. 
ml 

12.34. The Equivalence of the Definitions of Euler and Weierstrass. Let 
A(2), respectively the Euler and the Weierstrassian Gamma 

Function. 

fV - t)H^-^ dt = B{n + 1, 2 ) (R( 2 ) > 0, n > - 1) 

Jo 

nWfz) 


A(z + M 4-1) 
n\ 


{n being a positive integer) 


2(2 + 1) ... (2 + n)‘ 



















492 


ADVANCED CALCULUS 


Therefore = lim w*f (1 — dt — lim [ (1 — «/«)" du, 

n —>-00 Jo Jo 

(taking t — u/n) 

e-V-i du (§ 11.57) = ri( 2 ). 


r 


12,35. The Infinite Prodmt nR{n), where R{n) is Rational. It is neces- 

1 

sary for convergence that R^ should tend to 1 when n tends to infinity. 

Assume therefore that R{n) = + a^) . {n + ^m) 

{n + b,)(n + 62 ) . . . (n + 6 ^) 

the a’s and 6 ’s, whilst not necessarily distinct, are not negative integers. 
Also no a is equal to a b. When n is large 

n \n^/ 

and therefore it is necessary and sufficient that Ea — Eh, 

1 Vi m f a \ 

n 77 77( 1 + -£ W 

r-l + ®r) n=lr=l\ 

= 6^^ n e-b'^'h t-^). 

n=l r=l\ n ) 

QO' 1 771 /ivi _L A \ 

Similarly Z , ■ U e »■'/?{-^) 

r=l/^(l+&r) «-l r=l\ « / 


i.e. (since = Eb^), 77 


(# + Ox) . . . (« + a j ^ r(l + bf) 


= 77 


1 (w + 6,) . . . (n + 6^) r(l + a,) 


Examples, (i) Prove that 


1 1 ^ 1 
1 — 52 1 “ 92 ^ 132 


^ 6*^ 10* ^ 14* 


3V2 

32\^n 


lAi)}* 


+ 


rri. j *■ Si(4^1)*-l}(4n + 2)* co 

e p uc 18 + 2)* - 1 }(4» + 1)* " % + i)»(» + i) 

^ i nDmi) _ 3 _ 3V2 

{U(?)}* {r(J)}“ 

since riDCd) = ; m) = V?*- 

(ii) Find the value of the derangement of the product 

, , , (1 + i){i - J)(i + i)(i - D • • • 

(which equals 1) obtained by taking in order three terms > 1 followed by two 
terms < 1. 

Denote the product of the first n factors of the deranged product by P^. This 
derangement converges to the same value as lim Psn when n tends to infinity. 

Now Psn = ^(l + g„^)(l + 6^^)(l + ^)(l - - 4^:Vl) 

U(S)r(j)P(iir(f-) V3 


(» - i)*(» - i)(a + i) 


i(n - i)(» - f)(» - i)(» + i) (Pli) }»r(fi 

since r(i)P(f) = 2 ;i/V 3 : P(i)r(f) = W2 ; r(|)P(B = 


rl^OT) _ 
■{’(flJi) " 


V2 


0 
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12.4. Binet’s Formulae and the Asymptotic Expansion of 
log r (z). Binet’s First Formula for log F (z) is 


log r (z) = (z - 1) log z - z + 1 log {2n) + - \ + 

when R( 2 ;) > 0. 

Frullani’s Integral (§ 11,56, (m)) gives 
log {n = 1, 2, 3, . . .), (R(z) > - 1) 

p-t _ p-nt 

logn = 1 - -dt {n > 0). * 

Jo ^ 

Thus log 


dt 


I 


(z + l)(z+2) . . . (z+n)J 

=ziog«-i;i«gf-^) 

m=l ^ ' 


since + . . . + = 

Thus 


-nt 


e'- 1 


log r(i + *) = I' («- - -to I" 

2 / 2_ 

Wlien ()<t<27z,-(z— — -) can be expanded in a power series 

^ \ e — I J 

in t which tends to \{z + z^) when t tends to zero; for 

} (1 - } = 2 - 

Thus |i^z — upper bound (all z) for < < 1 (at least). 

When ^ > 1, |e"^^| = (where x = R(2) > — 1). 

The«fo„e(.-‘^')l<N+l±i 


i.e. 


Q-nt 


V e' — 1 / <I Jo n 


where K is the upper bound of 


1 / 1 - 

K-^) 


in the interval (0, oo) 


of t, and has been shown toifinite for all finite z (for which R( 2 ;) > — 1), 


X 


i.e. 


33 


i°8^i+">-£(“■' 


l^L 


1 
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Now 


e< - 1 t 


1 1 00 

_ i + £ == r 


2t 


+ 4ra%2 


(all real t) (§ 11.33) 


(o<«) 

271^ 1 


1 r°° / 1 1 p-tx 1 

So that (-^ ^ dt<^ (x>0), 

|Jo \e^-l t 2) t Jo 12 12 x 


Now log /'(I + z) = F(z) + G(z) where 



«(') = £ -|+ < i '* > 

It follows therefore that lim {log r(l + z) — F(z )} = 0 . The inte- 

X - >-00 

gral obtained by differentiating F(z) with respect to z under the integral 
sign is 

roc p-i — p-z^ 

1 {e-« - (1 - 7 di + \e-^dt 

Jo f Jo ^ Jo 

= log»+^. 


It is uniformly convergent for R( 2 ) > e > 0. 

Integrating, we obtain F{z) = z log 2 — z + ^ log z A, where A is 
a constant. 

Thus log r(l + 2 ) = (2 + ^) log 2 — 2 + .4 + G{z) (R( 2 ) > 0) 
log r(z) = log r(l +z) — log 2 

= (z — i) log 2 — 2 + A + 6 ( 2 ) 
where 6 ^( 2 ) —> 0 when R( 2 ) —>■ 00 . 

From the reduplication formula, we have 
log r{2z) — log r{z) — log r(z + ^) = (22 — l) log 2 — ^ log n 
i.e. (22 — i) log 22 — (2 — log 2 — 2 log (2 + I) + ^ — A 

+ U( 22 ) — G(z) — G(z + J) = ( 2 z — 1) log 2 — J log ti 


OT A = l log (2jr) — 2 log ^1 + J + G(2z) — G(z) — G(z + i). 

Let R( 2 j) —> 00 and we find that A = \ log (2n), 

We have therefore proved the required result 
log r(z) = {z-^)logz-z + ^ log (27i) 

12.41. Gauss’s Formula for y>{z) = r'{z)/r{z). In the last paragraph 
we have shown that 


log r(l + 2) = 



1 — 

e‘-l JT' 
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The integral obtained by differentiation with respect to z is 

\dt 


r ( -i \ 

JoV 


and is uniformly convergent for R(z) > e > — 1. 


Thus 


m+z) 




r(i + z) 

.that 

Corollary, Since = —7 (Euler’s Constant), it follows that 

12.42. The Asymptotic Expansion of log r(z). Consider 

The mlegiand H(e) U {f ,,v IV 

00 


n=*l 


1 - 


t^ 


t^ 


2n^n^\ 4n^jr2 {4n^7i^Y‘ 


.. + ly 


(2n7i) 


+ Ej. \e 


|e-*' 


where 


£, = (-iy 


ir+i 


<2r+2 


(2w7r)*''(t® + ^nhi^) 

f* (2r)! « 1 (2n)^'- „ 

Also y'e~^‘dt=\^{R{z) > 0) and = 

Jo 22r+lV \ 2(2/)! 

xh. 

+ 1 


! 

■00 ^ 17 


2n^n^ 


dt 


where 


_L +1— ly ^ __i_ Kiz\ 

1.2.Z 3.4.Z2 ^ ^ ’ (2r + l)(2r + 2)'z2"+i ^ 

l/rni --r V 2t^^+h-^tdt 


< 


pa 


(2^)2'+^ Jo 


l2r+2g-zl^ 


oo T 


2r+4 


i.e. 


< 


5. 


> + 2 


(2r + 3)(2r + 4)‘22r+3* 


Bi B^ 


Thus \ogr(z)r^(z-\)\ogz-z+\\og(27i)-, 
(Stirling's Series) the series being asymptotic. 
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r 


By taking the exponential of this series we find that 

+ A + . j. 

In particular, when n is a positive integer 

»! = «r(«), ~ +14 + - SISK. + • • 

a result that has already been established otherwise. 

Example. If w = 20, e~"w”+i(27r)i = 2422785 x 10^^ correct to six significant 
figures. The first correction gives 10,095 X 10^^; the second 21 x 10^^ and the 
third — 0-8 X 10^®. Thus (20)! = 243290 X 10^® correct to six significant figures. 
Its actual value is 243290-200817664 X 10^®. 


12.43. BineVs Second Formula for log r{z). (R(^) > 0.) Differentia- 

d^ 00 I 

tion of the infinite product for r{z) gives — {log r{z) } = E -— when 

az Q [Z —[— n j 

z is not a negative integer. 

Now consider the contour integral 


i 


dz 


c(^ + — 1) 



where ol = p iq and p>0, and 
C is the rectangle of corners 
± w, ± w + (/^ + \)i indented by 
the upper half of the circle 
y {\z\ = e), n being a positive in- 
teger. (Fig. 2.) 

The poles inside are i, 2i,. . ni. 
The pole — ai is outside since ^ >0. 
Along the side z = n it, t varies 
from 0 to 71 + ^ and the correspond¬ 
ing part of the integral is 
where 


^AB 


=l: 


71 f 1 
0 


rn-Hl 

Thus|/jB|<J^ ^ 


< 


i dt 

{n + it pi — gr)2(g27T(n+iO __ ’ 

dt 

n large 

which —0 as 71 —> oo. 


(n — |a|)®(e^’^ — 1) 
{2n + 1) 


2(71 — |a|)^(e^’^ — 1) 

Along CD where z = — n it and t varies from 7t + ^ to 0, we have 

dt . ^ 271+1 

^0 


i^ci>i < r 

Jo 


- |a|)2(l - e-^^) 2(n - \oL\Y{l-e-^^) 


which —> 0 as 71 —> cx). 


k 
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Along BC where z — t + i{n and t varies from w to — m, we have 
- _ f" di 

“J-J 


‘BC 


SO that 


rn 

\Ibc\ < 

J —71 


^dt ^ 


8n 


(2n + 1 + 2^)2(e2’^^ + 1) (2n + 1 + 2^) 


which —>- 0 as 71 —> oo. 

If/( 2 ;) denotes the integrand, zf(z) is continuous at 2 = 0 and tends to the 
value ^.r« as 2 —> 0, 


27r(at)^ 


i.e. 


Thus P 


^00 

j- 


dt 


m 


= when e 
27t(oii)^ 2a^ 


0 . 


— exists and is equal to — -—-{-2m lim ZRg 

1) 2a2 71—>ooi 


(t + ai)2(e2Tr< 

if the latter limit exists, where is the residue of f(z) at z = si. 
Now &.-!(- j^,l) which tendstc -^[|l0ogn.)}-y 




r f 1 1 • 1 _1_ 

Jo {< — ai)* — 1 

Thu. 


4a^ 


dt 


or changing a to z, we have 

£<>0gn..) = i4+j: 


0 (^2 + a2)2e2Tr^_ 1 

4^2; dt 


(^2 + 2;2)2(e2Tr< _ !)• 

Consider, the infinite integral I in this equation: 

2 ; 

-1 <r — 

3 

tdt 


< < ^where R(z) = p>d>0 

\zr d® 


(<** + 2®)®| 

poo ^ 

and therefore since j ^ converges, I converges uniformly in 

0 < d < R( 2 ;) and tends to zero when \z\ oo. 

Integration gives 

i {log TO > - - L + log . + 0 - 2 j" ^ 

Denote the infinite integral in this last equation by J. Since 

_1_ J._ 

+ 2:2 |2;|2 

J is uniformly convergent in 0 < d < R( 2 :) and converges to zero when 
\z\ —> 00 in this domain. 
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A further integration gives 

\ogr{z) = {z-^) log* + (C - D* + C’ + 2j” dt 

dz 

where arc tan ^ is defined to be j ^ and the path of integration (for 

definiteness) is the straight line joining 0 to f. 

Suppose that z (= x) is real (> 0); then 0 < arc tan (t/x) < (t/x) 
when 0 < ^ < 00 , 


p arc tan t/x , tdt Bi . 1 

J 0 — 1 ^ x] Q \ ^ ix ^ 24x 

so that I log r{x) — (aJ4) log x — iC — \)x — C'\ < — 

\2x 


But 

Therefore 


log r{l + x) = log x + log r(x). 

6' 


+ i) log + 1) + (C^ — 1)(^ + 1) + C' + 


12(x + 1 ) 


= logx + (x- J) log X + (C - l)x + C' + — 


where 0, 0' are certain numbers (functions of x) that satisfy the inequalities 

| 0 '| < 1 , | 0 | < 1 , 

i.e. (7 — 1 = — 1 + 0 (l/x) when x is large or 0 = 0. 

Also by using the reduphcation formula as in the first Binet formula, we 
may obtain C' = \ log (27i), 

Thus 

log U(*) = (* - I) log * - z + I log 2;r + 2 (R( 2 ) > 0). 


Corollary. By taking z = 1 in the formula for r'{z)/r{z) we find 


y=i+2r 

Jo 


tdt 


(<* + l)(e2^< - 1) 

Notes, (i) By comparing the two formulae for log /’(z) we deduce that 

’ arc tan (tfz) dt 
eM - 1 ’ 

^ t dt 


fe-Y 

1 

1 ] 

“ ^ 2 


Jo < 

!*- 1 

re-4 

1 

1 ] 


Jo 

!<- 1 


(t^ + - 1)* 


These results may also be proved by evaluating the repeated integrals associated 
with the absolutely convergent double integral 

sin tu 

gaTiM _ 1 dtdii (Bromivichy Infinite Series, 177.) 
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(ii) By expanding arc tan (^/z) in the form 

t 1 (_ 1)»-1 <2n-l (_ l)nr< ,, 

‘ ‘ 2 jI -1 22"-1 22»-1 

Bn 


arc tan 


(!.).: 


u^^du 


t^n-lcU Bn , . . .. 

and using the result J ^ 2 Tzt _ i “ 4,n* nr^ay obtain Stirling’s Series. 

(Whittaker and Watson, Modern Analysis, XII.) Similarly 

r{z) ~ * 2 z 22 ^“ ■*'42* 62 * * 

12.5. Gauss’s Multiplication Formula. 

r{z) r(z + J) + ^) • • • = ( 271 )“"- nnz), 

where n is a positive integer. 


+ “^ = lini 

\ m —>-« 


(m — 


ziz + l) ... (z +^ + m-\) 
n 


Therefore 

n —1 


Vr(z+-) = 

r-O \ V r 


lim 

m —>-00, 


{(m— 




But 


i.e. 


r(nz) 


— lim {(«»— 

”” m-^nz(nz+l) . . . (nz+nm—iy 
(wm—l)!(wm)"® 


lim 


nz(nz+l) . . . (nz+nm- 1 ) 

n"* r(z) 

\ 

'r(Mz) 


r (2 + -) ... r(z + —] 

\ ^^ = F(n) 


(independent of z). 

Using the asymptotic formula for /’(z), we find that the left-hand 
side is 

e-«*(wz)"*-*(27r)i \ Vl^l/J 

= Y (' + + Kh )}- 

But when \z\ —> 00 , 77 + —V'^n 

1 \ ^ 2 :/ 


i.e. 


F(n) = 
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Note. F{n) is equal to nr(^r(^ . . . r( ^ - — 


and therefore = 


1 


. n , 2n 
sin - sin — 
n n 


(n 


= njin-i2n-i (j 20.06.) 


. F = since ^ > 0. 

31 

Example. Show that r(TV) = + 1)1. 

AtV)AA) = (2^)i2ir(j); r(^)r(^^)r(i) = 
mm) = (271)12 ir(i). 


Therefore 


{nTV)}"7-^Ai)Af) = (27r)22i3ir(j)r(j) 


«^^12 


(A*) }* = 2S3i;r sin (g) {r(i)}»{r(i) }*' 


71 , 71 

Sin 7 sin 7 r 
4^^ 3 


32 


}i\^n 


=^{AJ)}Mr(i)}*(V3 + 1 ) 


AtV) ~ 


3t.(3i + 1)1 


2 i}il 

12.6. Dirichlet’s Integral. 


m)m), since /’(^) > 0. 


1 = 


11 • • • 


-1 


1 4" ^2 + • • • ^ ^2** 

m)rM. . . r(aj 


TV(0)0«^+“> 

Jo 


dt„ 


+ - +«n-lde 


/'(ai + ag + . . . + a^)J 
where > 0 , the integration extends over all positive and zero values of 
ti, ti, . • -ytn satisfy 0 < + ^2 + • • . + ^„ < 1 , and the integral 

on the right converges. 

The method of proof is sufficiently indicated by taking n = 3. For 
simplicity also let us assume that f{d) is continuous in 0 < 0 < 1 . 

Let + ^2 “h ^3 = 0 j 4“ ^2 = 5 ^1 = 00 i 02 > so that iry= 661621 

= 00i(l — 02 ); t 2 = 6 {\ — 0i) and the transformation is 1 — 1. The 
given region wldch is bounded by = 0, = 0, ^3 = 0, + ^2 + ^3 = 1 

corresponds to the unit cube 0 = 0, 1; 0i = 0, 1 ; 02 = 0, 1. The only 
discontinuity of the integrand, if any, occurs when = 0, <2 = 0 or = 0, 
i.e. on 0 = 0 ; 0i = 0, 1; 02 = 0, 1. The given integral is the limit (if it 
exists) of the integral throughout the region determined by = e ; 
t 2 = e; ^3 = e ; + ^2 4 - ^3 = 1 (e > 0) where e —> 0. Let d be any 

preassigned positive number, however small. Then e can be chosen 
sufficiently small to ensure that at every point of the surface 00 i 02 = e 
(within the cube), one of the variables 0, 0i, 62 is < d. Similarly on the 
surface 00i(l — 62 ) = s either 0 < d or 0i < d or 02 > 1 — d ; and on 
0(1 — 0i) = e, 0 < d or 01 > 1 — d; i.e. e can be chosen so that the 
boundary of the transformed region lies between the surface of the unit 
cube and the rectangular space determined by 0=d, 1; 0i=d, 0i=l—d ; 
02 = d, 02 = 1 — d. The convergence of the transformed integral there¬ 
fore implies that of the original and the two integrals have the same value. 
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If -^i — Q tj, = OBi = G “f" G » X^ = 6di6i = ti, then 


^{tlt^tz) 


a(z,z,x,) 

1 

a(ZiZ,z,) 


d{ddA) 


9(01^10,) 


^(tltztz) 



i 

10 0 


111 ] 

1 


- 

01 0 0 

-1- 

110 

= 0 * 0 : 


1 

. 010 , 00,001 


looJ 

1 


Thus I 

= jjj dd dd, dd^ 


dd 


ry(g)g..+a.+o..-1 de («, > o). 

i (ai + a2 + (XsjJ 0 

Notes, (i) For n variables, with the corresponding change of variables 
+ ^2 + • • • "b ~ ^ + ^2 "b • • • "b tn—1 = ; . . . ; — 66^62 . . . 0 n 


= 0n-10j-2 


• ^n-3^»-2. 


we have 1 ^2 • • • K) 

10(001 . . . 0n-i 

(ii) JJ • • • + « 2 <* + . : . + 

• * • xT~^dx^dx2 . . . dXn 

where the integration extends over all positive and zero values of x^, X 2 , . . 
n 

for which 0 < 1 is equal to 

where 8^ — E~ f— > o), a- > 0. 

" iTTij, \m^ r r 

Examples, (i) JJJ log (x + 2/ + z)dx dij dz for the region determined by 
0 < a; + y + z < 1 is J1 0^ log 0 dO = — 


(ii) The volume V in the first octant determined by the surface 

yU — fju > Qj 

and the co-ordinate planes is JJJd^ dy dz for 0 < -f- y” -f z” < a^, 

TakeZ = (^)". y = (|.)”.Z = (^)”- 

3 L-1 

Then V = ^mXYZ)” dX dY dZ for 0 < X+ Y + Z< 1 

Wt)} f' J + «)} , 

1 e»~^de = - 


12.7. The Integrals I* 

•---— Jo 




- \x cos a 


COS 

sin 


(Xa; sin aL)dx. (X > 0.) If 


JJ/ 

|a| <\ 7 t both integrals converge when A; > 0 ; if |a| = -, the cosine 

A 


IL 


J 
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integral converges for 0 < i < 1 and 
the sine integral for |i| < 1. To 
determine their values, assume that 
0 < a < J: 7 r and A > 0. Consider the 
contour integral 




“ig”* dz 


where C is the boundary of the 
sector OAB of the circle z = Re^ 
determined by 6 = 0 , 6 = a indented 
(when A < 1) by the arc CD of the 
small circle |^| = e. (Fig. 3.) 


Along the arc AB, z = and ^ 

Jo 

Therefore \Iab\ 

Jo 


since cos 6 for 0 <6 i.e. Ijb~^ 0 when a < {n, all k, 

and 0 when a = |jr, A < 1 . 

fa 

Along the small arc CD where 2 ; = ee^,== M dO, 

Jo 

But = 1 + D where E —> 0 uniformly when e 0 so that since 

l^cnl ^ I <^^(1 + F)dd, I CD —> 0 when A > 0 . Thus, under the conditions 
Jo 


stated 


lim f e~^z^~'^ dz = lim j* e~'^z^~^ dz 

R —>-»JOs4 ^ R—>^JOB 


since the integrand is analytic within and on C, On OA take z = t and 
on OB take z = te^ ; then 

^co 

g-i (coa a+i Bin a)^&-lgt*:a _ I e~H^~^dt = r{k) 

Jo Jo 

i.e. r e-< <=«« “<*-i {t sin ot.)dt = r{k) (all A: > 0 , 0 < a < 

J 0 

“0 £ <')* " rw (^) (« < ^ < 11 - 

By changing the sign of a, we see that the first two results are true also for 
— Itt < a (all A). 

The integral 1 cos t dt is not convergent for A = 0 but the integral 
Jo 
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^ sin < is convergent for — 1 < i < 1 and the formula is correct 
Jo 

for this increased interval. 

For let jfc = — 1 + where 0 < A' < 1. 

, Then r 1 ‘-. .in.i, = f^nin A - Jf* - oo,,* - - ™ conit' 

Jo \* /o *Jo k 2 

, since sin« 0 when t-^0 and < co when — 1 < ifc < 0 , 

_ -1^(1 I k) ^/i I 7\ ry/7\ * kjt 

--- cos -(1 + I:) = r(k) sm -. 

' The formula is also true when ^ 0 since - = f dt = lim Fik) sin — 

2 Jo t k->o ' ’ 2 

(using the relation r(k)r{l —k)=n cosBcnk). 

Writing t = Xx {'K> 0 ), we obtain 


xk ig xx cos a sin {ka.) 


when the integrals converge and |a| <-. 

2 


Corollary,^ x^~^e~^^^^^(bx)dx 


r{k) cos 


( k arc tan -Va, 
a) 


(a 2 + 62 )iA: sm 

f cos hx dx = cos~(0 <k <1, b> 0) 

Jo 0* 2 

[ sin bx dx — sin ^{\k\ <1, 6 > 0) 

Jo 2 

cos bx 


k>0) 


i: 


1 

Jo 


0 

sin bx 


' dx 


2b^->^r{[i) cos^ 

L 


( 6 > 0 , 0 <^< 1 ) 


x^ 


dx 


n 


26 »-'‘r(Af)sin^ 

2 


(6 > 0 , 0 < ^ < 2 ) 


Example, Find I sin (a;^)da; and I cos{x^)dx (n > 1). 

Jo Jo 

1 f-® 1 l_i r(-)sin^ 

Let X == X^; then I sin {x‘^)dx = - I sin X dX = and 

Jo ^Jo n 


similarly 


r 




cos {x^)dx — 
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PO ' 


In particular I sin (x*) dx — I cos (x^)dx = r—^ ; 

Jo Jo 

poo n pQO poo . 

J ^ sin (x^)dx = i {r(i)l J ^ cos (x»)dx = i V3r(D; J ^ (x*)dx = ir(D(2T V2)t. 

12,8, Some Properties of the Function 'ip{z) = r'{z)/r{z), 

1. By differentiating the mtimte product for r{x) we obtain 

«’/ 1 1 \ 

and therefore w(z) — win) = -—-). 

0 u n zj 

2. By differentiating the relations 

/'(I + 2 j) = 2 r{z), r{z)r(l — 2 ) = tc cosec nz 

we find that 

1 * 

^(1 -\-z) — y)(z) = - ; y)(l — z) — xp{z) = 7t cot nz, 
z 

3. By differentiating Gauss’s Multiplication formula, we obtain 

\p{z) + y)^ ^ ^ ^ ^ ~ ^ 

In particular rp{z) + yj{z + i) = 2y)(2z) — 2 log 2, 

4. It has been shown that 


y){z) 


- nT - <“<'> > O' ■ >' - I’ (r^^< - xV' 


Therefore 


(§ 12.41). 

C^p-t _ p-zt rl 1 _ - 9 / 2-1 

y)(z) + y = I -— dt = I- du (where u = e~^). 

Jo l-e-' Jo 1-M 

5. From the results y(l + 2 ) — ^( 2 ) = -; ^’(1) = — y we obtain 


v(2) = 1 - y; y'(3) = | - y; tp{i) = Y - y; • 


ip{n) = 1 + 1 +1 + . 


+ 


^ — I 


- y 


where n is a positive integer. 


6. Since +y 


^cn-u-i 

“JoT^ 


du (from 4 above) 


u 

= -2p^=-21og2, 

Jo 1 + ^ 

we have 

Wih) = — 7 — 2 log 2 ; ^(f) = —y — 21og2+2; . . 

= - V - 2 \og 2 + 

using the relation ^(1 + z) — \p(z) = - (n being a positive integer). 

z 
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Examples, (i) Find ^(i)) ^(i)* 


1 — m“ 3/4 r^/1; _L 1 1 \ 

y>ii)+ y = + r-nj* = - 3iog2 

W(i) ~ Wii) — ^ therefore y}{^) -f- y = — 3 log 2 + Jjr. 

(ii) The integral obtained by differentiating I sin^a-ia; da; = 

Jo ^ 

f 


m 

r(o: + i) 


is 2 I 8in2oc-i X log sin x dx, which is uniformly convergent for a > ao > 0 since 
^0 

— is bounded and near a; = + 0, a;2a < a;2ao; for we may apply the M test 
taking M(x) = sin^ao-i x log sin x. 

Thus J 8in2a-ia; log sin x da; = ^— V'(a + J)]* 

Similarly, by a further differentiation 
a/ti r(a) 

8in2a-ia;(log sin x^ dx = q : + i)V + VW -+ i)]* 


i: 


f*" 

(iii) Find I sin^ x log sin x dx. 

Jo 


Put a = I in Example (ii) above and obtain 

4 m 


f 


Itc jTf 2 ) 

sin^ X log sin X dx = -j— — \p(^)}» 


Now yli) + w(l) = 2y(|) - 2 log 2. 

V’(J) - V(i) = 3. vd) - VtJ) = 

Also yd) + y(f) — y = — 3y — 3 log 3. 

From these we may determine v^(f), v>(J) and we find that 

. . , 2V3ji2 ( „ . „ „l 

sm . a: log sin a: da: = + log 2 - 31. 


f 

Jo‘ 


(iv) Find I (log sin x)* dx. 

Jo 

Put a = J in the second formula of Example (ii) above; then 


Jo< 


(log sin a:)“ dx = ^r(i){(yd) - y(l))3 + y'(J) - y'(l)}. 


Now 


%p'{z) = S- 


o(z + nY 


and 

Also 


00 1 
V’'d)=427; 


and therefore y}\l) = 




rir/2 

Jo 


0 + 1)^ 0^ 
v(i) = - y - 2 log 2 ; v;(l) = - y. 


Therefore I (logsinx)2dx = j7i{(log2)2 + 
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ADVANCED CALCULUS 


Examples Xll 

Establish the expansions given in Examples 1-8. 


1 . 2 cot 2 : = 1 — L® — ~-z* — . . . 

o 45 

1 2 

2 . tan 2 = 2 + -f + . . . + 

1 7 

3. 2 cosec 2 = 1 - 1 - ^2 ^ + . . . 4 - 


__ (22)2* 

” (2A;)!^*’ 

( 2 il:)! ^ 

(22* - 2)2=* 


B,. - . . . 

A + 

+ • 


4. 2 coth 2 = 1 4 - 1^2 _ ^ 2 * + . . . 4 - (— l)fc 

5. 2 * COSec2 2 = 1 4 . ^ ^2 ^ 2-4 i 

o 15 


. + 


(2k)l 

^ (2A;)! * 

2^(2k - 1)22* 


7 . 1 og( 2 cosec 2 ) = ^g|g 


(2fc)! 


A + - 

ty%TC~-^ 1 


+ (-l)*( 2 ^-l)-^,B, 


1:=1 


8 . log 


/cosh 2 — cos 2 


A 22* 

/ ‘’(IK 


22 * 4-1 


*=1 


(4A:).(4A;)! 




9. If the numbers are defined by the equation 
E^z‘ 

2\ ^ 4! 


-^,22 ^- 2 * En „ 

sec. = l + 4p + 4p + ... + ^-^,e- + ... 

prove that 

(i) = 1, B, = 6 , B 3 = 61, £4 = 1385; 

(ii) E„ - l)n-i snCjJSi + (- 1)" = 0 


..... _ (2»i)!2>«+V, 1 1 \ 

(m) E„ — ^in+x 32n + i + 52n + i • • •} 

Prove the results given in Examples 10-23. 

, 1 1 

!«• 1 - 3 ? + 53 - • • • = 0-968946 


^ 35 55 

^ ” 3^ 6^ “ 


57iS 

1536 

61:^^ 


184320 


= 0*996168 
= 0-999565 


13. + ^31* + . . . = 1 


' 4! 

B, 


B 3 

6 ! 


14. Iv + ^ 


‘ + 


2‘.6! 


:3I* + . . . = 4 — JI 


15. ““-HOiBi - “'"-l-iC'jBj + . . . -f (- l)»»-i 2m+ic^B„ = J 

16. + ... + (- 

+ (-ir-i(2m + 1)B„ = i 

17. - Zm-t-iCaB™-! + ... + (- llw-izm-HCjBi 




2“B„ 

18 " 


^ -...+(- If-i 


(2»)! (2» - 2)!3! (2» - 4)!6! 


: (- If 

2»Bi 
■2!(2» - 1)! 
= (- If-i 


2n 


(2n 4 - 1 )! 
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22n— 2J52n—2 


+ . 


+ (- 


22B. 


(- 1)"2» „ 

+ ,-7—.-ST.- = 0 


(4n)!2! (4» - 4)!6! ' ' ‘ • ' ' *' 4!(4ra - 2)! ^ (4» + 2)! 

2 “-iB 2 «-i 2=>«-»B2»-3 ,/_nn-i , (-1)” 

— 6>!fi! +••• + ( »<!*„ a\, + . 


;=0 


19. 

(in - 2)!2! “ (in - 6)!6 ! t • • • t w 2\(in - 2)! ^ 2(4to - 1)!' 

21. (2»" - 1)B„ = (22"-3 - l)2"Gjfi„-i - (22"-“ - 1)2"C45„-2 + . . . 

+ (- 1)" ^”C2n-2Bi + i(- l)»+i 

22. (2n - l)S„-i - «"-‘C3£„-4 + ... + (- l)"-2 “"-iCjBi + (- 1)"-* 

2^n(2^” — 1) 

"" 2n 


'.B„ 


23. 


In. 

(2ny. 


22n + 2(2an + * _ 1) 
(2n + 2)! 


B„ 


+1 


+ 


n-l 


24. Show that 


«=o 


22«+2(22n-2s _ 2)(22«+2_ 1) 
(2n - 2s)!(2s + 2)! 


^8+lBn-8 


1 


1 


* 3“ 5“ (2n + 1)“ 


and deduce (taking n = 5) that 


'C- 


+ 


4(2w + 1)2 ^ 2(2n + I)® 


1 


(2m + 1)22>»-2£„ 
(2n + l)2»^*+2 


1 -f- — + ^ . . . = 1-051800 (correct to six decimal places) 


25. Show that 
1 


, + 


3J + 73 + • • • + (4„ _ 1)3 ~ ^ S(in - 1)“ ^ 2(4n - 1)» 

+ 1)2^’»-SB„ 

1 ^ (471 - l)2»t+2 

and deduce (taking n = 4) that 

(i) ^3 + ^ + na + • • • = 0 041427 

(ii) 1 — ^ ^ + • • • = 0-968946 (see Bmmple 24) 

26. Show that 


1^ 

56 + 96 + 


+ 


1 


(4w + 1)6 


C - 


+ 


1 


16(4?i + 1)4 ‘ 2(4?i + 1)6 3(4n + 1)« 


1 


1 


with an errorless than 10“ ® \in> 2. Hence show that 55 + ^ + • • • = 0-000341 

approximately. 

27. Show that 


36 + 75 + • • • + (4a _ 1)6 ^ I6(4a _ 1)4 ‘ 2(473 - 1)» 3(473 - 1)« 




with an error less than 10“® if w > 3. Hence show that ^ ^ + • • •= 0-004183 

approximately. 

28. Deduce from Examples 26, 27 that the approximate values of 
(i) 1 + p + ^6 + ^ + • • • is 1-004524 


(ii) 1 36 + 56 76 + 


is 0-996158. 
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ADVANCED CALCULUS 


By using the summation formula obtain the approximate results given in 
Examples 29-33. 


1 

4"« + 


fl + 


^ ^ + 36 

1 

30. p + + jP + . . 

1 i J. 

34 Y4 J]^4 • • 

1 1 1 

32. 1 — 32 + gs - 72 + 

1 1 1 

33. 1 - g, + ^ + 

34. Show that 
1 " 1 


. . = 1017344 
= 0 158867 
. = 0012867 
. . . = 0-915967 
. . . = 0-988937 




4- arc tan 


©- 


1 


2(1 + n2) 
1 


00 J5 

+ 2'(~ sin^^w 6 sin 2m0 


where tan0 = - and deduce that , « 

n 11 4- 7 i 2 


= 1-0767. 


35. Show that 


K 


(27r)2« 

‘ 2(2w)! 




where Pi = 2, P 2 = • • • (the prime numbers >1). 

36. Prove that the integral part of is 54 and deduce that Bq = 43867/798. 

37. Prove that if f(x) is a polynomial 
/(I) -f{2) +/(3) - . . . 

+ (- l)«-i/(n) = (- 1)«-1 {!/•(») + + . . .}+C 

Deduce expressions for (i) 1^ — 2® + 3® — . . . + (— 

(ii) D - 2‘ + 3* - . . . + (- 
Prove the results given in Examples 38-100. 

38. 2W(J) = 3i {rn )}® 39. 3ir(J){r(J)}® = 21;t:j 

40. 2.wr(TV) = (5 + 5i)ir(i)r(|) 4i. 2:r(^)r(|) = - i)r(U 

42. r(^)r(J) = ;ri23r(|) 43. 5tr(T%)r(Ur(|) = 2.’..;r3(6i + 1)1 

44. 21;rfr(Jj) = 35(31 + i)ir{i)r(i) 

45. 3ir(A)U(J) = 21(31 - l)l;tir(i) 

46. r(T^5)r(i) = 2131(31 - l)l;tir(i) 

47. 3Sr(H)r(J)r(i) = 21(31 + l)l;i5 


48.2'.vr(;^.m=-3!r(l)r(|) 

.. r(Wi) WV3 - 1)(V2 - l)}i 

51. The minimum value of r{x) is 0-886 


4 16 36 64 

Cfl-- - 

3*15*35*63 * 
. when X = 1-46 


71 
' 2 


52 . 




mi))* 

1671^ 
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S3.( 


• • • V2{r(i)}» 

( 


3ji3/2 



■ ■ ■ {r{i)V 

( 

1 

1 

1 

~ 7r5/2 



2^713 

( 


_ _ - 3i{r(i)r 


56. (1 - J)(l + i)(l + i)(l _ i)(l + -J)(l + i)(l V2 

57. (1 - J)(l + J)(l + J)(l + i)(l _ i)(i + l)(i + j^)(i + _V)(i _ i) 




2m{n — 1) + 2 


}{ 


1 + 


2m(n — 1) + 4 


}... 


= V3 


+ 2 ^) ~ ■'/"f (w* positive integer) 


59. - 3)(8 ^ + 1) 


1 64»i(2» — 1)(2 to + 1) 

60. + ^ 


2^*71^ 
a - 1 


- 1 \ _ sina7i r(l - p)r{l -y) 
n ) n r(2 — ^ — y) 


(n — P)(n — y) 


62. - l)(6n + l)ii 


3s2i;r 


1 27m(4n=> - 1) {r(|)}» 

63. ^(l + \ 21- ^008^ r(2a;) 

1 \ ^ 2n - 1^ 2w/ 2n + 1/ arfl - 2x) '{Fix)}^ ^ 


and equals V2 (2a; = 1). 


64. 


f/( 

0 ' 

0 ^ 


c + 2w)- 


Ig 2n+2 = 


e-iy {r(c/2)}2 


65. ll\l 


_r 

(a; + n)^! 


2^-cV7t ^^) 

mx)}^ 


r{x H- iy)r{x - iy) 

66. \r{l -f- ic) = 'v/(^c cosech TTc) (c real). 

67. |/'(J 4- ic) = ‘^{nsechnc) (c real). 

68. i^(a>)/'(a>2) =/"(—co)jr(—co^) = TT sech (Jji'v/S), where co, o)^ are the 
imaginary cube roots of unity. 

a{a + l){a + 2) . . . (a + 2n - 1) 


69. Lim 
n —>-« 

70. Lim 

n —>-0 

71. Lim 


n —^ool*3*6 ... (271 \)2(i{2(i -f" 2) . . . {2(i -f~ 27i — 2) 

(27l)!{(77l7l)!}222n(m-l) 


= 2«-i 


(277in)!(7i!)2 

(27i)!(37i)!22^ 


- = 's/m (m being a positive integer). 
3i 


72 . 


n.^in\)U^.5^ . . . (4n - 3)2.3^^ 
3.5.7 ... (271 4- 1) 


27r3/2 

3 




2.4.6 ... 271 
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ADVANCED CALCULUS 


73. B(j,, J) + J) = 2“»JS(2i), 2p) 

/I 1\ 

74. B(p, p).B[p + 2- 7* + 2/ = : 


2‘P->i> 

75. B(p, q).B(p + q, r) = B(q, r).B{q + r, p) 

76. B(p, q).B{p + q, r).B(p + ? + r, s) = B(p, r)B(p + r, s).B(p + r + s, q) 

77. B(p, p + i).B(p, p + §) = 3^PB(p, 2p).B(3p, 3p) = 3’»B(p, 3p).B(2p. 4p) 
= 3^^B(2p, 3p).B(p, 5p) 

78. (8p + l)2^P-^B{p, p).B(p -hh P + i)-B{p + h P + i) ^ 3^nB(3p, i) 


79 

80 


cosh 2a; , 4"*-^m{r(m)}2 

ax = — - ^\r>/nZ.\ > 1) 


cosh^”* X 


(m - l)r( 2 m) 


la^-i + a^-i mm 

dx = rq \ (a, p > 0) 


82 

83 

84 

85 

86 


(1 + a;)a+^ 


r(a + P) 


•f 

■f 

• dx VZ 

JoV(l 

• 2 JoV(l-a:=') 

■t 
■t 
■L 

p x^' 

■ Jo(^ 


dJB 


__ m)}^ 

\/(® cos* 0 + 6 sin^ 0) 4(a6)l;il 

2V2;t* 

(cos d + sin 0)i dB = 

iTt 


(a, 6 > 0) 


{rar 

(1 + xf^-^\ - a;)2n-i dx 


(1 + a;2)w+n 

dx n 1.4.7 . . . (3n — 2) 


^r(m)r(n) 


•i:: 

■i: 

■i: 


a;3)l/3 - ^3* 

= 0 . 

+ ^(1 + a;)2»w-i 


3«.w! 


when n is an integer > 0 and 


equals if w = 0. 


(1 + a;2)»«+l 
dO 


dx = 23m-(m > 0 ) 


/’(2m) 


V2 


{r(i)}^ 


v'(l+sm»0) 8Vn'' 

dx 


(a; -h c)(l — a;)a (1 -1- c)* sin cm 


(0 < a < 1, c> 0) 


f 1 /I + tan _ jr 

’»-J ilnrsis)*-* 

p sin«-i 

* J 0 ^ 

£ 

_ 

■ J _i {* + 2)“+* 


sec^ (1A| < 1) 


91 


92 . 


2a-1 


{r(4a)}» 


(a* >b\ x> 0) 


b 008 0)® (a* — 6*)“/^ /"(a) 

_rf0_^ /^V' {rm 

{2 + cos 0 — 2 cos* 0 — cos* 0)1 V256/ Jt 

(g + 1)0-1(1 - x)l>-idx 2<»+ft-ir(a)r(6) 


S'* r(o + 6) 


(a, 6 > 0) 
































■f 


96 


98. 


dx 


(\/3 + l)i 

35/821/4 
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^«)2/3 

X dx 

V(l- i"®) 

dx 

^)273 
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r ^ 

Jo a- 


1 

r._ 

X dx 

1 

p dx 

1 r 

V5 - l‘ 

JoO 

~^6)7/10 = 

23/6^ 

loVd 

26/5j( 

r * sin x 

dx — 

71 


/•OO 





99. f 

sin a: , 

- //'I* 

Jo 


^ —— y • k • 

2r(i)sing 


Jo 

^/x 


dx 


. a;5)4/5 


100 


sinx^ 71 

- dx = - 

X 8 


•f 

101. Show that - ^ where the integra- 

tion extends to all positive and zero values of ajj, x^, x^, x^ for which 

o< V +V +V + 1- 

102. Show that the total perimeter of the curve r* = cos 40 is a ? . 

23/4r(J) 

{rm\ 


103. Prove that the perimeter of the curve cos 30 is 3a.- 


24/3jr 


104. Find the area of a loop of the curve = a^sin®0cos0. 

105. Show that (assuming a, 6, c, a, P, y, d > 0) the curve ax^ 4- = cxyy^ 

has a loop in the first quadrant if -{- ad; and that the area of the loop is 

W(^) ,hereA = -A±Xll^ +<5 - 


(a + P)r{k -f /i) 


clP — py — Qcd* ^ CL^ — py — ad* 


Prove the following results for the areas of the loops in the first quadrant deter¬ 
mined by the curves given in Examples 106-11. 


106. -f yoc = aa«~2 xy; 


107. a:« + = cxPyP ; 


c“ 


^ i^L - 2 ^)} 


{a> 2) 


2a 




(a > 2 


108. -f y® = 5ax^^ ; 

109. a:2'»+i + y2m+i = (2m + l)az">t/”‘; (2m + 1)^ 

110. a:2m yim = ; ^2 

111. a:»2 + y* = x^y*; 


21 

112. Show that (assuming a, b, c, a, /?, y > 0) if a > y, the area in the first 
quadrant determined by y = 0 and the curve ax^ + byP — cxy is 

mr(f‘) P + y 1 


(a + /S)r{A + fi) 


where A ^ 
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ADVANCED CALCULUS 


Prove the following results for the areas in the first quadrant bounded by y = 0 
and the curves given in Examples 113-19. 


113. x'^ = cx; 




2mr[ 


114. a;* + y2 _ 2ax; ^rta^ 


> 1) 


115. x’+ y® = a%; 3;^“^ 


116. X”* + y™ = cx*; c"*-^ 


2mr\ 




(m > 2) 


117. a;® -f ; 


271 


71 a/2 

118. x^ = aV ; 


119. a;^ + y»»» = ax^ 


^ , 7ia\m - 1) 
= n.vT^— • —- 


2m^ sin- 


120. Show that (assuming a, 6, c, cc, p, y > 0) the area in the first quadrant 
bounded by the curve ax* -h = c and the co-ordinate axes are 


yt K'+M'+j) 


1 


Prove the following results for the areas determined in the first quadrant by the 
co-ordinate axes and the curves given in Examples 121-7. 


121. X™ + y™ = o“; 

© 


2mr( 


122. »• +j'-o’l ^{'■(y)) 


125. a™x”* + y*”* = a^”*; 




3mr 


126. a3x» + y* = a*; ^{^(|)} 

127 . a»x» + y‘ = a- 


128. Show that the volume in the first octant (x, y, z > 0), bounded by the 
surface x* + y^ + = L is 


r(i+i)r(i + pr(i+i) 


1 1 

1 ~\ -ho H—) 

\ OL p y/ 


(a, Py y> 0). 
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Prove the following results for the approximate volumes in the first octant 
determined by the surfaces given in Examples 129-37. 


129. 

ar® + 


+ 

2 * = 

1; 

0-628 






130. 

a;2 + 


4- 

2 « = 

1; 

0-673 

131. 


4- z* 

= 1; 

0-728 

132. 

ar2 + 

y* 

4- 

28 = 

1; 

0-770 

133. 

aja -f y‘ 

4-z® 

= 1; 

0-811 

134. 

ar^ + 


+ 

2 * = 

1; 

0-810 

135. 

3^ + y* 

4-z® 

= 1; 

0-844 

136. 

ar* 4 - 


4- 

28 = 

1 ; 

0-875 

137. 

X* + «* 

4- z® 

= 1; 

0-901 

138. 

Show that 

the 

volume enclosed by the surface 

a%* 

4 - a^y 

* 4- z 8 = a 8 is 


3i(3t - DHmviranv 

2A.ll7iS 

139. Prove that the distance from a: = 0 of the centroid of the volume deter¬ 
mined in the first octant by the surface 4- byP -1- czv = d is 


(a, y, a, b, c, d > 0). 



(- 1 ; 

In 

+ 7 +J+y) 

2 Va/ 

r\ 


n| 

d 2 1 1 \ 


140. Show that the distance from a; = 0 of the centroid of the volume deter- 


/ x\ 

mined in the first octant by the surface I —) 

3a \m* mJ 


+ (V +( 7 ) = 1 “ 


{m> 0). 

' -) 

\m mf 

141. Show that the square of the radius of gyration about the 2 -axis of the 
volume in the first octant bounded by ax^ -f hy^ -{■ czy = d vs 




3 




+ 


3X6/ 


(a, 6, c, d, a, p, y > 0). 


142. Prove that the square of the radius of gyration about the 2 -axis of the solid 


( ^\w /y\’^ /2\^ 

—j + = 1 is 


g(a* + b^y 


(-> -) 
\m mJ 

(£ 1 )' 


B\ 

Find for the solids in the first octant determined by the surfaces given in Examples 
143-5, (i) the volume, (ii) the distance from a; = 0 of the centroid, (iii) the square 
of the radius of gyration about the 2 -axis. 

143. art + ?/l + 2 i = at 144. ^/x -f \'y + v '2 = 's/a 

145. a;^ + + 2 ^ = a^ 

146. Show that the volume in the first octant determined by the surface 

^ /z\^ (xyzY , 

+ U '^herem>3nis 

ahe — 3m)} 

^ ri ^ ’ 

\m — 3w/ 


e-r+d)' 
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ADVANCED CALCULUS 


147. Prove the volume of the solid bounded by + y* + z* = axyz is 
Prove the results given in Examples 148-60. 

148. v<(D = - y - f log 3 - lny/3 

149. v(|) = - y - I log 3 + ^jt-v/3 

150. v){^) = 3 — y — I log 3 — ^ Ji\/3 

151. y){^) = _ y _ i„y /3 - # log 3 - 2 log 2 

152. y-(f) = - y 4 - i;,jy /3 - I log 3 - 2 log 2 

153. y(^) = - y - (3 + VS) log 2 - # log 3 + 2-^/3 log (V3 - 1) - 

'^in) = -y-log»-^^cot^+ ^ cos ^ log (2 sin 
riit ’■=1 

155. I sin a;.(log sin x)^ dx = (log 2 — I)* + 1 — yV^r* 

156. sin-ia;logsinx(ix = _ log 2 -f l) 


157 

158 


8in2a lx cos2^ 1 x log sin a; c^a; = ~ y’i^ + P)} 

rin 

. I sin2a-1 X COB^ -1 a:.log sin a:.log cos x dx 

V(a)r(^) 


(a. fi> 0 ) 


I 


87^(;qrj)[Wa) - v>(a + /?)}{¥.(/?) - v(a + fi)} - y,'{o, + ^ 8 )}] (a, p > 0) 


48 


159. I log sin a;.log coaxdx = - (log 2)2- 


160. 

Jo 


sins X COS3 x 


V3{r(D}l/jt2 , /2\ 9 i 

-- 2^^ 17 + ^v'3 log j + (3 log 3)(log 2) -y(log 3)*| 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0000 

1-9975 

9951 

9928 

9905 

9883 

9862 

9841 

9821 

9802 

M 

1-9783 

9765 

9748 

9731 

9715 

9699 

9684 

9669 

9655 

9642 

1-2 

9629 

9617 

9605 

9594 

9583 ! 

9573 

9564 

9554 

9546 

9538 

1-3 

9530 

9523 

9516 

9510 

9505 

9500 

9495 

9491 

9487 

9483 

1-4 

9481 

9478 

9476 

9475 

9473 

9473 

9472 

9473 

9473 

9474 

1-5 

9475 

9477 

9479 

9482 

9485 1 

9488 

9492 

9496 

9501 

9506 

1-6 

9511 

9517 

9523 

9529 

9536 1 

9543 

9550 

9558 

9566 

9575 

1-7 

9584 

9593 

9603 

9613 

9623 

9633 

9644 

9655 

9667 

9679 

1*8 

9691 

9704 

9717 

9730 

9743 , 

9757 

9771 

9786 

9800 

9815 

1-9 

9831 

9846 

9862 

9878 

9895 

9912 

9929 

9946 

9964 

9982 
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Solutions 

2. tan z — cot 2 — 2 cot 2z 


5. 2 * cosec^ 2 = — 2 *^(cot z) 


3. 2 cosec 2 = 2 cot 2—2 COt J2 
6. (c* + 1)-1 = (e* - 1)-1 - 2(e22 - l)-i 


1 ^2kz2k-l 

7. Integrate - — cot 2 = ^ (2k)\ 

8. Find _l_ ^ from Example 7, where a = ^(1 + 0» 

/9 = J(l-i). 

roo 22r "I f 

9. (ii) The coefficient of z^^ in the product |-r(— ^ 


unity. 


..... tt .u • - (~l)M(2n + l)7r 

(ill) Use the series Becz = 2J- 


0 {(2/1+ 422}* 


13. Series for cot 2 when 2 = Jti. 

14. Series for cot 2 when 2 = \n. 

d 

15. (cos 2 — cot J 2 ) = \(z — sin 2 ) 


16. J(1 + cos 2 ) — \z cot \z = sin 2 cot \z) 

17. 2(1 + cos 2 ) = (sin 2)(2 cot J 2 ) 18. 2 cos 2 = (sin 2)(2 cot 2 ) 

19. 20. If 4=sinh^8in^ = |-|, + . . 

2 2 1 / 2 ^ 2 ^ 2 ^ 2 ® 2 ^^ \ 

B = cosh sm ^ + 3 ; - ^ “ 71 + 91 + JYi ‘ ‘ / 

then A coth — 

V ^ 

21.2 cot 2 = (cos z)(z cosec 2 ) 22. sin 2 sec 2 = tan 2 

23. (tan 2)(2 cosec 2 ) = 2 sec 2 

35. If iSf = 1 + ^ + . . .; = 1 + p^j + ^ + . . . = aSi 

«i(l - i) = 1 + gSi + ^« + li. + • • " etc.,S^ 1 when »-► oo. 

37. If »i8even,.^(r) = l''f(x)dx + if(n)+ X'( — 1)»“1—t, ■■ + constant 

1 1 

m (Jn)„ 

and 2:f(r) = Hn^x)dx + ^Fdn) + i;(- 1)*-1 —-S, + constant where 

1 1 

F{x) =/(2a:); i.e. Zf{2r) = + if(n) + £(- 1)*-1-- B, 

+ constant, 

i.e./(l) -m +/(3) . . . -f(n) 

= - {i/(») + ■^(- (n)| + constant. 

If n is odd,/(2) -/(3) + . . . -/(n) = J!’(l) - ^’(2) + ^’(3) . . .-F(n- 1) where 
Fix) =f{x + 1). (i) — J/i*(2n + 3), n even; ^{n + l)^{2n — 1), n odd. 

(ii) (— l)«-ijw(n + l)(w2 4- n — 1) 

38-49. Use the Multiplication Formula and the relation 
U(a;)Jr(l — x) = 7t cosec tix 












r 
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49. 2-i53-w(sin2y(8in|^) *(sin|) ‘(sing) 


51. The value is a: = 1-5 + A where h is approximately — y>{h5)/y>'{l-5), 
i.e. - (4 - 2y - 4 log 2)/{7i^ - 8). 

52 ~ 


i(4ra + l)2(4?i - 2) 

■?(^ - 2 ^^)(^ + 4 ^^)(^ + i) 


^(a + 2n — 2)(a + 2» — 1) 


; /’(ia)r(J + ^a) = 2i-«Vjrr(a) 


^ (2n - l)(2a + 2n - 2) 

70. Use the Asymptotic Formula for n!, {2n)\, (mn)!, (2mn)!. 
71 ~ l)2n(37i — 2)(3n — l)3?i.4 


72. Expression is 


n^(4n - 3)2.27 
(2n 4- l)(2ri)! 


22n(w!)2 


Use the Asymptotic formula for (2n)! and ( 71 ) 


79. Take t = tanh2 x. 


f f where / ^ ; 

a;^-i da: , 1 

wherei = —• 


1 b 

83. Take - = 1 + - tan^ 6, 
V a 


n 

84. Take ^ = 0 -j- Jtt. 


85. Take / = 


(1 + a:)2 
2(1 + a:2) 


r 

Jo 


in the integral I /"^-i(l — t)^-^ dt. 


xil 4- c) 

88. Take t = sin* 0. 89. Take y = • 90. Take <^ = 0 -f Jji. 


{a — b) sin2 


0 


91. If / = 


1 - / = 


a: + c 

(a + 6)eos=>| ^ 


/ 2 12\ ■ ^ ^ 
(a^ — b^) sin - cos - 


a b cos 0 ’ a 4- b cos 0 d0 

92. Put a = 2, 0 = 1 and a = J in Example 91. 


(a + 6 cos 0)2 


3(a: 4- 1)^ 
2(a: + 2) 
V6 - 1 {r(J)}2 


93. Takey = 

95. 

97. 


94. Each equals 


uw. 

471 


5.28/5 • r(f) 

J_ {m)}2 

26/5 5r(|) 


96. 


104 


V3 +1 {r(i)}2 

8.33/4 


16 


, ax'^-y byP-^ 

105. Take u =-r"> = 


cr 


ca:v 


112. Take u = 

c cxy 

120. Take w = 

c 

138. ^ and use Examples 38, 47, 


imw 
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145. (i) 


21a 14a2 

128’ 143 

{r(f)}V aV2{r(i)P 


143. (i) ; (ii) j28’ 143 


144.(1)-^’; (ii)|; (iii)g- 


r(J) - 96^ =0-810a>> approx.; 

Sajis 

2i{r(i) p = 

(iii) 5 {j-(^)} 4 = 0-548a2 approx. 


146. Take « = (-) (|^) , . = (f) (J .«. = (-} y) . 

148. v»(J) + y = - vH!) - vd) = 


151, V'(i) = iMi) + vd)} + log 2 

153, 154. Bromwich, Infinite Series, Aj^pendix III, Example 43. 
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Abol, lemma, 416 (sequences), 447 (in¬ 
tegrals) ; multiplication of series, 
92; theorem (power series), 93-4, 
336 ; test, 417, 423, 448, 450 
Abelian integral, 126 
Accumulation, point of, 27 
Acnode, 57 

Algebraic, curves, 55-73, 126-30 ; func¬ 
tions, 54-5, 126-30, 367-70 
Alternating series, 90, 417 
Amplitude, 328 
Amsler, planimeter, 316 
Analytic, continuation, 383-4 ; function 
(Cauchy), 337-84, 426-8 
Analytical polygon, 64-9 
Angle, solid, 323 
Arc, 227-8, 232, 297-8 
Arc, sin, 159, 378 ; tan, 160, 374, 376-7, 
431-2 

Area, 160, 164-8, 222-3, 260-2, 267-8, 
274-9, 283, 298-300 
Argand diagram, 328 
Argument, 328 
Asymptote, 12, 66 

Asymptotic approximations, 12-13, 461- 
5, 495 (r(x)) 

Bernoulli, numbers, 478-86; poly¬ 
nomials, 17, 21, 479-82 
Bertrand curves, 255 
Bessel functions, 439 
Beta functions, 487-90 
Biflccnode, 57 

Bilinear transformations, 362-4 
Binet, formulae, 493-9 
Binomial series, 18, 53, 158-9, 374-5, 
428-9 

Binormal, 230-1 
Bisection process, 26-7 
Bonnet, theorem, 447 
Bound, upper and lower, 27 
Bounded, convergence, 425; sequence, 
7 ; set, 26 ; variation, 143 
Bowman, asymptotic expansions, 465 
Branch, 50; point, 367 


Bromwich, alternating series, 418 ; 
double series, 467 ; Tannery’s 
theorem, 457 ; test, 88 


Cantor, real number, 4-5; ternary set, 
32 

Cauchy, algebraic functions, 368 ; ana¬ 
lytic function, 337-84; continuity, 
10; inequality, 352; integral, 
350; remainder, 44; test, 86, 
88-9; theorem, 344-9 
Cauchy-Maclaurin integral test, 414 
Central derivative, 13 
Centre of pressure, 310-12 
Centroid, 252, 304-6 
Cesaro, non-convergent series, 465 
Change of variable, 40, 42 (derivatives); 
118, 145, 151, 269-72, 288-91 

(integrals) 

Christoffel symbols, 245-6 
Christoffel-Schwarz transformations, 
378-83 

Circle of convergence, 335 
Circular, curvature, 229; functions, 
100-1, 370-1 

Closed, curve, 259, 329, 338; interval, 
7 ; set, 28 
Col, 75 

Complementary set, 28 
Complex, integration, 341-9 ; numbers, 
327-33 

Component, 218 
Conditionally convergent, 89 
Conformal representation, 355-7 
Conic, 71-2, 126-30 

Conjugate, functions, 340, 371-2 ; num¬ 
bers, 328; point, 57 
Contact transformations, 191-2 
Continuity, absolute, 32; function, 
10-11, 32-8, 333-4; semi-, 32; 
uniform, 32 
Continuum, 6 

Contour, 73, 203, 338, 346-8; integrals, 
349-51, 385-400 
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Contraction of tensors, 243 
Convergence, absolute, 89-91, 106, 334 
(series), 435 (products), 153-4, 446 
(integrals); bounded, 425; inte¬ 
grals, 151-6, 445-61; non-absolute, 
89, 91; products, 433-8; se¬ 
quences, 3-9, 82-3, 101, 333; 

series, 82-96, 101-9, 334-6, 413-33 ; 
uniform, 418-22 (sequences), 422-7 
(series), 436 (products), 448-51 
(integrals) 

Co-ordinates, 217 ; curvilinear, 276 
Co variant. Vectors and tensors, 241-2 ; 

derivatives, 246-8, 250-1 
Crunode, 57 
Cubic, 72, 126 
Curl, 237 

Curvature, circular, 229, 232 ; spherical, 
254 

Curves, algebraic, 55-73; elementary, 
260; quadratic, 259-60; simple, 
259; twisted, 227-35 ; unicursal, 
69-73 

Cusp, 57, 60, 76 
Cylindrical co-ordinates, 255-6 

d’Alembert, test, 87-9 
Daniell, one-one correspondence, 272; 
double series, 468 

Darboux, expansion, 440; remainder, 
352 

Dedekind, real number, 6 
Deficiency, 70-3 
Demoivre, theorem, 330-3 
de Morgan and Bertrand, test, 87-8 
Dense in itself, 29 

Derangement, 89-91 (series); 436 (pro¬ 
ducts) 

Derivatives, complex variable, 336-7, 
350-1 ; covariant, 246-8; direc¬ 
tional, 40, 236 ; ordinary, 13-15 ; 
partial, 39-43 ; vector, 228 
Derived set, 28 
Differentiable, 38-40 
Differential, 38-40, 237 
Differentiation under the integral sign, 
125-6, 156-7, 389, 455 
Directional derivative, 40, 236 
Direction cosines, 218 
Dirichlet, test, 416, 422 (series), 447, 
449 (integrals); integral, 500-1 
Discontinuity, 11-12, 77, 81-2 (func¬ 
tions), 146-53, 264 (integrals) 
Displacement, 216 
Dissection process, 338-9 
Divergence (vector), 237, 248 
Divided difference, 172 
Domain, 1 


Double, cusp, 57, 60-1; integrals, 262- 
72 ; monotones, 36 ; point, 56-60, 
70-3; sequences, 35-6; series, 
101-9, 415-16 ; tensors, 243-4 
Doubtful case, 202-3 
du Bois-Reymond, theorem, 447 

Elementary, curve, 259 ; surface, 273 
Ellipse, 71 

Elliptic, co-ordinates, 255; functions 
and integrals, 126, 353 ; paraboloid, 
75 

Entire functions, 95 
Enumerable set, 29 
Essential singularity, 354 
Euler, constant, 161, 415, 485, 495; 
jT-function, 487 ; homogeneous 
functions, 43; numbers, 506; 
product, 491 
Everywhere dense, 29 
Explicit, function, 2 ; transformations, 
189-90 

Exponential, function, 96, 370-4 ; limit, 
99 

Exterior, closed curve, 338 ; measure, 30 

Finite differences, 161-2 
Flecnode, 57 

Fluctuation, 32 ; total, 144 
Fluid pressure, 310-12 
Force, line of, 341 
Free affix, 230 
Frenet-Serret formulae, 231 
Fresnel’s integrals, 398 
Frullani’s integrals, 457, 493 
Function, 1-2, 34, 40, 51, 54, 81, 92, 101, 
107, 235, 333, 337, 349, 367, 375 
Function(s) of function(s), 14, 40, 176 
Fimdamental theorem of algebra, 353 

Gamma function, 169, 487-505 
Gauss, U-functions, 494-5, 499-500; 

integral, 294 ; theorem, 314 
Generalised power, 97, 372 
Geodesic, 251 
Geometric series, 84 
Gibb’s phenomenon, 431 
Gradient, 74, 236, 241, 248 
Graphical representation, 1-2, 6, 15-19, 
53, 55-77, 328 

Green, formula, 281-6, 292-4 ; function, 
295; theorems, 294-5 
Greenhill, substitution, 130 

Hadamard, three circles theorem, 407 
Hardy (G. F.), rule, 173 
Hardy (G. H.), series, 422-3, 447-8, 466 
Harmonic functions, 293, 340-1 
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Heine, continuity, 11 
Helix, 232-3 
Hermite, polynomial, 21 
Holomorphic, 384 
Homogeneous functions, 43 
Hyperbola, 71 

Hyperbolic, functions, 99-100, 371 ; 

paraboloid, 75 
Hypergeometric series, 335 

Identical relations, 181-9 
Imaginary, number, 327, 358 ; part, 328 
Immit, 73 

Implicit, function, 2, 51-5, 176-8; 

transformations, 190-1 
Improper integrals, 151 
Indentation, 375 
Indeterminate forms, 196-200 
Indicatrix, spherical, 229 
Indices, rational, 52-3, 331-3 
Infinity, point at, 361-2 
Inflexion, 16, 45 
Inner product, 248 

Integral, approximate, 160-8 ; complex, 
341-9; definite, 140-57, 168-9, 
375, 385-400; double, 262-72; 
indefinite, 118-34, 348-9; infinite, 
151-6, 445-61; Lebesgue, 148-51; 
line, 279-86, 302 ; multiple, 288-91; 
power series, 157-60, 352 ; surface, 
291-7,302; triple, 286-8 ; volume, 
302 

Integration by parts, 120, 134-5, 151 
Interior, closed curve, 338 ; measure, 30 
Interpolation formula, 162-7 (Newton), 
172 (Lagrange) 

Intrinsic equations, 233 
Invariant, 205, 217, 235 
Inverse, functions, 51-2 ; relations, 183 
Involute, 234 
Irrational numbers, 2-7 
Isolated, point, 57, 60 ; set, 28 ; singu¬ 
larity, 353 

Jacobians, 176, 178-80, 184-7 

Keratoid cusp, 60 
Kronecker deltas, 240 

Lagrange, maxima and minima, 208-11; 
polynomial, 172 ; remainder, 44; 
series, 440-2 

Laguerre, polynomial, 21 
Laplace, equation, 340 
Laplacian, 239, 248 
Laurent, series, 353^, 439 
Lebesgue, integral, 148-51, 455 
Legendre, polynomial, 17, 21, 167-8, 442 


Leibniz, nth derivative, 14; rule for 
convergence, 90 
Lemaire, test, 108, 467, 475 
Level curves, 73, 356 
Lie, contact transformations, 191-2 
Limit, functions, 9-12, 36-8, 81-2; 
infinite, 11-12; sequences, 3-9, 
35-6 ; upper and lower, 27 
Limiting point, 27 

Line, element, 277-8, 297-8 ; integrals, 
279-86, 302 

Linear, function, 74; tranformations, 
240-1, 362-4 
Liouville, theorem, 352-3 
Littlewood, power series, 336 
Logarithmic, function, 96-100, 158, 371- 
4 ; scale, 97-8 ; series, 98, 158, 373, 
429 

Lowering and raising affixes, 244-5 
Lower limits and bounds, 27 

Maclaurin, series, 44-6 
Many-valued integrals, 286 
Maxima and minima, functions, 16, 32, 
73, 82, 200-11; set, 27 
Maximum modulus theorem, 407 
Mean, centre, 304-6; Tith powered 
distances, 303-10 
Mean value, 144, 263, 316 
Mean value theorem, 33-4, 44-5; 

integrals, 447 
Measurable function, 148 
Measure, 30-2 
Meromorphic, 384 
Mertens, theorem, 72 
Minimax, 75, 202 
Mittag-Leffler, expansion, 442-5 
Mixed tensor, 242 

Modulus, complex number, 328 ; vector, 
216 

Moment of inertia, 306-10 
Monogenic, 384 

Monotone, sequence, 7-8, 36 ; function, 
143 

Moving axes, 284-5 

M-test, integrals, 449 ; products, 436 ; 

series, 422 
Multiform, 384 

Multiple, contour, 346-8; integral, 
288-91; point, 58-61 
Multiplication of series, 91-2, 95, 336 
Multiplicative axiom, 11 
Multiply-connected, 288 

Neighbourhood, 9 
Neumann, sphere, 362 
Newton, approximation, 45 ; interpola¬ 
tion formula, 162-7 ; polygon, 64-9 


1 
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Node, 57, 59 

Non-absolute convergence, 89, 91 
Non-convergent series, 445-6 
Non-dense, 29 

Normals, curve, 229-32; plane, 222; 

surface, 235 
Tith roots of unity, 332 
Null sequence, 3 

Number, complex, 327-33 ; real, 2-6 


O- and o- notation, functions, 10; 

sequences, 9 
Oblate spheroid, 319 
One-one correspondence, 269, 271-2, 
362, 379 
Open set, 29 
Ordinary point, 56, 58 
Orthogonal co-ordinates, 240-1, 249, 271, 
278, 284, 298 

Oscillation, function, 32, 82 ; sequence, 
7, 28 

Osculating plane, 229-30 

Pappus, theorem, 305-6 
Parabola, 72 

Parabolic, co-ordinates, 255 ; cylinder, 
76 

Paraboloid, 75 

Partial derivatives, 39-43 

Pass, 75 

Perfect set, 29 

Periods of integrals, 348 

Phase, 328 

Plane, 74, 220, 222 

Planimeter, 316-17 

Point transformations, 190 

Pointwise discontinuous, 32 

Poisson, integral, 470 ; theorem, 314 

Pole, 354, 366 

Polynomial, 11, 16-17, 38, 92, 162, 334, 
353, 357-9 
Position vector, 217 
Potential, 312-15, 341 
Power series, 92-6,106-9, 157-60, 335-7, 
352, 423, 428 

Principal, axes, 307-8; moments of 
inertia, 308; normal, 229; part, 
355 ; value, 152-3, 394 (integral), 
328 (amplitude) 

Pringsheim, series, 92, 101-2, 413 
Probability, 316 

Product, inertia, 307; indnite, 433-8, 
444-5, 492; set, 28; vector, 221, 
223-6 

Progressive derivative, 13 
Projection, vector, 218-19, 223 
Prolate spheroid, 319 


Quadratic, curve, 259; form, 205-7 ; 

function, 74 ; surface, 273 
Quadrature, 160 
Quartic, 126 
Quotient law, 243 

Raabe, test, 87-8 

Radius, circular curvature, 229; con¬ 
vergence, 92, 335; gyration, 307; 
spherical curvature, 254; torsion, 
230-1 

Rado, Staudt’s theorem, 486 
Raising and lowering affixes, 244-5 
Rational, function, 11, 15, 17-18, 38, 
77, 120-5, 333, 359-64, 366-7; 
indices, 52-3 ; numbers, 2-5, 29 
Real, number, 2-6, 29 ; part, 328 
Reduction formulae, 120, 135 
Reduplication formula, -T-function, 489 
Regressive derivative, 13 
Regular function, 384 
Removable discontinuity, 82 
Repeated, affixes, 240; integrals, 265, 
452-3 ; limits, 35-6 (sequences), 37 
(functions); series, 101-2 
Residue, 355, 365-6, 385-6 
Restricted maxima and minima, 207-11 
Reversion of series, 106 
Rhamphoid cusp, 60 
Ridge, 75 

Riemann, integral, 141; surface, 368-9 
Riemann-Cauchy conditions, 340 
Riemann-Christoffel tensor, 250-1 
Rolle, theorem, 33 
Rotation (vectors), 237 
Rouche, theorem, 440-1 

Saddle point, 75, 202, 365 
Saltus, 82 

Scalar, 217 ; function, 235; products, 
221, 226, 248 
Sohlicht function, 379 
Schlomilch, remainder, 44 
Schwarz (Christoffel) transformations, 
378-83 ; lemma, 408 ; partial deriv¬ 
atives, 42 

Semi-, continuous, 32 ; convergent, 89 
Sequence, 3-9, 27-8, 35-6, 81-2, 101, 
333 ; Abel’s lemma, 416 ; uniform 
convergence, 418-22, 426-7 
Series, convergence, 82-96,101-9, 334-^6, 
413-33 

Sets of points, 26-32 
Simple, curves, 259 ; function, 379 
Simply-connected, 285 
Simpson, rule, 165-6 
Singular point, curve, 56-73, 203 ; sur¬ 
face, 236, 273 
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Singularity (function), 348, 353-4 
Slope, lines of, 74, 356 
Space, flat and curved, 244 
Spherical, curvature, 254; indicatrix, 
229 ; polar co-ordinates, 249, 255 
Stationary values, 15-16, 200-11 
Staudt (Clausen), theorem, 486 
Step functions, 141-3 
Stereographic projection, 361-2 
Stirling, series, 486, 495 
Stokes, theorem, 296-7 
Straight line, 219-20, 251, 256 
Subscript, 239 

Substitution operator, 242-3 
Sum, set, 28 ; vector, 216 
Summable series, 465-6 
Summation convention, 239-40 
Summit, 73 
Superscript, 239 

Surface, area, 274-9, 299-300 ; element, 
277, 281 ; elementary, 273 ; inte¬ 
gral, 291-7, 302; of revolution, 
278-9, 300 ; simple, 273 ; vector, 
223, 277, 291 

Tangent, 15, 56, 228, 232 ; plane, 236 
Tangential transformation, 191-2 
Tannery, theorem, 457 (integrals), 475 
(series) 

Tauber, power series, 336 
Taylor, series, 43-6, 95, 351-2, 438 
Tensor, 225, 241-52 ; derivative, 246-8 
Ternary set, 32 

Thermodynamic, potentials, 188; re¬ 
lations, 187-9, 195 
Three-eighths rule, 165 
Three-index symbols, 245-6 
Torsion, 230-2 


Total fluctuation, variation, 144 
Totally discontinuous, 148 
Transcendental functions, 81, 96-101, 
130-4, 370-5 

Transformations, 189-92, 239-41, 362-4, 
378-83 

Trapezoidal rule, 164 
Trigonometric functions, 100-1, 370-1 
Triple, integral, 286-8 ; point, 68 
Trough, 75 

TschebyscheflF, approximate integration, 
174; polynomial, 21 
Twisted curves, 227-35 

Umbral affix, 240 
Unicursal curve, 69-73 
Uniform, continuity, 32; convergence, 
418-27, 436, 448-57; differenti¬ 
ability, 340 ; field, 246 ; function, 
384 

Upper limits and bounds, 27 

Variable, real, 2-6 ; complex, 333 
Variation, bounded, 143 ; total, 144 
Vectors and tensors, 216-58 
Volume, 187, 272-4, 300-2; integral, 
302 ; of revolution, 300-1 

Wallis, formula, 486 
Weddle, rule, 166 

Weierstrass, analytic functions, 428; 
P-function, 490; mean value the¬ 
orem, 447; power series, 428; 
uniform convergence, 422, 427 

Young, partial derivatives, 42 

Zero, 353, 358, 366 
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